Chapter 5. Mechanics

5.1. Introduction

Dogmatic presentations sometimes generate the perception that science is completely
logical and understood. This short-sightedwignores the progress that continues to reEne
and reolutionize our conceptualization of the naturabnd. We will trace some of that
progress here.

We @annot hope to ge nore than a superCEcial treatment of the deep and broad subject
of physics. Our goal is to present those aspects p$ips that will bene(Et an understanding
of introductory chemistry In the interest of space we will emphasize only the most signiCE-
cant principles and insights of imitiuals while unjustly minimizing the pathEnding contri-
butions made by manothers.

Debates on the nature ofigtence that the earliest thigtls could not resoé/will con-
tinue into the future.ls matter continuous or discrete? Is the continuity of numbers real or
merely imagined?s the urverse holistic or reducible? Is the whole greater than the sum of
its parts?A sample of matter such as a cloud appears continuous on a macroscopiascale, b
passage through a fog suggests that the mattarissbté. Doeshe dvision ever end? What
are the consequences if it does and what if it do2sfhesearches for morefundamental
particles” and for unifying principles represent the modern attempixpdoee the nature of
matter As we dhall see, the fundamental opposition between the notions of continuous and
discrete gistence is a recurring theme in science.

5.2. Particle Mechanics

The studies of the structures and motions of material systems are statied and
dynamics respectrely, and together form the subject ofechanics The basic las of the
mechanics of macroscopic objects, calgissical melsanics were Erst clearly stated by
Isaac Nevton! in Principia Mathematica published in 1787, and form the cornerstone of

physics.

1 Sir Isaac Nerton (British, 1642-1727), who weighed less than three pounds at birth on Christmees day
turned to his birthplace at his mottsefarm to escape the plague of 1666, where he ogattef the lavs of
gravitation as applying umersally to all objects. His & explained the astronomicalve of planetary motion
derived by Keppler from the obseations of Copernicus, and his friend Edmund Hallsed the la to predict

the return of a cometPaadoxically Newton, whose object as to proe the «istence of God (his religious
writings exceed those of his scientiCEc writings), laid the foundations of a mechanistic, athgiatiateon of
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nature.

Newton's cccult hermetic and alchemical pursuits of element transmutation led taplosiee destruc-
tion of his laboratory atrinity College in 1694.An atomist (beliger in the discrete nature of matter), he eluci-
dated the nature of light using both corpuscular (particle) aawmodels. Thistogether with his &cillation
throughout his career between action at a distaacsug action through an intening corpuscular aether pre-
saged thewentieth Century notion of duality okistence.



Particle Mechanics 63

Classical mechanics is founded on a model of ®nite particlegnmo an absolute and
independent franveork of space and timeé.The structure and motion (i.e. thstate") of
particles of matter are described in termsadrdinates or positions of the component parts
of positionr (t) relatve © a int in space called therigin and distances and directions from
the origin. The bold notation sees to denote an array of component parts|r;], or in vec-
tor notationt = Sr;&, where®, is the unit length along an axig Cartesian coadinate sys-
temuses orthogonal (perpendicular) lines€9 to measure the distances and directions of a
point relatve o the origin (cf. Section 3.3)Directions may also be measured in terms of a
distance from the originrgdius) and angles of rotation aboutexinpolar coodinate sys-
tems (Fig 3.1). In three dimensions r =[x,y,2] =[r,q,f], or
F=xi+y] +zk=r& + qé, + f&. Polar coordinate systems are useful for describing the
dynamics of particles which interact along lines connecting them together

Motion adds the dimension of time to space and is measured in terms of changes, or dif-
ferences (cf. Section 3.11). The rate of change of (linear or angular) distance with time is a
measure of theelocityof an object, speci®cally

0dr

=7 -
v dt

(5.1)

Note that instantaneous dettives ae related to tangent slopes and ®nitéetdénces refer to
avaage \alues, as discussed in Section 3\ewton and Leibnitz imented the calculus to
describe the motion of system$he dot notation represent detives is Newton's while the

d notation is Liebnitz'. Speed is the magnitude adlacity which we denote by symbol v to
avad ambiguity with the SI symbol for seconds, e components ofelocity in Cartesian

coordinates are[y, 7] whereas in polar coordinates yreee [, g, ].

Accelentionis de®ned as the change ielocity during a time intead,

2 “Give me matter and motion, and | will construct the wense’ s aid DescartesModern plysics has modi-
®ed all these notions, as discussedWwelo
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a=¢ (5.2)

Note that acceleration can be due to a changelatiy direction as well as change ieloc-

ity magnitude. Thus a particle wiag at constant speed along a &jrguch as a swinging
rock tied to one end of a stringxperiences an acceleration due simply to the change in
directionof the \elocity. If ris the radius of cumature of the cum (e.g. radius of a circle), it

can be shwn that the magnitude of the acceleration due to change in directi@hootity is
2

a= VT Any change in magnitude of angulaglecity would add to this term.

Example 5.11n 1904 Henry Brd drore an automobile one mile in 39.40 seconds.
What was his serage speed in mi/hr?

Speed is glocity without rgard to direction. His speed probablyasnt constant, bt
the de®nition of elocity can be used to calculate tiverage speed of his run. Gaant-
ing the units gies

1mi ) ( 605), (60 mi
39.40s 1 min 1 hr

Dd mi
i =91.37—
average speed o ( n) 91.3 hr

Not bad for 1904!

Example 5.2Compare thegerage acceleration of an automobile which accelerates uni-
formly from O to 60 mi/hr in 6.3 s to the acceleration olvidyeof a freely flling object,
32 ft/.

From the de®nition:

. _Dv 60 mi/hr- O mi/hr_, 5280 ft , 1hr ft
average acceleratlona = ( 635 )" ( S (

=14.0
1mi 3600 seg 4

or about 0.44°g".

Mechanics formulates thewa of motion in terms of resistance to change in amount or
direction of motion, callethertia. The amount of inertia of a body is measured by a quantity
calledmass(m) for linear motion, andnoment of inertigl) equal to mass times distance to
the origin squared for angular motiomhe central quantity of Netonian motion isnomen-
tum p, de®ned for both linear and angular motion as the product of inertia elodity.
Common symbols are p (somleat ambiguous) and | for linear and angular momentum,
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respectrely. Thus

plinear0 n'WIinearo p (5- 38.)

pangular0 IVangular0 I (5- 3b)

The fundamental {& of a body which resists acceleration due to inertial mass stdies
“Second L& of Motion", or de®nition of force as the rate of change of momentum (angular
force, calledorquemay be denoted by n)

f=g (5. 4)

The Nevtonian mechanics program is: identify the functional forms for the forces acting on a
body and sole the (diferential) equations of motion to determine positions as a function of
time (rajectorieg. For bodies whose mass remains constantytbies Law d linear motion

takes the &mous form f = m&. When no forces act on a bgodgomentum remains constant
(according to the rule that the detive d a constant is zero), and a constant-mass system
continues its course with constarglacity. This special case of Mg&on's Second Lav is
called Nevton's First Law, but was inherited by Neton from his predecessdgalileo?

Systems are classi®ed according toftrensof the forces theeperience. Simplifying
assumptions in particle mechanics are that interactions senaehaver space (action at a
distancé), and that the interactions of complsystems can be brek davn into interactions

: dp d d . . "
3 Sincef = F’i = dirr:v =m E\: = ma according to the rules for the dettive d a product and the desétive

of a constant as discussed in Section 3.11.

4 Galileo Galilei (Italian, 1564-1642) deduced that frealiirig objects &ll with constant acceleration inde-
pendently of mass, that swinging pendulums could measure constant timalsnitedependent of amplitude,
and that the Millg Way consists of aajaxy of stars independent of our solar systéiis invention called the
telescope permitted him to remarknow havevisual proof of what | already kmethrough my intellect,b ut
threatened the clgy who refused to vie a potentially imperfect hean, which led to a crisis between the
Church and Galileo. The Church inquisitioned, Galileo recanted, aatdit his last years under house arrest.
Newton paid trilute to Galileo (and Descartes andpgler) in his laconic comment to higali Robert Hoole,

“If | have sen further than you and Descartes it is by standing upon ye sholders of Giants.
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between tw particles at a timé&.Three &amples of central (no angular dependence) forces
having simple mathematical forms gruable and parameter dependencies) deduced from
obserations are Isaac Mgon's 1666 Law of Gavitational Attiaction of inertial bodies,
Robert Hook's 1678 Law of Elastic Brce of springs and Charles Coulorshil784 Law of
Electrostatic orce of chaged particles.

Newton's Law of Gavitationhas the mathematical form that the force is proportional to
product of the masses (m) ofdvibodies (the parameters), arall$§ of proportional to the
square of the separation (r) between them (#niable).

fgravitationaI: -G 2 y (5. 5)

where G is an umérsal constant equal to 67259 10 ** N m?kg ? called the greitational
constanf

Example 5.3Deduce the mass of the earth from ktexlge of the magnitudes of the
acceleration of objects at the saagé of the earth and the eastlddius.

An object of mass m at the sack of the earthxperiences a mean acceleration of

g = 9.80665m/s*. The mean radius of the earth at the equator,js,R 6378. 140km.

Of course the earth is noxactly spherical, due in part txgansion of at the equator

from rotational centrifugl forces of 21 km (.33%)ver that at the polesThe equitorial

radius represents that of the majority of the eartivelier. In identifying R, With 1y,

in Eqg. 5.5, an assumption has been made that the earth acts as a single central particle of
mass equal to that of the entire edrth.

Applying Newton's inertial lawv to gravitation:
GMeartr{n
RZ

earth

f=ma=mg=

5> Holistic descriptions vie all parts of the unierse as internetarked and interacting simultaneously

6 The experimental alue of G may be determined directly by measuring the force of attractioro abtw
jects of knevn masses.

7 In fact an object at the sarfe of the earthxperiences gsatational attraction to all the particles distribd
throughout the earthNewton struggled with this assumption for some time, and ®nally justi®ed it with a proof
employing his recently imented method of calculus.
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we ®nd (IN =1 kg m s?)

Mo = gRéa““ =5.979° 10% kg

to the accuracof the equitorial radius approximation.

Coulombs Law of Electricityshares a common mathematical form withvgedion,
with chages (q) replacing masses:

0.9
felectrical = ke lTZ ) (5. 6)
>

1
where k = e and g, = 8.85418 10 *2C?/(Nm?) in S units® While gravitational force
0

is aways attractve (since mass is @&hys positve), electrical force can be attraai (for
chages haing opposite signs) or repwsi for chages haing the same sign).

Example 5.4Find the ratio of electrostatic to grttional interaction between tw
electrons (Maggcyon= 9. 10939 103! kg, charg@ecyon= 1. 602177 10° C).

From Coulombs and Newton's Laws:

felectrical - kqglectron = 4.1667 1042
fgravitational Gmglectron

and we see that grigational forces are mgigible compared to electrostatic forces for
the smallest chged particles.Classical mechanics assumes that properties of matter
like mass and chge are additie the total amount is the sum of the part amounts).
This means that while atoms and molecules may be held together by nevattdecti

trical forces of their subatomic particles, macroscopic matter is usually electrically neu-
tral, leaving gravitational forces (which are only attrasi and accumulatie) as the
dominant interactiof.

8 The unit of chage in Sl units is the Coulomb (C), de®ned as one Ampere times one second (CGtHAS).
er systems of units (Gaussian units) set k to unity

9 A countergample is a tp balloon which sticks to a &ll after being rubbed ainpst a piece of clothing.
Suf®cient electrical chage is transferred between the balloon and clothing to render an imbalance which, in
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Hoolke's Law of Elastic Brce simply states that the restoring force of a spring is propor
tional to the stretch atisplacement from a resting, oequilibriumposition of the spring:

fspring =- ksl’, (5. 7)

where k is therestoring foce pioportionality constanta parameter characteristic of the sys-
tem. Aninertial system (mass) with elastic restoring forepegiences an harmonic (oscilla-
tory) motion.

Example 5.5Analyze the motion of a mass attached to a spring which is described by
Hooke's Law that the restoring force is proportional to the stretch of the spring.

From Nevton's Law:
f=@=mC=mi = - kr

where m, the mass of the spring, and k are parameters characteristic tydical ph
properties of the springDividing the last equality by m on both sides, we are led to
seek a function whose cature (the double dot signi®es second\ditre with respect

to time) is proportional to itselfThe trigonometric sin and cosine functionyéndhis
property for, as Table 3.1 shes, the ®rst deviative d e of these is coerted into the
other (with a possible sign change) and thus the seconehtderi onverts it back
acain 10 Sinusoidial motion ieriodic, in that a gven amplitude is repeated periodi-
cally after a certain time inteaVcalled the period. Such a system is callsdrgle har
monic oscillator and plays an important role as a model for periodic motidhis
model is deeloped in Section 4.4The general motion solution to Wen's equation is

f(t) = A sin (G‘% t) + B cos (OE t)

where A and B are arbitrary constants determined by the initial conditions of amplitude
f and \elocity fof the oscillator at t = OFor example, a spring stretched out toaue

turn, induces an imbalance in thalipolarization) with a resulting attraction to thalixsuf®cient to wercome
the graitational attraction of the balloon to the earth.

10 The exponential function with imaginary gmment also satis®es the equation of motidhe \arious so-
lutions are related by Eulerldentity exp ix = cos(x)+ i sin(x).
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of B units and released from zerelacity at time zero vibrates with timelas

f(t) =B cos (dl% t)

Since sin(g + 2p) = sin (g) the amplitude returns to its pieus \alue after period of
timet (Greek tau) equal to@dn/k. Thelinear frequencyof oscillationn (Greek nu) is
the irnverse of the period of oscillationThe angular frequencyof oscillationw (Greek
nu) equals 2n

2 .
w=2pn= t_p = KIm (5.8)

5.3. Enegy

Invariance or constarycof a quantity is referred to asonservatiorof the quantity For
example, the e of consenation of momentum means that momentum remains constant with
time. Conseration resects an appealing basic symmetry of nature generates sweeping gener
alizations rgarding behsior. Formulating problems to weal consered quantities (for
example by coordinate transformation) reduces them to simpler problems with straightfor
ward solutions.

There is a price to pay fovaything, and in a cause andegft there is a loss of poten-
tial in that which causes thefeft equvalent to the gin of potential in that which is fatcted.
In mechanicsenemy, E is the curreng of change and measures the ability to induce motion
in systems.In the 15th CenturyLeonardo recognized that the imposition of a fordereal
to an object causes a change in the obj&hbts led to the de®nition oork done on a sys-
tem by an gternal force as the accumulation (@) of force and displacement, compatible
with the notion of a change potential enemy, PE if (potentially multicomponent) force is

TPE()

1r;

related to potential engy through a (potentially multicomponent) detive, f; = -

11 Recall that sin(0) = 0 and cos(0) = 1, so f(0) = B &ayi= A.
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f = - NPE() (5.9a)
PE() = - (f(r) xdr (5.9b)
f
Wpg © (‘)‘(r) xdr =- PE - (-PE) =- DPE (5.10)

Leibnitz deduced in 1686 that whemmk results in motion, there is a change in another

guantity calleckinetic energy, KE. From Newton's law, f = ma° o and d = vdt

mv  p?
KE® — = — 5.11
2 2m ( )
f f
. < av mv  mv2
WKEOO‘Xdrzdnavdt:Tf-T':KEf-KEi:DPE (5.12)
i i

Kinetic enegy is due to motion of objects while potential &yeis due to interactions
between object&? The uniersal lav which relates kinetic engy to potential engy is that
the sum of the potential and kinetic egies, or total engyy, of any isolated system is a con-
stant (conserved)Equating the tw expressions for wrk in terms of engyy leads to the &
of conseration of enayy.

Wke = Wpe

12 Alternative rotation is T for KE, V for PE, and H for BlVe resere T for temperature and V foolume.
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KE; - KE; = PE - PE
KE; + PE =KE; + PE = Eyal

Since the total engy is the same for the ®nal and initial states, it remains constant (con-
sened).

Ei © PE+ KE = constant (513)

This is theLaw of conservation of ergy which governs all knavn objects of all kinds.
From this lav the description of the state and motion of objects may be determined.

While kinetic enegy is absolute (zero at zerelacity), potential engy is relative in
the sense that it measures attractions and repulsions and is characteristic of the type of inter
action, including the gkétational attractions between all material objectwifiga mass), and
electrostatic attractions and repulsions betweergelaobjects (opposite clg@s attract and
like chamges repel).As the strength of interactions (usually) depends on distance, potential
enepy is a function of separatiormhe magnitude of the ergr of a system must be de®ned
in terms of some de®ned zertn the case of grétational or electrostatic interactions, it is
convenient to de®ne the zero of eggrto be at in®nite separation, in the case of vibrating
systems, the zero of eggroccurs at equilibrium (rest). The only truly absolute gyer
would be the total engy of the unverse, an obiously dif®cult quantity to determine.

Gravitational and electrostatic potential egerfall off inversely with distance, while
that of a spring (oscillator) increases with stretchifige functional form of potential ergr
is derved from that of force using Eq. (5.9bfror Egs. (5.5) through (5.7)

K
PEgravitationall) = Tg , Ky ©- Gmm, (5. 14a)
Ke
PEeIectrica(r) = T ) ke ° Q102 (5- 14b)
PEoscillation(r) = kol’z, ko ° mW2 (5. 14C)

The proportionality constants contain the parameters (constant feerasgstem) for
each type of system.



72 Chapter 5 Mebanics

Fig. 5.1 compares these potential gyegorms.

PE(r)

Electrical repulsion

Oscillation

Gravity

Electrical attraction

Fig. 5.1 Potential Enagy for Typical Systems

Example 5.6The change in gratational potential engy of an object of mass m
changing its altitude biph near the sugce of the earth of radius:R> Dh can be
derived from the generabg@ression Eq. (5.14a):

1. Ri) = e cemme e s mgoh, (5.15)

DPE=- GmM
R R RR Re(Re + ON)

where @° GMg/RZ is the graitational constant on Earth, 9.80697 frising the
data of Example 5.3This relation &pressing the wk needed to raise an object in
the graitational ®eld vas ®rst mentioned by L.M.N. Carnot in 1803.
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Example 5.7A simple example of a childs swving illustrates engly concepts.

Fig. 5.2 shws the potential engy of an oscillating systemAt rest the swing is at min-
imum potential (graitational) enegy, set arbitrarily to zero.If it is raised (by some
input enegy source) to a higher point it acquires additional potentialggnén the
gravitational ®eld the all the engy is potential engy with the \alue mddbh &cording

to Eq. (5.15). When released, the swinglis as graitational potential engy is con-
verted into kinetic engy. In motion, the maximum kinetic ergy is realized at the bot-

tom of the course of the swing where all the potentialggnailable is conerted into
kinetic enegy (further &ll is constrained by the rope). Garsely, a the top of the
course of the swing all the kinetic eggris cowverted back into potential ergr The

proof is that the @locity must pass through zero as it changes direction, and the kinetic
enegy becomes zero according to Eqg. (5.1A) any point along the course of the
swing the sum of the potential and kinetic g@wes is a constant (Eq. (5.13)) no
enegy is lost from the system, the swing continues its motiorvéareThis is an ideal
situation which assumes the swing is isolated, and ignoyesimactions with its en-
ronment, such as connections to the support, atmosphere, etc. These interactions in a
real case are callddction and dissipate engy of the swing to its surroundings, caus-
ing the motion of the swing tosentually cease. Hoever, even in the real situation the
total enegy of the lager system is consesd.

PE(r)

. e PE =Eygr, KE=0

PE = Ov KE = Etotal

Fig. 5.2 Enegy of an Oscillating System
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It is possible to determine the maximuedocity of the swinging object from thewaof
conseration of enggy. At the top of the swing trajectqry

Etotal =PE= ngh
while at the bottom

1
B = KE = 5 MV

Equating the tw expressions for the total erggrand solving for glocity gives

Vmax = @gDh

The higher the swing starts out, the greater #lecity at the bottom (& not propor
tionately). Thefact that the motion of a swinging object is independent of the length of
the connection to the supporas/®rst noticed by Galilds.

Transforming from force to ergy provides certain adntages to the analysis of
mechanical systemdMathematicians in the Nineteenth Century transformedtdigs law,
which is a set of second-orderfdilential force equations in Naxiables, into a set of 2N
®rst-order diferential enggy equations.The total enggy is symbolized by H and called the
hamiltonian of the system, in honor of Sir iiam Rowan Hamilton who deeloped the
enepgy form of mechanics in the 1830' Thespace of ariables is generalized displacements
g ° {q;} and corresponding momenta’p{p;} where p and q are shorthand representations
standing for all their components. The q could be Cartesian coordinates, polar coordinates, or
ary others comenient to the description of the system. The set of displacement and momen-
tum variables is callegphase space

For any function f(x) of a set of ariables x° {x;} which are themsebs functions of
another ariable x(y), by the chain rule of tBfentiation (Section 3.11), the total detive d
fis the sum of an implicit derative and an &plicit derivative:

df _ o TF T A

— 5.16
dy TIx Ty Ty (516)

13 Supposedly from observing the motion of swinging chandeliers in a cathedral during mass.
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The partial dexiatives denoted by the symbd] simply means all ariables other than those
with which the degriative is being talen (e.g.x;) are held constantSince the total engy of

a g/stem is in general a function of all thariables of phase space as well as the time,
H(p,q,t). According to the chain rule the total ddiive o enelgy with respect to time is

dH __ fH
@t - S

TH

G+ 19 ) + %—T (5.17)

where the dot denotes time detive (Newton's motation). For systems for which the ermgr

H_ fH
is consered (constant in time%—t = ﬂ_t =0, H = H(p,q), and Eq. (5.17) is satis®ed if the

summation terms are each zero as w8lhce®g; - ¢ ° 0 this will be ensured for

H
N 5.18
¥ o ( 2
H
= 5.18b
& Tai ( )

From the symmetry of the equations is is easy to sgepwdnd ¢ are callecconjugate vari-
ables Egs. (5.18) are 2N ®rst-order fhfential equations calletiamilton's guations
Hamilton's equations ae equivalent to Neton's N £cond-oder equations Eq. (5.4), and
form an alternate apad to medianics in terms of potential engrinstead of fae Thus

2
for H(p,q) = KE(p) + PE(q)= ~

>m + PE(Q)

pZ
ke 1G5 _p

TP TP T m
H _ TPE(q) _

The ®rst equation is the de®nition of momentum, Eg. (5.3), while the secondieri&aw
of force by Egs. (5.4). The second equation akpbeins Eq. (5.9).
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Example 5.8Analyze the motion of a mass attached to a spring which is described by

Hooke's Law in enelgy form.

There is only one coordinate, the displacement, which we will identify #cqgording
2 k 2

to Eqn. (5.14c) the hamiltonian is then H{p= KE(p) + PE(q)= Zp_m + % Hamil-

ton's eguations of motion of the spring, Egs. (5.18), become

Taking a second derdtive d the ®rst equation, we hia

._Kk_ k
9=~ " mY

which is identical to Nwton's equation for the spring gen in Example 5.5 and there-
fore has the same solution.

Since the lastxample ends up with the same mathematical equations atiNe
approach to mechanics, one mightndler what the a@dwntage of Hamiltois gproach is.
Hamilton's equations she directly that ag variable which does not appear in the hamilto-
nian will lead immediately to a consetwon lav for that \ariable since according to Eq.

H .
(5.18b) &y =- — =0=>p=constant. Conseation is a ery fundamental property of a

i
system heing to do with symmetrySymmetry considerations permit immediate separation
of a comple& problem into simpler problems. This will be illustrated in thetrsection.

5.4. N-BodyMechanics

Thus far we hae @nsidered the interactions ofdvibodies (particles).The analysis of
the motion of more than twinteracting bodies does not admit mathematical solutions in
closed form for the general caséhen hav does one treatven a three-body problem, such
as the earth-sun-moon motion? It is necessary to resort to numerical solutions for which the
electronic computer as deeloped in the Wentieth Century Howeve it is dways possible
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to separate a multiple-body problem into internal axtéraal parts, which can be treated
separately This leads to the concepts of reduced mass and center of YWasall develop
the equations of motion for a dabody system to illustrate namotion separates.

If the interaction potential betweendvbodies depends only on the distance between
them, it proves bene®cial to transform from Cartesian coordinateseiater of massoordi-
nates. Gien

= (X - X))+ (Yo~ Y1)° + (zz- z1)°

Let {X,Y,Z} be center of mass coordinates and {&}Ye internal coordinates de®ned by:

X © My X; + MpX; y o myy; + Myy, 70 m,z, + Myz,
m; +m, m, +m, m; + M,
X0 Xg = Xq Y°VY2-Y1 2°2,- 7

The kinetic enggy is then gren by

m;m
KE=Z(Mm +m)% +% +8) + = (—=2
~ (my + my) )+ (ml )€+ D
The quantity M® m; + m, is the total mass of the system and quantitym;m.,/(m; + m,)
is called theeduced massf the system.The total enagy of the tvo-body system is

E= MOE+ @+ £)+ 7(¢+ G+ @ - PE(Y2)

Since the center of mass coordinate (X)Yependencis parated from the internal
coordinate (x,)z) motion, Hamiltors eguations of motion lead to

MX =MY =MZ=0
_ JPE . JPE . TPE

X Yy 2

The ®rst equation describes the motion of a body of mass equal to the total mass of the sys-
tem which responds to pexternal forces (none in the case of an isolatezady system).
Interaction potentials which depend only on separation and not orientation suggest transform-
ing to coordinates which resect the symmetry of the systénthe internal coordinates are
transformed to spherical polar coordinates a further separation of motion results.
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X =rsin(qg) cos(f)
y =rsin(g) sin(f)
Z=rcos(@)
The internal motion is determined by the internal Hamiltonian

E=—= é + = 2&3 + = r 2sirf() € + PE(r)

We reed to &press the Hamlltonlan in coordinates and generalized momenta p, where

p° % so that

pr = 1
P, = mhe
= m?sirf(q) G
The internal motion Hamiltonian then is

I T .
om" 2m? 2m? sirf(q)

Hamilton's equations of motion for momenta (5.18b) then yield

+ PE(r) (5.19)

_ B =0
&= F 3 sirf(q) fir
_ IO?COS@)
% = 2 sit(q)
p,; =0

The third equation states that the angular motion about the z axis is eash@amstant) and
therefore the motion must lie in a plane perpendicular to the z axig wigh2. The motion

thus reduces to that in a plane described by plane polar coordinates.r &ne ®rst equa-

tion determines the internal motion according to the form of PE(ofe that vigved as as a
Newtonian force equation (cf. Eq. (5.4)), there is an additional force due to rotation (Corliolis
force). Ifr is cmonstant, p=0 and the ®rst equation of motion describes pure rotation of a
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system with a rotationalmass' equal to the moment of inertigl 71> and angular momen-

p;
Sir’(q)
can be imoked to show that the total angular momentum is constant (coresieen in the
general case where r is not consta8ince the angular motion is consedvthe internal
motion is determined by the interagipotential. Thiss what has been assumed for the-tw
body graitational, electrostatic and elastic potentials in th&iptes sections.

It is instructve b gply the equations of motion to dmbodies connected by a potential
such as that describing a spring, as this is a classical model for a diatomic mdie¢hée.
general case, the molecule urgiars both rotation and vibration and is called a rot-vikhrator
The efect of rotation is to add a rotationabarrier' to the quadratic potential and the ®rst
equation of motion has the fon= - V() efrective/ Tr With

tum squared Pgua® P +

Hamilton's equations of motion for coordinates (5.18a)

2
Pangul
V(r)effective = V(r) + ;T??)ar (5.20)
To a @rst approximation (where | is assumed to be constant) the totgyeisethe sum of
two terms, one describing the vibration and the other describing the rotation.

5.5. FieldMechanics

Gravitational, electrical and magnetic interactions were oleskranciently These
forces acting wer distance suggest some connection between objeetsmace. This spatial
extension of ineuence is called@eld Light does not appear at ®rst to be related to mechan-
ical and electrical forcesubdoes share with them the ability to cause changemight say
they al contain or comey enelgy. The discoery in the Nineteenth Century that electricity
magnetism and light could be uni®ed into one model generated a quest for a uni®ed ®eld the-
ory for all interactions in the twentieth.

Newton made equally profound contuions to the understanding of light as he did to
material objects.Newton used both acorpusculatl* or particle model to@lain some
aspects of the behar of light, such as shads (linear motion), resection (returning from

14 A term ®rst coined by Robert Bl in 1666 to describe the atomic particles of matter



80 Chapter 5 Mebanics

an interbce) and refraction (bending through an isteg)), and a ave model of light to
explain others, such as interferenceg{oms of increased and decreased intensity ofimgr
beams) and colorUsing a simple prism he demonstrated that light from the sun is not one
color kut rather consists of a dispersion @pectruni' of colors as seen in rainiys. The
various colors were associated with characteristwdengths of a periodic disturbance of a
transmitting medium, called theuminifeous aether Newton correctly determined the
wavelengths of visible light to be of the order of fractions of a micrometer (millioneth of a
meter). Thewvavelength, / (Greek lambda) is the distance between recurring peaks of inten-
sity along the direction of propatjon; thefrequency n (Greek nu, pronouncednew")
measures the rate of repetition to a stationary obs@wthe aves pass by Frequeng and
Wavelenl%th are related through thelwocity of the disturbance,\gn the symbol c in the case

of light:

In =c (5.21)

Because there is anverserelationship betweenavdength and frequergthe proportional-
ity factor c acts as a comsion factor as depicted in Fig. 5.3.

15 The \elocity of light (in a acuum), ¢ = 299,792,458 m/s.
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wavelength «<— 1/frequeng

Fig. 5.3 The Wavdength/FrequencCorversion Map

Example 5.9What frequeng of light corresponds to red light ofawdength 700 nm?
By Eq. (5.21)
1 sc

Im
7 (L
00 nm )5 998x 18 m

10° nm
Thereforep = 4. 28x 10* s 1.

In the Nineteenth andwientieth Centuries the ave model of light vas etended to
regions bgond the visible spectrum toavdengths longer than those of red light,jmrared
light (corresponding to thermal, or heat radiationyimg wavdengths up to a millimeter
and to shorter than violet, aitravioletlight, with wavdengths ranging den to nanometers.

In 1856 James Clerk Maxwéfl developed an uni®ed theory of electricityagnetism
and light based on a model of radiatinglectromagnetitw aves generated by the accelera-
tion motions of oscillating chgesl’ The discussion of avemodels in Chapter 4 describes

) = 2. 335X 10'15s=%

17 James Clerk Maxwell (Scottish, 1831-1879) muhkvith Nevton as a mathematical ysicist, published
his ®rst mathematical paper at age 1dnwhe Adams Prize at age 25 foryng that the rings of Saturn could
not remain solid under their mutual forcesyaeped uni®ed theories of heat and of electriaiiggnetism, and
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some of the mathematical relationships foaves. Maxwells dectromagnetic spectrum
eventually included micrevave and radio vaves having wavdengths ranging between cen-
timeters to kilometers, and x-rays arahgna rays with wvdengths dan to picometers and
femtometers, respeedy. Waves tend to bend around obstacles produciiffjaction pat-
terns of alternating intensity with spacing equal to tledength and dlling off with dis-
tance from the obstacleRadio waves ae long enough to be detected behind sizable obsta-
cles, lut microvaves used for telgision transmission require direct visibility to the source for
good detection. Kible light diffraction patterns are too small toviedeen detected in Ne

ton's time although interference patterns from thin ®ms such as sd#pds could be seen.

A profound consequence of Maxwsllmodel was that the @locity of propagtion of
electromagnetic disturbancessvboth ®nite and absolutdlaxwell's nodel is a theory of
®elds of in uence, distinct from particle models. It stimulated tkelo@ment of tvo Twen-
tieth Century re®nements of mechanics, quantum mechanics ansgisgtathechanics.It
relied on the ©stence of a medium (the ether) which had the con icting properties of con-
veying disturbances such as light with enormoabeities yet alloing material objects to
pass insensibly through iThus ether w&s some kind of medium apparentlyimg simulta-
neously ery high as well asery low density The resolution of this dilema and thep#o-
ration of an absolutealue for the ®locity of electromagnetic radiation led us into theohe-
tions of modern pysics.

5.6. Relatvistic Mechanics

In Newtonian mechanics, space and timevpte a framwork for the motion of parti-
cles. Theirsupposed independence from each other and from objestsesaluated near
the bginning of the Wentieth Century by Albert Einstéify who generalized Netonian

light, succumbed to cancer at the same age of his mdger

17 Light was added to the electromagnetic theory upon désgdhat the speed of propatipn of electro-
magnetic vaves (equal to the ratio of the electromagnetic to electrostatic units of@har the same as the
measured speed of light.

18 Albert Einstein (German, 1879-1955) considered with Isaactdteas the greatest ysicists of all time.
Published three seminal papers in 1905 on specialvigtatBrownian motion and the photoelectricfest.
Awarded the Nobel Prize in ghics in 1921 for the latteas relativity was not yet gri®ed. Theravas mly one
book found in Einsteils' d®ce after his death, and that had been left by wqars occupant.

Among his lessédmous numerous 1905 publications is his doctoral dissertation, titled (in English transla-
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mechanics to relatistic mechanics.The basic notions of relatstic mechanics are rooted in
common &perience, such as thdexfts of eleators on objectsAt rest or meing at constant
velocity, Newton's Law d gravitation applies. Acceleration dmward at the &lue of the
acceleration of graty cancels the éct of graity, whereas acceleration upvd at the same
vaue doubles the gvity force. Thus acceleration isolated in space produces the same
effects as gnaty. Einstein's contribution was to &plain the equialence of inertial and gua
tational mass, called theinciple of equivalence.X®

The object of relatistic mechanics is to cast theMa (equations) of plsics into forms
which are are independent of the motion of the frame of reference (santevariant"
form).20 For frames of reference which w® & constant relatie vdocity (Galilean frames),
this is achiged through recognition of the eqidence of space and time (théourth dimen-
sion"). For frames of reference in rehadi acceleration, this is achied through recognition
of the curature of space/time due to motion or matteniversal lav (independence of
frames of reference) agassumed in Newtonian mechanics,ub the assumption of the wer-
sality of the speed of light in aaguum from electromagnetic mechanics suggested the erro-
neous notion that absolute motion could be dete€tétbwever, dl attempts to detect abso-
lute motion of saythe earth through space (or the ether) were doomaediltioef, as Einstein
shaved in 1905.

Consider adlling object in a frame of reference which is in constant motion with
respect to a second frame of reference, which in turn may be considered stationary with

tion) A New Determination of Molecular Dimensions.

19 Wweightlessness in an orbiting space station and its rotation to produi®cial” gravity are applications
of the principle of equilence.

20 “Motion is like nothing” G alileo, 1638. The lavs of plysics must be of such a nature thaytiaply to
systems of reference inyakind of motion”. , A. Einstein, 1916.

21 Conceptually Newton's equations of particle mechanics are refatic in the sense that f = mavoives
acceleration, or change ielocity. Hence objects maing with respect to each other at constabeity experi-
ence the sameus of motion. Hence apples accelerateviwd the earth the sameay the moon does taekp it
from "ying out of its orbit; thus comets, solar systems, starsalndigs obgt he same las of graitation.

The uni®cation of electric and magnetic phenomena through Mazvegllations of electromagnetic ®eld
mechanics (not gen here: see a ¥ on electricity and magnetism)violve elocity and are only relafistic in
the sense that a miog chage (changing electric ®eld) generates a magnetic ®eld (Ansplavg'and a me-
ing magnet (changing magnetic ®eld) generates an electric Ralalddys aw).
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respect to the mang frame. In the mang frame it appears tall vertically a certain dis-
tance in a gien time, kut in the stationary frame, the motion of theving frame causes it to
appear todll diagonally for a longer distance in the same time (cf. Fig 5.4) wivw@, the
object is a beam of light, according to the postulate that the speed of light iseasalmon-
stant in all frames of reference, the object must takbnger time todll the further distance

in the stationary frame than in the wireg frame. Theime dilation factor may be computed
from an application of the Pythagorean theorem to the situation as depicted B4&ign
which primed quantities refer to the wiog frame and unprimed quantities refer to the sta-
tionary frame, and theelocity of light, c, has the samalue in both frames.

(ct)? = (ct)? + (vt)?

1= (—)2 + (—)2

Of course, from theantage point of the nving frame, the stationary frame appears to be
moving, and hence appears in theuving frame to hee a tme dilation. Each obserr
would claim that the othes'dock is running sla/!

Note that time dilation refers tarervals of time. Relatvity makes a similar statement
about interals of distance: lengths appear to be contracted in framemgnelatve © an
obserer's frame. Theelative vdocity (which is common to both systems) refers to distance
traveled by the muing system during a time inteaVmeasured in the namg system.

xx¢

(5.22)

Hence
X t¢ NV
2 == 2 2
X O ) (5.23)
which is less than unity for 0 <v <

Thus as ®locity approaches the speed of light, mass increases, time dtown and space
contracts.
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Relatvity asserts the impossibility to detect absolute motidetection connotes trans-
mission of information.The pitch of a sound generated on asimg@ vehicle (train, automo-
bile, etc) changes as it approaches and recedes from a stationary. listeses due to the
fact that sound information is ceeyed by colliding molecules whoselecities are addite
with that of the sourceNot so with electromagnetic radiation which eeys information at
a wiversal speed independent of the motion of the souftris, two obseners in relatre
motion should both obsevinformation radiating outard at \elocity c in a sphere of the
form

X2 +y2 + 7% = ¢t
Einstein applied the equations of special reigtito Nenvtonian mechanics andas led to
correction terms to the kinetic eggrof particles.

DE = ¢?’Dm (5. 24)

D (delta) refers to change, as usual, from initial state to ®nal stéiie.result from special
relatvity states that there is a proportionality between a change in Brasgnd change in
enegy with the proportionality constant equal to the square ofeleeity of light, c.

Consideration of mariance of equations of motion in frames in refatecceleration led
Einstein to the theory of general reldty in 1916. Acceleration or equalently mass \arps
or cunes space-time coordinateBour consequences of general refiéyi have supporting
experimental gidence: a slight bending of light passing by masselestial objects, a slight
slipping (adance of perihelion) of the orbit of planets, a slight shift in frequehtight near
massve elestial objects, and themansion of the umerse. Whileof cosmological signi®-
cance, these fefcts are minimal for non-gvdational systems such as atoms and molecules.

5.7. QuantumMechanics

Experiments in 1887 by Heinrich Hertz con®rmed Maxwegieculation that electro-
magnetic radiation of all types (including light and heatydead with the same speed
bonus vas the disceery of that light could stimulate the generation of an electric current, or
“ow of electrons through space from agtimetals (like cesium), called thehoroelectric
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effect. Exploration of the photoelectricfett shoved that the strength of current, or number
of electrons generated/@ time, is proportional to the strength or intensity of ligBut the
kinetic enegy of the electrons is independent of intensity of light and depends instead on the
frequeng of the light. Electrons are produced alea treshold frequenccharacteristic of
the actve metal with \arying kinetic enagies up to a maximumalue which is proportional
to the frequengof the stimulating light. The proportionality constantag found to hae the
same walue as that dissered by Max Planck in 1901 in hisquantum mechanical?3 expla-
nation of the distribtion of heat radiation. According to Maxwslldectromagnetic theory
glowing bodies like the sun radiate a spectrum of light and heat frequengitsr identify-

ing a function which describes the epedistritution of glaving bodies empiricallg® Heat
radiation is based on a model of vibrating molecules which emit heagyebgrchanging
vibrational eneagy states.Planck discuered that the xperimental engy distritution could

be eplained only by restricting the molecular epestates to discretealues?® In revolu-
tionary contrast to classical mechanics, whicbuld permit a continuous distrbon of
enegy states, Planck found that vibrational ges were restricted to thalues

E, =nm (5.25)

wheren is the frequengof vibration, n is a posie integer, called aguantum number, and h
is a constant, o called Plancké constant, with alue 6626076 x 10**J s Light emitted at

23 Max Karl Ernst Ludwig Planck (German, 1858-1947) already had an established career as a thermody-
namicist when he diswered an empirical equation that describes the spectrum of hingl®odies. Ogr the
winter vacation of 1900 he spent the most arduous weeks of his life deducing that the equation required discrete
or quantized motion of the oscillator model he used to describe the generation of the light spatteimiin-
stein announced through independent analysis in 1905zat was quantized, Planck retracted the quantum
hypothesis. In 1913 he wrotéThat [Einstein] may sometimesveanissed the tayet in his speculations, as, for
example, in his theory of light quanta, cannot really be heddnagthim’ A fter being avarded the Nobel Prize
in physics in 1918, Planck relente@ne of his Planck' ons was eecuted by the Nazis for attempting to as-
sassinate Hitler

23 Latin: quantus, how much, mechanicus, machine.

24 That is, trying educated guesses.

25 The restriction resulted from retainingisire integration interal (dx), rather than alleing the Nevtonian
calculus limiting alue of zero.
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frequeng n is due to a transition between adjacent gystates:

DE=E,, - E,=n (5. 26)

The reason radiation appears continuous to the most gendatectors is because of the
small magnitude of Planck'constant.

In 1905 Einstein identi®ed the kinetic eges of photoelectrons (electrons ejected from
active metals by ultraiolet light) with DE of Eq. (5.26). Einsteins cntribution?® was
suggest that the radiation ®eld (that is, space), or light itself is discrete (quantized). Binstein’
“hunks' electromagnetic engy were later dubbed lighthorons2” by G. N. Laevis. Egs.

(5.25) and (5.26), which may be referred to as the Einstein-Planck equations, re ect a dual
nature of light. One side describes a discreteggngroton) form and the other a ®eld-based
frequeny (wave) form28

5.8. WaveMechanics

Wawe mechanics s deeloped from a synthesis of ®eld and quantum mechanics by
Erwin Schodinger?in 1925. We will sketch hav the quantum mechanicalweequation is
related to classical avephenomena. Although the proper coites advanced mathematics,

26 Apparently totally independent of Planskas indicated by thedt that Einsteirs publication males only
a passing reference to Planskhork as if an afterthought, perhaps suggested byiawer.

27 Greek:photos for light + on for stuf.

28 A simple obseration demonstrates tharricle nature of light; starlight is so dim that according to classi-
cal ®eld mechanics if light were solely avephenomenon, it auld tale nore than a lifetime for theye to ab-
sorb enough engy to detect the light from a staet tundles of engyy delvered by particles of light may be
detected instantly Another simple obseation demonstrates theave nature of light; squinting at a point
source of light produces interference patterns of alternating light and davksas the light passes through al-
ternate paths around thgedashes, characteristic of the interaction af/es.

Note that neither a avenor particle model ofxastence (or some combination) can be complete since each
requires spatiabeension, hence some form of substructuAdthout attempting toxglain ary apparent contra-
dictory nature of duality we will simply accept it as ampbthesis.

29 Erwin Schodinger (Austrian, 1887-1961) Nobel Prize irypies, 1933.Wrote What is Life in 1944, &-
plaining the roles of statistics, uncertajramtropy and stars in biology Devdoped wavemechanics follwing a
suggestion of Einstein.
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we will simplify the discussion to limit the mathematics to algebra as much as po3ditse.

will not be an actual derdtion because the aveequation is n@ considered a fundamental

law of nature, the sameay that Nevton's Second Lav of mechanics, F = ma, is fundamen-

tal to classical mechanicdn fact, the vave equation is more fundamental thanviien's
eqguation since it ges the same results as classical mechanics for macroscopic objects, yet is
capable of describing the befar of the smallest particles, which classical mechanics is not.
Before we can discuss the quantum aspectsavisy we must ®rst understand something
about vaves in general.

The ®rst step in making the transition from classicat@henomena to quantumawe
phenomena uses the Planck-Einstein equation (Eq. 5.26) and the Einstein spewigy relati
proportionality between engy and massDE = mc?, to relate the \@vdength of light to its
velocity:

h
DE=hn= /—C =mc (5.27)
Louis DeBrogli€® made the bold leap of generalizing the last equalityiclude matter as
well (replacing c with v):
mv/ =h (5.28)

Solving this equation, called th& Broglie equation, for velocity and Substituting into the
de®nition of kinetic engy, KE, relates kinetic engy to wavdength:

1 m _ h h?
KE=Zmv=—(—)%=
> MV =5 () T o

The connection to theaveequation, Eq. 4.12, is made throughsolve K. 4.12 for/ and
substitute into Eq. (5.29).

(5.29)

h2N2y
8p2my
Using the &ct that the sum of the kinetic and potential gndPE, equals the total ergy, E,
we hare (multiplying through by to clear it from the denominatand factoringy out on

KE =

(5.30)

30 Louis Mctor Pierre Raymon Duc de Broglie (French, 1892-1977) an in uential prince and scientist who
promoted dualityAwarded the Nobel Prize in ghics in 1929.
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the left hand side)

2

8p2m

(- N2+ PEy =Ey, (5.31)

which is Schrédinger’s quantum mechanical wave equation. Various systems are distin-
guished by the forms of their potential emer Schrddingers equation, being a dérential
equation, yields avefunctions (eigenfunctions) and constants (eigkeres) for its solutions.

Thealgorithm for solving Schotingers equation is easy to state: insert the form of the
potential endagy into the equation and selor the eigenfunctions. Introducing boundary
constraints on the eigenfunctions generates eajg#s just as for classicalawemotion. For
a dmple one-dimensional harmonic oscillator il giitar string), the potential ergr fol-
lows Hoole's Law, PE = kr?, corresponding to a restoring force proportional to the displace-

ment. Theanteractions in atoms an molecules are principally electronic attractions and repul-

sions, which obg Coulombs Lav, PE = SM where the sum isver all pairs of chaged

ij
particles (electrons and nuclei) with opes gand g separated by distancg r

Although it is &irly simple to write Sclodingers equation for an atom or molecule,
solving it is another matteolutions in terms of knen functions are notvailable for ary
but the simplest systems, and it must be edlwumerically Programs to implement the
numerical solution to Schdingers equation iwvolve literally tens of thousands of lines of
code and tax the most sophisticated super computersyfibriragn but the simplest molecules.
It is indeed fortunate that simplifying approximations to 8dmfjers equation lead to
meaningful results for complicated systems.

5.9. QED,etc

Einstein sought to unify gvéation with electromagnetism as Maxwell had uni®ed elec-
tricity and magnetism,ui didn't succeed. Ne forces, strong and weak nuclear forcegeha
been added to the list and the search fogand uni®ed ®led theoryts “theory of &ery-
thing" continues. Thesynthesis of quantum mechanics and electromechanics, called quan-
tum electrodynamics, or QED, has y&o useful in eplaining a wide ariety of plysics phe-
nomena.
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Summary

The foundation for pysics is mathematics. The ®rst ®eld of mathematicgsias is
mechanics, which describes the state and motionysigdd bodies.The measure of change
is force and engy. Equations of motion for force are second-ordefedéntial equations,
while equations of motion for erggr are ®rst-order diérential equationsKinetic enegy is
an unversal form for all systems (dependent on the coordinate syst®ystems are distin-
guished by the forms of their interaction potential gres:. Plysics has wlved from
descriptions of relately slow macroscopic bodies to descriptions a$tf microscopic bodies,
using relatristic and quantum mechanics, respegtyi Field mechanics describesawephe-
nomena and a synthesis of all mechanics is the major goaysitph
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MECHANICS EXERCISES
1. OnJuly 6, 1994 Lerg Burrell ran 100 m in 9.85 s. Whataw his &erage speed in
mi/hr?
2. Whatis the ®nal speed of a dragster race car whiakelgd/4 mi in 8.0 s from a
standing start?

3. How much kinetic enggy in kJ has a 150 Ib person running 25 miéd hav far
would they haveto fall in the Earthé gavitational ®eld to acquire that amount of
enegy?

4. Whatis the form of the potential erggr for an harmonic oscillator?

5. Whatis the speed at the bottom of the swing of a child who has been lifted 2
meters and released?

6. If enegy is consergd, hav can a person on a swingump' themseles higher?

MECHANICS EXERCISE HINTS

1. Considethe de®nition.
2. Assumingconstant acceleration, it is possible towhbat arerage elocity, v, is
the average of the ®nal and initialelocities’1
Vi +V;

VvV =
2

31 From the de®nition of thevarage of a function of oneaviable, the @erage of the glocity over ime is:

f Dt 1
7] 7(7)(Vf2'vi2) 1V2-V-2 1
2|:D\/ 2 - = f I:—(V +V')
f Dt 2v-v, 20
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S

Newton could vork this problem.
Harmoniooscillators follav Hooke's Law.

Theresult is independent of the mass of the child.
Considethe source.




