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EXAMPLES 2. The soap-box car has a weght of 110 Ib, including the passanger
1. The double pulley consists of two parts that are attached to but excluding its four wheels. Each wheel has a weight of 5 Ib,
one another. It has a weight of 50 |b and a centroidal radius ;id;i?sogag'ssinfg tahnrg L?grhagr']‘(fv%e%lf,ga;'ﬁg sz%Emfitﬁg?&F’g;ﬁg about
of gyration of k, = 0.6 ft and is turning with an angular p .l
velocity of 20 rad /s clockwise. Determine the kinetic energy fgﬁevii?;tgﬂt'tsﬂgzitgzve,\',%%é%? ;}rsrtgsrité?gngom rest. The wheels
of the system. Assume that neither cable slips on the pulley. ' '
SOLUTION Data: Data:
1o L s 1o, A ) M, =1.5528slug c=
T= 5 muVy + 5 MmgVg + > lowg @ )} m, = 0.62112slug \r/T\]/W iglz)mlsw
Vo= =1x20=20 ft/s I ms - 093168slug T = 0.155285h1g
Vg = lya, =0.5x20=10 ft/s J ° T r,=05ft
1, 1 - B Y k=031t
SMavi = 0.62112x20° =1241b- ft M s—100 ft
1 21 _ v, ="?
>Mave 7§x093168x10746‘6|b- ft s
%Iowé :%X1.5528><0.62 PETTTTOT S 283lb - ft SOLUTION 2
The total weight is W, =110+ 4x5=130Ib Gos T, =0.31056V* + 0.1118v* +1.7081v*
Iw = mwk2 =0.15528 x 032 =0.01398Ib- ﬂz ’\.taj—' wheels rotation  wheels translation
h =100sin30° =50 ft > 0+ 6500 = 2.1305v?
T+>U,=T, NoTE: ~ V=992Tt/s
T,=0 If we do not accout for rotational energy then v=59.8 ft/s
(8% difference)
ZUH =W;h =6500Ib- ft 3. The 4 kg slender rod is subjected to the force and couple
moment. When it is in the position shown it has an angular
1 ) 1 , 1 , yelocn){ o, =6rad/s. Determine |tsa angular veI(_)cny at the
T,=4x| =10 + =my + =muv instant it has rotated downwards 90°. The force is always
2 applied perpendicular to the axis of the rod. Motion occurs
wheel rotation  wheel translation body translation in the vertical plane. 15N
T —ax L 0.01308( | +015528v2 |+ Lx3.a1612 Data: 11 =K9 ) \
2 2 . 0.5 . 2 ' W =39.24N ':ﬁh- K aoNm F, )
3 wz — 7 i S ] oy = 6 radfs
SOLUTION N | CONSERVATION OF ENERGY
| = 1 m /2 1 xAxF =12kg - m’ i SV If all the forces acting on the system are conservative, then:
A== == = . . ]
3 3 T+V,=T,+V,
T+ 2V, Typically V =V, +V, wh
If we consider moments about A then only the rotational energy ypically V=V, +V, where
is needed.
1 ) 1 ) Vg =W Yo Vezlks2
T1=§|Aa)l:5x12x6 =216N-m : 2
= = i | |'r=4_'.h:;
ZUL2 =M(0,-0)+Fr(6,—0)+W (r/2)=(-40)x (-z/2) H Vam¥ Wia| (& l)miwmﬁwm—,
(-15)x3x (7/2)+39.24x1.5=192.39N -m Dt '
l l W
T,==1,0} ==x12x @’ =60} o l |
2 2 Ve=-Wig || G+ —
2 _
408.39=6w, = @,=825rad/s EXAMPLES 6
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1. The door is made from one piece whose ends move along the
horizontal and vertical tracks. If the door is in the open position
0 =0, and then eleased, determine the speed at which its end A
strikes the stop at C. Assume the door is a 180 Ib thin plate
having a width of 10 ft. :

SOLUTION . Ny Datum

Ig :imfz %X5 59x8” =29.813Ib- ft’

12
(From tables, note that the width does not matter) fi Data:
Yo =—4ft W =180lb
m =5.59slug
(total drop of the mass center G) w=10 ft
T,+V, =T,+V,
T,=0
V,=0 ,

Note that the forces F, and F, do not _ FBD
perform any work.
Xg —Xg| =11t

1 1
T,==l @’ +=mV =
2 2 G 2 G

%x29.81><a)2 +%5.59><(1><a)2)
T =17.70° Rotation
sz = —th: ~180x4=-720lb- ft wME 1 o
T,+V,=0=17.70"-720 = ©=6.3779rad/s *¥v=0
Vo=V +oxr,,; =(6.3779k)x (5 j)
v, =—-319i :

2. The disk A is pinned at O and weights 15 Ib. A1 ft rod weighting
2 Ib and a 1 ft diameter sphere weighting 10 Ib are welded to the
disk, as shown. If ht spring is originally streched 1 ft and the sphere
is released from the position shown, determine the angular velocity
of the disk when it has rotated 90°.

> —-Hflla‘al',_‘f
SOLUTION P ——

o=t 1046584 » OV nd

6 =5 Mol = \
2 Pt N Data:
le, :0.9318slug- ft? W, =15lb
lo, == mar? =2 x0.06211x1° W, =21b
=12 12 W, =10Ib

m, = 0.46584slug

6, =0.00518slug - ft?
mg =0.06211slug

= %ms 2= éx0.31056>< 0.52

T+V,=T,+V,
T,=0
1 1
V, = ZkAs’® =Zx4x1*=2Ib- ft Datum-
T2 2 —?61‘
spring prestretch i 3
T,=Ty +To + T V) -

1
To=7 lg,* =0.46590° 1 _25f v, -r.0=-250

— hes=35ft v, =r,w=350
disk rotational Gs Gs — 'Gs

1, "7 1 1
To= Sl 0" + Smvi, =>x0.00518x 0" +=x0.06211x (2.5 w)]
2 2 2 2
rod rotational rod translational
energy energy
T, =0.19668w° 10

Gs mg =0.31056slug
I, =0.031065lug - ft? 0=90° .
n="7
1, 1,
To= Jle@ + Jmg = ><003106><a) +7X031056><(35(U)
— — -
sphe;s\;%@lmnal sphereelrl":rngs)llanonal | W ?\

T, =191770°

Finally: Vcﬁ.ij)
T, = 0.46590" + 0.196680° +1.9177 &
T, = 2.58030

Potential energy at 2:  V, =V_,;,; +Vios +V

spring rod sphere

spring

2
V.. k(rH) = ><4>{1+2><E) =34.3061b- ft

= W,h,, =-2x25=5lb- ft &“f—;}%!h

hge = 2.5t :
Gsfssft%:,
Ve = —Wshgs =—10x3.5=-35lb- ft

V, =34.306 -5-35=-5.694Ib - ft

Put all together:
2 =2.5803w° —5.694

w=173rad/s




IMPULSE AND MOMENTUM
Linear momentum: L=mvg

Angular Momentum: Consider a particle i

of mass dm in a body rotating with

angular velocity w and where the point

P has velocity Vv e

The vlocity of the particle i is
Vi=Vp +('°><ri/P

The "moment" of the particle about P is
d(Hp)=r,, xv,

In terms of the coordinate components: £

d(Hp)k = (Xi+ yj)xdm[Vp,i+Vp j+ (k) x (Xi+Yj)]
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Since all terms are in the k direction the scalar equation is
d(H,)=-dmyv,, +dmxv, +dmar?

Integrating over the whole body:

2
H,=- Imydm Vp, + Imxdm Ve, + Imn am |
S — (S —
my mx Ip
So we get:

He =—myv,, + mXvp, + 0
AndifP =G

The angular momentum of a body about its center of gravity G is
the product of its moment of inertia | and its angular velocity w.

To find an expression for the angular momentum about an
arbitrary point P in terms of G, by the parallel axis theorem:

lp=lg +m(x*+y?
Substituting in the expression for H, derived above:
(Hp =—myV,, +mXv,, +1,0)
He =y m[-v, + Yol +Xmlv,, +X o]+l 0

Expressing v, in terms of v,

Vg =Vp +@XTIg,, OF in terms of components: f o,
va1+vaJ:vpx1+vpy]+(wk)x(x1+yJ) r‘:‘/"‘,
Thisyields: vy, =V, —Yo el

Vg, =Vp, + X @

The equation for H, can then be written as:
Hp ==ymvg, +Xmvg, + 1 @
If the angular momentum is computed about a point P, it ig

equivalent to the linear momentum mv about P plus the
angular momentum | ;.

Let us now examine linear and angular momentum for the three
different types of motion under consideration:
TRANSLATION: L=mvg

He =0 S —3

ROTATION ABOUT A FIXED AXIS:

L=mv,
He=lgo or Hy=l o

GENERAL PLANE MOTION: o
L=mv, ¢
H;=lo or H,=1,0o+dmy, S

Principle of Linear Impulse and Momentum P
t, "y
m(ve), + Y | Fdt=m(v;),
1
Principle of Angular Impulse and Momentum

I a)1+ZJ-:MGdt=IGa)2

For rotation about a fixed axis O we can also write:

I a)1+z.|:zModt= I, @,

17

|_effect of reactions at the connections

fl. Final
: .
MVa): + > L F.dt =m(vg,),
t
m(Vg,), + ZJ'H Fdt=m(vg,),
ls o +ZJ‘:2 Mcdt =1 @,

These equations can be appjlied to an entire system of connected
bodies rather than to each body independently to eliminate the

momentism
diagram




ECCENTRIC IMPACT ZF

If two bodies with SMOOTH surfaces collide
when their mass centers and velocity are o N
aligned with the line of impact, the result e e
is a central impact and is treated as we ~ *
did before. ¢ \Plan of impac
If the line connecting the mass centers does not coincide with the
line of impact, as in the case when one of the bodies is rotating
about a fixed axis the impact is ECCENTRIC.

In this case, in general two equations need to be solved to
determine all the velocities. The first will generally involve the

application of conservation of angular momentum and the secon
is obtained from the coefficient of restitution.

- _ (V)2 = (Va)y
(HO)l - (HO)Z ane . (VA)l - (VB )1

Where the velocities are along the line of impact. 1

2. The spool has a mass of 30 kg and a radius of gyration
ko, =0.25m. Block A has a mass of 25 kg, and block B has
a mass of 10 kg. If they are released from rest, determine
the time required for block A to attain speed of 2 m/s.
Neglect the mass of the ropes.

SOLUTION
First calculate 1,

I, =30x0.25° =1.875kg - m’

mg =10kg | :: t
vAzgm/s ['-'H (Ho)1+ZLModt=(Ho)2

4 (Ho), =0

21
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EXAMPLES
1. A flywheel has a mass of 60 kg and a radius of gyration of
ks =150mm about an axis of rotation pasing through its
mass center. If a motor supplies a clockwise torque having
a magnitude of M = (5t) N - m, where t is in seconds,
determine the wheel's angular velocity in t = 3s. Initially the
flywheel is rotating clockwise at o, = 2rad /s.

Data: SOLUTION

m = 60kg I =60x0.15" =1.35kg - m?
r,=0.15m 3 3

VA (H,), + |, Mdt = (H,),

o, =—2rad /s

3
oo, + [ (-5t)dt = 10,

wt=3s)="? 5
1.35% (-2) - >3 =1.350,
2

@, =18.67rad /s 20

Zﬁ M dt = j;(mAg r,—Mygr,)dt =9.81x (25x 0.3-10x 0.18)t
> [ Modt =55.917t

(Ho),=ram,(vy), +1rsmg (vp), + @
(note that r, x v,, and r, x v, have the same sign)

From v, =r,0 = a):ﬁ:6.6667rad/s

Vg =lo = V,=0.18x6.6667=1.2m/s
Hence

(Ho), =0.3x25%2+0.18x10x1.2 +1.875x 6.6667 = 29.66kg - m* /s
55.917t = 29.66
t=0.53s
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