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Chapter 4. Using Quantum Mechanics on Simple 

Systems 
 

Free particle Hamiltonian: 
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Schrödinger equation: 
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Solutions: 
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Particle in a 1D box: 
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Schrödinger eqn. (inside the well): 
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Solutions: 
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where we used  sincos ie i 
 and A, B, C, D are (complex) 

coefficients to be determined. 

 

Verification: 
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rhs = lhs, it is a solution. We have used kxk
dx
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Acceptable solutions and quantization: 

 

Since EV  > 0, the probability for finding the particle outside 

the well has to be zero. 
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So the boundary conditions: 

 

   = 0  at x ≤ 0 and x ≥ L 

 

Impose the boundary conditions: 
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At x = 0,  C )0(0          

At x = L,  0 ( ) sinL D kL   

 

So  nkL  , n = 1, 2, ...  ( 0n ) 
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Energy is quantized because the motion is restricted. 

 

Normalization: 
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where we have used 2/)2cos1(sin 2 xx  . So, LD /2  and 

normalized wavefunction: 
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Wavefunction n  and probability density 
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Example: Probability for finding a particle between x=0 and x=l 

inside a box of 1.0 nm length (assuming in its ground state). 

 

The probability for finding the particle in (0,l) is  
 

 























































 

















 

L

ln

n

Ll

L

L

xn

n

Lx

L

dx
L

xn

L

dxP

l

l

l

nn











2
sin

42

2
   

2
sin

42

2
   

sin
2

   

0

0

2

0

*

 



 5 

 

nm 1.0=  00.1  

nm 0.5=  50.0  

nm 0.2=  048.0  

nm 0.1=  0064.0  
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Properties of the solution 

 

Zero-point energy, lowest energy level, n = 1: 
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ZPE, a quantum effect, is due to restriction of motion. 

 

Energy separation 
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0  E   as m or L increases (correspondence principle: QM 

approaches CM with heavy mass, high energy).

 

Example: An electron is in a 1D box with L = 1.0 nm. Calc. 

zero-point energy and photon frequency for 12 transition.  
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Orthogonality: 
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Nodal structure: The nth state has (n-1) nodes. 

 

 0sin
2

2/1



















L

xn

L


    at 


m

L

xn
 , m = 1,2, .. 

 

Positions of the node:    mL/n x and 0 < x < L 
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Average position and momentum 

 

 
24

2
sin

2
)(

2

0

2

0

2 LL

L
dx

L

xn
x

L
dxxxx

LL

n  


 

 

At the middle of the box! Here, we have used the formula: 
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Average momentum is zero! 

 

Particle in a two-dimensional box: 
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Schrödinger eqn.: 
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Separation of variables: 

 

 )()(),( yxyx yx   

 

Differentiate the wavefunction 
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so the Schrödinger eqn becomes 
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Divide by yx : 
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So, we can write two separated equations: 
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where yx  E  EE  , and the solutions are 
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Energy:  
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If  L  L L  21 ,  
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Degeneracy: different wavefunctions with the same energy.   
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Their wavefunctions are different: 
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