Chapter 4. Using Quantum Mechanics on Simple

Systems
Free particle Hamiltonian:
~  Rh* d?
H=——— =0
2m dx? (V=0)
Schrodinger equation:
2 42
_ h_d_zxp =\
2m dx
Solutions:
_ 2mE 1/2
P (x) =e*™, K 2( 2 j (plane wave)
7ik)?
E= (2”)] ) p=1kn (not quantized)

Particle in a 1D box:

V(x)=0, 0<x<L
=0, X<0,and x> L

Schrodinger eqn. (inside the well):

2 2
_h_d_zly — EVY
2m dx



Solutions:
¥(x)= Ae™ + Be ™ =Ccoskx + Dsin kx

where we used €'Y = cos@ +isin @ and A, B, C, D are (complex)
coefficients to be determined.

)

[h—j > (C coskx + Dsin kx)
2m
2

Verification:

rhs = EY =

:_[—j( Ck? coskx — Dk? sin kx)

2m
21,2
= [h K ](C coskx + Dsin kx)
2m
.. : d sin kx
rhs = lhs, it is a solution. We have used x =k coskx,
X
d coskx =—ksin kx.
dx

Acceptable solutions and quantization:

Since V — E> 0, the probability for finding the particle outside
the well has to be zero.



So the boundary conditions:

¥Y=0 atx<0andx>L

Impose the boundary conditions:

Y(x) = Ccoskx+ Dsin kx

Atx =0, 0=¥(0)=C
Atx=1L, 0=%¥(L)=DsinkL
SokL = nz, n=1,2, .. (n=0)

_(kn)* _(nan)® _ (nh)’

E - - ’
" 2m  2mL®?  8mL?

Energy is quantized because the motion is restricted.

Normalization:

. ( N7zX
Y, = DsIn (Tj D is undetermined.

1= [, W, dx

L
= [D?sin 2(@jdx
0 L



where we have used sin®x = (1—c0s2x)/2. So, D=+2/L and
normalized wavefunction:

Y, = \Esin (n—ﬂxj
L L

Wavefunction ¥, and probability density \Tn\z

Example: Probability for finding a particle between x=0 and x=/
inside a box of 1.0 nm length (assuming in its ground state).

The probability for finding the particle in (0,/) is

I
P=[¥,¥,dx
0

= (%):f)sin Z(nTﬂX)dx
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=0.0064 whenl=0.1nm
=0.048 when | =0.2nm
=0.50 whenl=0.5nm
=1.00 whenl=1.0nm

Properties of the solution

Zero-point energy, lowest energy level, n = 1:

>0) (quantum effect)

ZPE, a quantum effect, is due to restriction of motion.

Energy separation

[(n+1)° —n?]h® (2n+1)h?
Nl 8mL? ~ aml?

AE

AE — 0 as m or L increases (correspondence principle: QM
approaches CM with heavy mass, high energy).

Example: An electron is in a 1D box with L = 1.0 nm. Calc.
zero-point energy and photon frequency for 1 —2 transition.

h2
L gm, L2




(6.626x10°% Js)?

_ 2 S =6.03x107]
8(9.1x10"kg)(1.0x10°m)
2
AE, , = (2X1+?h _3E, =1.81x10%°]
8mL

-19
y= AE _ 1.81x10 _34J _ 2.73)(10143_1
h 6.626x10"Js

Orthogonality:

L
j\PI‘Pde = (Ejjsin X sin 27X
L )3 L L
L
:Z(Ejjsinﬂ—xsinﬁ—xcosﬁ—xdx
L)y L L L

L
= 4jjsm2ﬂx (SI ”—XJL
L T

0

= 4jsm37[—X =0
37 0

Nodal structure: The nth state has (n-1) nodes.

2 12 nzx N 7zX

Positions of the node: X=mL/nand 0<x<L




Average position and momentum

L 2 2L nax 212 L
<X> = E[)X‘ n(X)‘ X= gXSIﬂ X= =

At the middle of the box! Here, we have used the formula:
X° _ Xsin2ax  cos2ax

[ xsin2axdx = 5
da 8a

2L  nax( .. d ). nax
=—[sin ——| —iAi— |SIn ——dx
<p> Lg L( dxj L

L
=—gihjsin N7 4 gin 72
L o L L

. L
= —ﬂ{sinzn—ﬂx} =0
L L |,

Average momentum is zero!

Particle in a two-dimensional box:

V(x,y)=0, 0<x<L,0<y<L,
=0, otherwise

Schrodinger eqn.:

e (0”2 H?

— 5+ 2}P:E\P
2m{ &° &




Separation of variables:
P(x,y) =P (x)¥(y)

Differentiate the wavefunction

so the Schrodinger eqn becomes

+ P 5
2m

L d*y?
dx? dy

jz EY ¥y’

Divide by WXV .

L O SO O i O I
2m\ w* dx*  WPY dy?

So, we can write two separated equations:

2m| ¥* dx?

2 2
S S
2m{ ¥V dy?

R 1 dszXJ: ox

where E = E* + EY, and the solutions are



Energy:
2 2
n n h?
E._ =||-2X]| +| 2] |— n,n =12, ..
ng,n, l:(l—lj (sz ]8m’ 1 nZ
IfL =L =L,
_(nf +nj)h?
n,n, =

8mL?

Degeneracy: different wavefunctions with the same energy.

5h?
E1,2 = E2,1 = 8mL2

Their wavefunctions are different:

Sin fﬁjgn(gfx
L L
Sin gfzjdn(fx
L L
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