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Chapter 3. Simple quantum systems 
 
I. Translational motion 
 
Free particle (plane wave): 
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Particle in a 1D box: 
 
Infinite square well (e- in π systems) 
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Schrödinger eqn (inside the well): 
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Verification 
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rhs = lhs, it is a solution. 
 
Acceptable solutions and quantization: 
 
For regions outside the well, rearrange the Schrödinger eqn. 
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Note that EV − > 0, so 
when Ψ > 0, at x > L  
    Ψ ′′ > 0, so Ψ  ∞  when x  ∞  
when Ψ < 0, at x > L  
    Ψ ′′ < 0, so Ψ  - ∞  when x  ∞  
 
Both solutions are unacceptable. 
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Boundary condition: 
 
  Ψ = 0  at x ≤ 0 and x ≥ L 
 
Probability of finding the particle is zero outside the well. 
 
Acceptable solution: 
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At x = 0,  C=Ψ= )0(0          
At x = L,  kLDL sin)(0 =Ψ=  
 
so  π nkL = , n = 1, 2, ...  ( 0≠n ) 
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Energy is quantized because of the motion is restricted. 
 
Uncertainty principle 
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Normalization: 
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Example: Probability of finding a particle between x=0 and x=l 
inside a box of 1.0 nm length (assuming in its ground state). 
 
The probability to find the particle in (0,l) is  
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nm1.0=00.1  
nm 0.5=  50.0  
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Properties of the solution 
 
Zero-point energy, lowest energy level, n = 1: 
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Orthogonality: 
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Nodal structure: The nth state has (n-1) nodes. 
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Positions of the node:     
 
 mL/n x = and 0 < x < L 
 
Energy separation 
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 0  →ΔE   as m or L increases. 
 
Example: An electron is in a 1D box with L = 1 nm. Calc. zero-
point energy and photon frequency for 1→2 transition.  
 

 
J

mkg
Js

Lm
hE

e

20
2931

234

2

2

1

1003.6
)100.1)(101.9(8

)10626.6(   

8

−
−−

−
×=

××
×

=

=

 

 

 ( ) JE
mL

hE 19
12

2

21 1081.13
8

112 −
→ ×==

×
=Δ

+  
 

 114
34

19
1073.2

10626.6
1081.1 −

−

−

×=
×
×

=
Δ

= s
Js
J

h
Eν  



 7

Expectation values: 
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Let us define a useful quantity, the variance: 
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It can be shown that standard derivation of p is 
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because the term in square root is never less than 1. 
 
Particle in a two-dimensional box: 
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Schrödinger eqn.: 
 

 Ψ=Ψ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+− E

yxm 2

2

2

22

2 ∂
∂

∂
∂

 

 
Assume the wavefunction is separable 
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Differentiate the wavefunction 
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so the Schrödinger eqn becomes 
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Divide by yxΨΨ : 
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So, we can write two separated equations: 
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Their wavefunctions are different: 
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Tunneling over 1D barrier: 
 
 
 
 
 
Incident wave  reflection + transmission 
 
Wavefunction is not zero inside the barrier. 
 
Tunneling: particle can penetrate a thin wall. (quantum effect) 
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Favors smaller mass and thin barrier. 
 
Cold fusion 
 
 H + H  He + energy   (Tunnelling ?) 
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II. Vibrational motion  
 
Schrödinger equation of Harmonic oscillator: 
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Orthogonalization: 
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Example: Calc. zero-point energy and transition frequency for 
an oscillator with m = 1.7×10-27kg and k = 1000 N/m. 
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Vibrational (infrared) spectrum: 
 
Molecular vibration can be approximated by harmonic oscillator: 
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For harmonic oscillator, both p and q are to 2nd power. 
 
Ladder operators (2nd quantization) 
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Reexpress Ĥ : 
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Let’s look at υ+b̂  and υb̂ : 
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Properties of the oscillator 
 
Symmetry of eigenfunctions: 
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III. Rotational motion 
 
Schrödinger eqn. of 2D rotors: 
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Use polar coordinate system ( φφ sincos r, yrx == ) 
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 , ..., ,  m 210 ±±=  
 
Quantization  
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Angular momentum: 
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Ψ is an eigenfunction of both Ĥ  and zl̂ : 
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3D free rotors: 
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In the spherical coordinates: 
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Schrödinger eqn. for rigid rotor: 
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The solution is separable: 
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⎝
⎛=ΦΘ=Ψ  

 

)(cosθm
lP : associated Legendre function. 

)()(),(, θφφθ lmmlY ΘΦ= : spherical harmonics (orthonormal) 
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Two quantum numbers: 
 
 l = 0, 1, 2, ... 
 m = 0, ±1, ±2, ..., ±l 
 
Rotational energy (3D) 
 

 
I

llEl 2
)1( 2+

=   

 
Since E is independent of m, each l level is 2l + 1 degenerate. 
 
Angular momentum operators 
 
Angular momentum (Classical Mechanics) 
 

zzyyxx elelell ++=  

 2222
zyx llll ++=  

 
where the components are 
 
 yzx zpypl −= ,   zxy xpzpl −= , xyz ypxpl −=     
 
Quantum operators: 
 

 ⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

+
∂
∂

−=⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

−
∂
∂

=
φ

φθ
θ

φ coscotsinˆ
iy

z
z

y
i

lx  

  

 ⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

+
∂
∂

−−=⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂

=
φ

φθ
θ

φ sincotcosˆ
iz

x
x

z
i

ly  
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φ∂
∂

=⎟
⎠

⎞
⎜
⎝

⎛
∂
∂

−
∂
∂

=
ix

y
y

x
i

lẑ  

 

 ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+−=++=

∂θ
∂θ

∂θ
∂

θ∂φ
∂

θ
sin

sin
1

sin
1ˆˆˆˆ

2

2

2
22222

zyx llll  

 
As discussed above: 
  

mlml YllYl ,
2

,
2 )1(ˆ +=

 

 
because  
 

 mlmlml Y
I

llY
I

lYH ,

2

,

2

, 2
)1(

2

ˆˆ +
==  

 
We have further 
 

 mll
imm

lmlz YmeP
i

Yl ,, 2
1)(cosˆ =⎥

⎦

⎤
⎢
⎣

⎡
∂
∂

= φ

π
θ

φ  
 
In bra-ket notation, we have 
 
 mlllmll ,)1(,ˆ 22 +=  
 mlmmllz ,,ˆ =  
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Commutation relations: 
 
 yyzxyxz lipzpypypxll ˆ]ˆˆˆˆ,ˆˆˆˆ[]ˆ,ˆ[ =−−=  
 
In general: 
 
 kji lill ˆ]ˆ,ˆ[ = ,  zyxkji ,,,, =  
 

and 
 

0]ˆ,ˆ[]ˆ,ˆ[]ˆ,ˆ[ 222 === llllll zyx  
 
Conclusions: 
 

• 2l̂  commutes with each component, they share 
eigenfunctions (spherical harmonics: mlYml ,, = ). 

 
• The components of l  do not mutually commute. Only 

one (lz) is needed to specify the direction of l   
 
Quantization of l  includes two aspects: 
 

i. quantization of the magnitude of l : )1( += lll   
 
ii. quantization of the orientation of l : mlz =  

 
Only certain directions of l  are allowed. 
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Vector model: (l = 1, ml = 0, ±1) 
 
 
 
 
 
 
  
 
 
 
 
The (2l+1) degeneracy can be removed by external fields. 
 
Ladder operators: 
 
 yx lill ˆˆˆ ±=±  
 
It can be proven 
 
 ++++ −=−= lllllll zzz ˆˆˆˆˆ]ˆ,ˆ[  
 

so 
 

 

( )

( )mllm

mllmllm

mllmlllmlll zz

,ˆ)1(

,ˆ,ˆ
,ˆ,ˆˆ,ˆˆ

+

++

+++

+=

+=

+=

 

 

or 
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 1,,ˆ
,

+= +
+ mlcmll

ml
  raising operator 

 1,,ˆ
,

−= −
− mlcmll

ml
  lowering operator 

 
Coefficients: 
 

 

[ ]

mllllillilml

mllillilml

mlllml

mllmllmll

yxyyxx

yxyx

,ˆˆˆˆˆˆ,

,)ˆˆ)(ˆˆ(,

,ˆˆ,

,ˆ,ˆ,ˆ

22

*2

+−+=

+−=

=

=

+−

+++

 

   
22

22

)1()1(

,ˆˆˆ,

+−+=

−−=

mmll

mllllml zz  

 
Noting  *ˆˆ

∓ll =±  and zyx lill ˆ]ˆ,ˆ[ = . 
 

Since ml,  is normalized, we have  
 

 )1()1(, +−+=+ mmllc ml  
 )1()1(, −−+=− mmllc ml  
or 
 

 1,)1()1(,ˆ ±±−+=± mlmmllmll  
 
with 0,ˆ,ˆ =−= −+ llllll . 
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Rotational (microwave) spectrum: 
 
Selection rules: 
 

• active if molecule has permanent dipole 
• 1±=ΔJ  (strict) 

 
Transition frequency for linear rotor: 
 

 

I
hJ

I
JJJJ

EEh JJ

2

22
1

4
)1(

2
)]1()2)(1[(

)(

π

ν

+
=

+−++
=

−= +

 

 

 
I

hJ 24
)1(

π
ν +=  

 
 

Rotational spectra consist of equal-distant lines separated by 

I
h

24π
. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Other molecules have more rotational quantum numbers. 
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Spin 
 
 Particles (electrons, nucleus) have internal angular 
momentum: spin, S and Sz. Both are quantized.  
 

 
sssz

ss

msmmsS

msssmsS

,,ˆ
,)1(,ˆ 22

=

+=
 

 
Fermion: half-integer spin, electron, proton, etc. 
 
Boson: integer spin, photon, deuterium, etc. 
 
Spin is a relativistic effect, has not functional basis.  
 
For e-, the spin angular momentum quantum numbers are: 
 
 s = 1/2 

 ms = 1/2 (α electron) 
2
1,

2
1

=α  

    -1/2 (β electron) 
2
1,

2
1

−=β  

 
 1== ββαα ,   

 
0=βα  

 
Matrix representations: 
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 ⎟
⎠

⎞
⎜
⎝

⎛
=

0
1

α , ⎟
⎠

⎞
⎜
⎝

⎛
=

1
0

β  

  
ssmm msms

ss
′Ω=Ω ′ ,ˆ,,   

 

 ⎟
⎠

⎞
⎜
⎝

⎛
−

=⎟
⎠

⎞
⎜
⎝

⎛
−

=
10

01
22/10

02/1
ˆzs     diagonal 

 

 ββ
21

0
21

0
10

01
2

ˆ −=⎟
⎠

⎞
⎜
⎝

⎛
−=⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
−

=zs  

 
Ladder operators: 
 
 yx siss ˆˆˆ ±=±  
 1,)1()1(,ˆ ±±−+=± ssss msmmssmss  
 

 ααβ =⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−−⎟

⎠
⎞

⎜
⎝
⎛ +=+ 2

11
2
1

2
11

2
1ŝ  

 
 βα =−ŝ  
 
 0ˆˆ == −+ βα ss  
 
Matrix representation: 
 

 ⎟
⎠

⎞
⎜
⎝

⎛
=+ 00

10
ŝ ,  ⎟

⎠

⎞
⎜
⎝

⎛
=− 01

00
ŝ ,   
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αβ =⎟
⎠

⎞
⎜
⎝

⎛
=⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎠

⎞
⎜
⎝

⎛
=+ 0

1
1
0

00
10

ŝ  

 
 
Spin in magnetic field (Zeeman effect): 
 
 BgmE Bsμ=  with 0023.2=g  
 
Bohr magneton: eB me 2/=μ . 
 
Stern-Gerlach experiment: 
 
 
 
 
 


