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Chapter 15 

 15.1  

120 in.

11 32 2 T = 50˚F, E  = 30 ¥ 104 psi
a = 7 ¥ 10–6 / F, A = 4 in.2

 

 1 2 2 3 

 [k(1)] = 
1 1

1 160

AE �� �
� ��� �

,  [k(2)] = 
1 1

1 160

AE �� �
� ��� �

 

 {f
 

 
(1)} = 

E TA

E TA

�

�

�� �
� �
� �

,   {f (2)} = 
E TA

E TA

�

�

�� �
� �
� �

 

 {F} = [K ] {d} becomes 

 0

E TA

E TA

�

�

�� �
� �
� �
� �
� �

 = 
1

2

3

01 1 0

1 2 1
60

0 1 1

u
AE

u

u

�� � �� �
� �� 	� � 
 �� 	
� �� 	�� � �

 

  Solving 
 u2 = α T L 
 = (7 × 10–6) (50°F) (60 in.) 
 = 0.021 in. 

 u3 = 2 α T L = 0.042 in. 

  Reactions and actual nodal forces 

 {F} = [K] {d} – {F0} 

 
1

2

3

x

x

x

F

F

F

� �
� �
� �
� �
� �

 = 

1 1 0 0

1 2 1 0

0 1 1 2

E TA
AE

TL
L

TL E TA

�

�

� �

� �� � � � � �
� � � �� �	 
� � �� � � � �	 
 � � � � � �	 
�� � � � � �

 

 
1

2

3

x

x

x

F

F

F

� �
� �
� �
� �
� �

 = 

0

0

0

� �
� �
� �
� �
� �

 

 σ (1) = σ (2) = 
2

0

4 in.
 = 0 

 15.2  

11 32 2
T = –20˚C, a = 12 ¥ 10–6/˚C
E = 210 GPa, A = 1 ¥ 10–2 m2

L = 3 mL = 3 m  

 [k(1)] = 
1 1

1 11.5

AE �� �
� ��� �

,    [k(2)] = 
1 1

1 11.5

AE �� �
� ��� �
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 {f
 

 
(1)} = {f

 
 
(2)} = 

E TA

E TA

�

�

�� �
� �
� �

 

  Global equations 

  
1

2

3

01 1 0

1 2 1
1.5

0 1 1 0

u
AE

u

u

�� � �� �
� �� 	� � 
 �� 	
� �� 	� �� � �

 = 0

E TA

E TA

�

�

�� �
� �
� �
� �
� �

 

  Solving 

 
1.5

AE
 (2u2) = 0 

 u2 = 0 

  Forces in elements 

 
(1)

1

(1)
2

x

x

f

f

� �� �
� �
� �� �

 = 
0

0

E TA

E TA

�

�

�� � � �
�� � � �
� �� �

 = 
E TA

E TA

�

�

� �
� �
�� �

 

 E α T A = (210 GPa) (12 × 10–6/°C) (– 20°C) × (1 × 10–2 m2) 

 = – 504 kN 

 ∴ (1)
1xf = – 504 kN, (1)

2xf  = 504 kN 

  FBD element 1 

504 kN 504 kN

 

 σ (1) = 
2 2

504 kN

1 10 m�

�

 = 50,400 KPa 

 = 50.4 MPa 
  Similarly 
 σ (2) = 50.4 MPa 
 F1x = – 504 kN, F3x = 504 kN 
 15.3  

3 m

T = 50˚F

10¢

10¢
1

a = 7 ¥ 10–6/˚F, E = 30 ¥ 10 psi6

A = 2 in.2 , f1x = –EaTA

 

 {f } = [T ]T {f′ } 

 
(2)

1

(2)
3

x

x

f

f

� ��� �
� �

�� �� �
 = 

21000

21000

�� �
� �
� �

 

 {f } = [T ]T {f′ } 
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1

1

3

3

x

y

x

y

f

f

f

f

� �
� �
� �
� �
� �
� �
� �

 = 

10.707 0.707 0 0 21,000

0.707 0.707 0 0 0

0 0 0.707 0.707 21,000

0 0 0.707 0.707 0

xf� � � �� � � �
� 	 
 



 
� 	 � �
�� 	 
 


� 	 
 
 � � �

 

 f1x = –14,850 lb,  f1y = –14,850 lb 

 f3x = 14,850 lb,  f3y = –14,850 lb 

  Boundary conditions 

 u2 = v2 = u3 = v3 = u4 = v4 = 0 

 1

1

14,850

14,850
x

y

F

F

� �� �
� ��� �

 = 500000 1

1

1.354 0.354

0.354 1.354

u

v

� �� �
� �� �

	 
� �
 

  Solving 

 – u1 = v1 = – 0.01753 in. 

  By Equation (14.1.57) 

 σ (1) = 
E

L
 [– C    –  S    C   S] 

1

1

2

2

u

v

u

v

� �
� �
� �
� �
� �
� �� �

 – {0} 

 σ (1) = 
630 10

120 in.

�
 [0  – 1  0  1] 

0.01753

0.01753

0

0

� �
� ��� �
� �
� �
� �� �

 

 σ (1) = 4350 psi (T) 

 σ (2) = 
E

L
 [– C    –  S     C     S] 

1

1

3

3

u

v

u

v

� �
� �
� �
� �
� �
� �� �

 – EαT 

 = 
630 10

120 2

�
 [– 0.707  – 0.707  0.707  0.707] 

0.01753

–0.01753

0

0

10500

� �
� �
� �
� �
� �
� �� �

� 	

 

 σ (2) = – 6150 psi (C) 

 σ (3) = 4350 psi (T) 

 15.4  

10 ft
T = 30˚F

E = 30     
a = 7 ¥ 10–6/˚F

¥ 10 6 psi

A = 2 in.2

 

 {f ′ (1)} = 1

2

x

x

f

f

�� �
� �

�� �
 = 

E TA

E TA

�

�

�� �
� �
� �

 = 
12600

lb
12600

�� �
� �
� �
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 {f } = [T ]T {f′ } 

 

1

1

2

2

x

y

x

y

f

f

f

f

� �
� �
� �
� �
� �
� �
� �

 = 

31
2 2 1
3 1

12 2

31 2
2 2

3 21
2 2

0 0 12600

00 0

126000 0
0

0 0

x

y

x

y

f

f

f

f

�

�

� �
� � �� �� 	


 
� 	 � �
 
� 	� �
� 	 � �
 

� 	
 
� �� 	 �
� �

 

 f1x = – 6300 lb 

 f1y = – 10912 lb 

 f2x = 6300 lb 

 f2y = 10912 lb 

  Boundary conditions 

 u2 = v2 = u3 = v3 = u4 = v4 = 0 

  Global equations 

 
1

1

6300

10912
x

y

F

F

� �� �
� �� �� �

 = 
� �� �2 6 3

14

3 3
14

2 in. 30 10 0

120 in. 0 1

u

v

� �� � �
� �� 	
� �
 �� �

 

 –6300 = 216,506 u1  u1 = – 0.0291 in. 

  –10912 = 1,149,519 v1  v1 = –0.0095 in.  

 σ(1) = 
E

L
 [– C    –  S    C    S] 

1

1

2

2

u

v

u

v

� �
� �
� �
� �
� �
� �� �

 – EαT 

 = 
6

2(120)

3

0.0291

–0.009530 10 1 3 1 3

02 2 2 2

0

�� �
� �� �� � � �

� � 	
 �
� � �

� �� �

 

  – 30 × 106 × 7 × 10–6 × 30°F 

 σ(1) = (216506) (0.0228) – 6300 

 = – 1370 psi (C) 

 σ(2) = 
630 10

120

�
 [0  –  1  0  1] 

–0.0291

–0.0095

0

0

� �
� �
� �
� �
� �
� �� �

– 0 

 σ(2) = 2375 psi (T) 

 σ (3) = 
6

2(120)

3

–0.0291

–0.009530 10 1 3 1 3

02 2 2 2

0

� �
� �� �� � �

� � � 	
 �
� � �

� �� �

– 0 

 σ (3) = – 1370 psi (C) 
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 βm = yi – yj = 0 – 0 = 0, γm = xj – xi = 6 – 0 = 6 

 {fT} = 
� �� �� �� �6 6

4

6
7.0 10 30 10 1 100 F 4

02(1 0.3)

0

6

�

�� �
� ��
� �

� � � � �
� �

� � �
� �
� �
	 


 

 = 

60,000

90,000

60,000

0

0

90,000 lb

�� �
� ��
� �
� �
� �
� �
� �
� �
� �

  

  

 15.16  
y

x

m

(0.4, 0)m

(0, 0.4)m

i j

E = 210 GPa

t = 0.01 m
T = –20˚C

v  = 0.25
a = 12 /˚C¥ 10–6

 

 {fT} = 
2(1 )

i

i

j

j

m

m

E tT

v

�

�

��

�

�

�

� �
� �
� �
� �� �
� �

� � �
� �
� �
� �� �

 

 βi = – 0.4 m γi = – 0.4 m 
 βj = 0.4 m γj = 0 
 βm =  0 γm = 0.4 m 

 {fT} = 
� �� �� �� �

� �

6 9

0.4

0.4
12 10 210 10 0.01 20 C 0.4

02 1 0.25

0

0.4

�

�� �
� ��
� �

� � � � � �
� �

� � �
� �
� �
	 


 

 {fT} = 

134.4

134.4

134.4

0

0

134.4

� �
� �
� �
�� �

� �
� �
� �
� �
�� �

 kN 
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 15.17  

20 in.

40 in.  

  Thermal force matrix 

  Element 1 

 i = 1, j = 2, m = 5 

 βi = yj – ym = 0 – 10 = – 10, γi = xm – xj = 20 – 40 = – 20 

 βj = ym – yi = 10 – 0 = 10, γj = xi – xm = 0 – 20 = – 20 

 βm = yi – yj = 0 – 0 = 0, γm = xj – xi = 40 – 0 = 40 

 (1){ }Tf  = 
� �� �� �� �6 6

10

20
12.5 10 10 10 1 50 10

202(1 0.3)

0

40

�

�� �
� ��
� �

� � � �
� �
�� � �

� �
� �
� 	

  

 (1){ }Tf  = 

44643

89286

44643

–89286

0

178572

�� �
� �
� �
� �
� �
� �
� �
� �
� �

 

  Element 2 

 i = 2, j = 3, m = 5 

 βi = 20 – 10 = 10, γ i = 20 – 40 = – 20 

 βj = 10 – 0 = 10, γj = 40 – 20 = 20 

 βm = 0 – 20 = – 20, γm = 40 – 40 = 0 

 (2){ }Tf  = 4464.3 

10

20

10

20

20

0

� �
� ��
� �
� �
� �
� �
� ��
� �
� �

 = 

44643

–89286

44643

89286

– 89286

0

� �
� �
� �
� �
� �
� �
� �
� �
� �

  

  Element 3 

 i = 3, j = 4, m = 5 

 βi = 20 – 10 = 10 γj = 20 – 0 = 20 

 βj = 10 – 20 = – 10 γj = 40 – 20 = 20 

 βm = 20 – 20 = 0 γm = 0 – 40 = – 40 
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 (3){ }Tf  = 4464.3

10

20

10

20

0

40

� �
� �
� �
�� �

� �
� �
� �
� �
�� �

 = 

44643

89286

44643

89286

0

–178572

� �
� �
� �
�� �

� �
� �
� �
� �
� �

 

  Element 4 

 i = 4, j = 1, m = 5 

 βi = 0 – 10 = – 10 γi = 20 – 0 = 20 

 βj = 10 – 20 = – 10 γj = 0 – 20 = – 20 

 βm = 20 – 0 = 20 γm = 0 – 0 = 0 

 (4){ }Tf  = 4464.3 

10

20

10

20

20

0

�� �
� �
� �
�� �

� �
�� �

� �
� �
� �

 = 

–44643

89286

44643

89286

89286

0

� �
� �
� �
�� �

� �
�� �

� �
� �
� �

 

 {F0} = [K] {d} 

  By direct superposition, we have 

 

89, 286

178,572

89, 286

178,572

89, 286

178,572

89, 286

178,572

0

0

�� �
� ��
� �
� �
� ��� �
� �
� �
� �
� ��
� �
� �
� �
� �
� �� �

 = 
6

3 2 0.1 0.2 0 0 0.1 0.2 3 2

6 0.2 2.6 0 0 0.2 2.6 2 6

3 2 0.1 0.2 0 0 3 2

6 0.2 2.6 0 0 2 6

3 2 0.1 0.2 3 210 10
6 0.2 2.6 2 64.16

3 2 3 2

6 2 6

12 0
Symmetry 24

� � � �� �
� �� � � �
� �

� � �� �
� �

� � �� �
� �� ��
� �

� � �� �
� �� �
� �

�� �
� �
� �
� �� �

 

  × 

1

1

5

5

0

0

u

v

u

v

�

�

�� �
� ��
� �
� �
� �
� �
� �
� �
� �

 

  Solving 

 0 = 
610 10

4.16

�
 12 us ⇒ us = 0 

 0 = 
610 10

4.16

�
 24 vs ⇒ vs = 0 
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  Stresses 

 {σ} = {σ L} – {σ T} 

 {σ L} = [D] [B] {d } = 0 as {d } = 0 

 ∴ {σ} = – {σ T} = – [D] {ε T} 

  Element 1 

 {σ} = 
2

1
2

1 0

1 0
1

00 0 v

v T
E

v T
v

�

�

�

� �� �� �� �
� � �	 


� � �� �
� �� � �

 

 
x

y

xy

�

�

�

� �
� �
� �
� �
� �

 = 

4

6
4

2

26. 5 101 0.3 0
10 10

0.3 1 0 6.25 10
1 0.3

0 0 0.35 0

�

�

� ��� �
� �� � � �� 	 �
 �� 	� � �� 	� � �� �

 

 = 

8929

8929

0

�� �
� �
�� �

� �
� �

psi 

  Since [D] and {ε  T} are same for all elements, all element stresses are equal. 

 15.18  

 

  Based on use of symmetry 

 us = vs = 0 (Also see solution to Problem 15.17) 

 ∴ {σ} = {σ L} – {σ T} = [D] [B] {d } – [D] {ε T} 

 {σ} = – [D] {ε  T} 

  All stresses in elements are equal 

 
x

y

xy

�

�

�

� �
� �
� �
� �
� �

 = 
2

1
2

1 0

1 0
1

00 0 v

v T
E

v T
v

�

�

�

� �� �� �� � �
� �	 


� � �� �
� �� � �

 

 = 

6

9
6

2
1 0.25

0

12 10 ( 20)1 0.25 0
210 10

0.25 1 0 12 10 ( 20)
1 0.25

0 0 0

�

�

�

� �� �� �
� �� � � �� 	

� �
 �� 	� � �� 	� � �� �

 


