
Quantum Integrability
Part 2: Algebraic Bethe Ansatz

Following [VieiraCostelloCourse] (Lectures 1-3) and [arXiv:1804.07350]
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Spin-1/2 models of magnetism
<latexit sha1_base64="VsvsmMkNO4vBnaXSsRLx0rI7IcE="></latexit>

HXY Z = �

0

@JX

LX

j=1

XjXj+1 + JY

LX

j=1

YjYj+1 + JZ

LX

j=1

ZjZj+1

1

A

<latexit sha1_base64="PX/pjyOmxHWWytqOqQQauDmczj0=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KoqBeh6KX0VMW20TaEzXbTLt1swu5GKaEnL/4VLx4U8epv8Oa/cdvmoK0PBh7vzTAzz48Zlcqyvo3c3PzC4lJ+ubCyura+YW5uNWSUCEzqOGKRcHwkCaOc1BVVjDixICj0GWn6/cuR37wnQtKI36hBTNwQdTkNKEZKS565W/UceA6r3i1sX9NuTyEhogdY8VLHuRt6ZtEqWWPAWWJnpAgy1Dzzq92JcBISrjBDUrZsK1ZuioSimJFhoZ1IEiPcR13S0pSjkEg3Hb8xhPta6cAgErq4gmP190SKQikHoa87Q6R6ctobif95rUQFZ25KeZwowvFkUZAwqCI4ygR2qCBYsYEmCAuqb4W4hwTCSidX0CHY0y/PksZhyT4pHV0dF8sXWRx5sAP2wAGwwSkogwqogTrA4BE8g1fwZjwZL8a78TFpzRnZzDb4A+PzB0Zpl8M=</latexit>

JX = JY ) HXXZ Integrable family of Hamiltonians!

L spins on a ring
<latexit sha1_base64="6eosaiFG2P0MsO1Kdct2jhxEQgI="></latexit>

X =

✓
0 1
1 0

◆

Y =

✓
0 �i
i 0

◆

Z =

✓
1 0
0 �1

◆

<latexit sha1_base64="j967SARfMEbz/+hT8i6cBmgA0y0=">AAACO3ichVA9SwNBEN2LXzF+nVraLAbBKtypqI0QtDFdFPMBSQh7m02yZu/22J0TwpH/ZeOfsLOxsVDE1t5NchJNBAd2ebz3hpl5Xii4Bsd5slJz8wuLS+nlzMrq2vqGvblV1jJSlJWoFFJVPaKZ4AErAQfBqqFixPcEq3i9i6FeuWNKcxncQD9kDZ90At7mlIChmvZ1tXmLz3ChLoH7TE9AnbYkTD78zVf/MxSadtbJOaPCs8BNQBYlVWzaj/WWpJHPAqCCaF1znRAaMVHAqWCDTD3SLCS0RzqsZmBAzJhGPLp9gPcM08JtqcwLAI/Ynx0x8bXu+55x+gS6elobkn9ptQjap42YB2EELKDjQe1IYJB4GCRuccUoiL4BhCpudsW0SxShYOLOmBDc6ZNnQfkg5x7nDq+OsvnzJI402kG7aB+56ATl0SUqohKi6B49o1f0Zj1YL9a79TG2pqykZxv9KuvzC2Ptrl0=</latexit>

Xj = I ⌦ I ⌦ · · ·⌦X ⌦ · · ·⌦ I

<latexit sha1_base64="cp0TbbbyFIc0dzouKcj+BYE159A=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoCGVGRd0IRTcuK9gHdoaSSTNtaCYZkoxSxv6CG3/FjQtF3Lpz59+YtrPQ1gMXDufcy733BDGjSjvOt5Wbm19YXMovF1ZW19Y37M2tuhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUbQvxz5jTsiFRX8Rg9i4keoy2lIMdJGatul2wcviZGU4t6TiHcZgeewdODuT8ttu+iUnTHgLHEzUgQZqm37y+sInESEa8yQUi3XibWfIqkpZmRY8BJFYoT7qEtahnIUEeWn44+GcM8oHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR45qeUx4kmHE8WhQmDWsBRPLBDJcGaDQxBWFJzK8Q9JBHWJsSCCcGdfnmW1A/L7kn56Pq4WLnI4siDHbALSsAFp6ACrkAV1AAGj+AZvII368l6sd6tj0lrzspmtsEfWJ8/MjSdQQ==</latexit>

Z| "i = (+1)| "i
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Spin-1/2 models of magnetism
<latexit sha1_base64="VsvsmMkNO4vBnaXSsRLx0rI7IcE="></latexit>

HXY Z = �

0

@JX

LX

j=1

XjXj+1 + JY

LX

j=1

YjYj+1 + JZ

LX

j=1

ZjZj+1

1

A

<latexit sha1_base64="PX/pjyOmxHWWytqOqQQauDmczj0=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KoqBeh6KX0VMW20TaEzXbTLt1swu5GKaEnL/4VLx4U8epv8Oa/cdvmoK0PBh7vzTAzz48Zlcqyvo3c3PzC4lJ+ubCyura+YW5uNWSUCEzqOGKRcHwkCaOc1BVVjDixICj0GWn6/cuR37wnQtKI36hBTNwQdTkNKEZKS565W/UceA6r3i1sX9NuTyEhogdY8VLHuRt6ZtEqWWPAWWJnpAgy1Dzzq92JcBISrjBDUrZsK1ZuioSimJFhoZ1IEiPcR13S0pSjkEg3Hb8xhPta6cAgErq4gmP190SKQikHoa87Q6R6ctobif95rUQFZ25KeZwowvFkUZAwqCI4ygR2qCBYsYEmCAuqb4W4hwTCSidX0CHY0y/PksZhyT4pHV0dF8sXWRx5sAP2wAGwwSkogwqogTrA4BE8g1fwZjwZL8a78TFpzRnZzDb4A+PzB0Zpl8M=</latexit>

JX = JY ) HXXZ Integrable family of Hamiltonians!

<latexit sha1_base64="Jy3SflJuSYppJaY+wQ9bOlcbzY4="></latexit>

HXXX = �J

LX

j=1

�j · �j+1<latexit sha1_base64="+6k2cO56J5LcUAO2zDlDpNVQecQ=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQQUqiom6EohuXFexDmxAmk0k77eTBzEQooV/gxl9x40IRt67d+TdO2iy09cBlDufcy9x73JhRIQ3jWyssLC4trxRXS2vrG5tb+vZOS0QJx6SJIxbxjosEYTQkTUklI52YExS4jLTd4VXmtx8IFzQKb+UoJnaAeiH1KUZSSY5esdyIeWIUqCe1BO0FaOwM4AWsdpzB4Z2qe2dw4Ohlo2ZMAOeJmZMyyNFw9C/Li3ASkFBihoTomkYs7RRxSTEj45KVCBIjPEQ90lU0RAERdjo5ZwwrSvGgH3FVoYQT9fdEigKRbaw6AyT7YtbLxP+8biL9czulYZxIEuLpR37CoIxglg30KCdYspEiCHOqdoW4jzjCUiVYUiGYsyfPk9ZRzTytHd+clOuXeRxFsAf2QRWY4AzUwTVogCbA4BE8g1fwpj1pL9q79jFtLWj5zC74A+3zBw7Cm3I=</latexit>

�j = (Xj , Yj , Zj)
<latexit sha1_base64="iK/EyHzARrYy9lwcDFg6GBccR8M=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiCUBIVdSMU3bhwUcE+oAlhMpm0QyeZMDMRSsh3uPFX3LhQxJ248W+ctFlo2wPDHM65l3vv8RNGpbKsH2NhcWl5ZbWyVl3f2NzaNnd225KnApMW5oyLro8kYTQmLUUVI91EEBT5jHT84U3hdx6JkJTHD2qUEDdC/ZiGFCOlJc+0HZ+zQI4i/WWOpP0I5Z4Nr+A8Pbs7tnPPrFl1aww4S+yS1ECJpmd+OQHHaURihRmSsmdbiXIzJBTFjORVJ5UkQXiI+qSnaYwiIt1sfFoOD7USwJAL/WIFx+rfjgxFsthSV0ZIDeS0V4jzvF6qwks3o3GSKhLjyaAwZVBxWOQEAyoIVmykCcKC6l0hHiCBsNJpVnUI9vTJs6R9UrfP66f3Z7XGdRlHBeyDA3AEbHABGuAWNEELYPAEXsAbeDeejVfjw/iclC4YZc8e+Afj+xc5G6GZ</latexit>�1 = �L+1

<latexit sha1_base64="i6RuiV75JuJ3EPJriwsMLOHQTtA=">AAACDHicbVC9TsMwGHT4LeWvwMhiUSExVQkgYEGqYKk6FUTbQBtFjuu2Vh07sh1QFfUBWHgVFgYQYuUB2Hgb3DQDtJxk63R3n+zvgohRpW3725qbX1hcWs6t5FfX1jc2C1vbDSViiUkdCyakGyBFGOWkrqlmxI0kQWHASDMYXI795j2Rigp+o4cR8ULU47RLMdJG8gvFqu/Cc1j1b9P7Dravaa+vkZTiAVb8xHXdkUnZJTsFnCVORoogQ80vfLU7Asch4RozpFTLsSPtJUhqihkZ5duxIhHCA9QjLUM5ConyknSZEdw3Sgd2hTSHa5iqvycSFCo1DAOTDJHuq2lvLP7ntWLdPfMSyqNYE44nD3VjBrWA42Zgh0qCNRsagrCk5q8Q95FEWJv+8qYEZ3rlWdI4LDknpaOr42L5IqsjB3bBHjgADjgFZVABNVAHGDyCZ/AK3qwn68V6tz4m0Tkrm9kBf2B9/gCY85l9</latexit>

JX = JY = JZ ) HXXX

Special case XXX-model (this lecture)

PBC

L-spins on a ring
<latexit sha1_base64="6eosaiFG2P0MsO1Kdct2jhxEQgI="></latexit>

X =

✓
0 1
1 0

◆

Y =

✓
0 �i
i 0

◆

Z =

✓
1 0
0 �1

◆

<latexit sha1_base64="j967SARfMEbz/+hT8i6cBmgA0y0=">AAACO3ichVA9SwNBEN2LXzF+nVraLAbBKtypqI0QtDFdFPMBSQh7m02yZu/22J0TwpH/ZeOfsLOxsVDE1t5NchJNBAd2ebz3hpl5Xii4Bsd5slJz8wuLS+nlzMrq2vqGvblV1jJSlJWoFFJVPaKZ4AErAQfBqqFixPcEq3i9i6FeuWNKcxncQD9kDZ90At7mlIChmvZ1tXmLz3ChLoH7TE9AnbYkTD78zVf/MxSadtbJOaPCs8BNQBYlVWzaj/WWpJHPAqCCaF1znRAaMVHAqWCDTD3SLCS0RzqsZmBAzJhGPLp9gPcM08JtqcwLAI/Ynx0x8bXu+55x+gS6elobkn9ptQjap42YB2EELKDjQe1IYJB4GCRuccUoiL4BhCpudsW0SxShYOLOmBDc6ZNnQfkg5x7nDq+OsvnzJI402kG7aB+56ATl0SUqohKi6B49o1f0Zj1YL9a79TG2pqykZxv9KuvzC2Ptrl0=</latexit>

Xj = I ⌦ I ⌦ · · ·⌦X ⌦ · · ·⌦ I

<latexit sha1_base64="cp0TbbbyFIc0dzouKcj+BYE159A=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoCGVGRd0IRTcuK9gHdoaSSTNtaCYZkoxSxv6CG3/FjQtF3Lpz59+YtrPQ1gMXDufcy733BDGjSjvOt5Wbm19YXMovF1ZW19Y37M2tuhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUbQvxz5jTsiFRX8Rg9i4keoy2lIMdJGatul2wcviZGU4t6TiHcZgeewdODuT8ttu+iUnTHgLHEzUgQZqm37y+sInESEa8yQUi3XibWfIqkpZmRY8BJFYoT7qEtahnIUEeWn44+GcM8oHRgKaYprOFZ/T6QoUmoQBaYzQrqnpr2R+J/XSnR45qeUx4kmHE8WhQmDWsBRPLBDJcGaDQxBWFJzK8Q9JBHWJsSCCcGdfnmW1A/L7kn56Pq4WLnI4siDHbALSsAFp6ACrkAV1AAGj+AZvII368l6sd6tj0lrzspmtsEfWJ8/MjSdQQ==</latexit>

Z| "i = (+1)| "i

3



Spin-1/2 models of magnetism
<latexit sha1_base64="VsvsmMkNO4vBnaXSsRLx0rI7IcE="></latexit>

HXY Z = �

0

@JX

LX

j=1

XjXj+1 + JY

LX

j=1

YjYj+1 + JZ

LX

j=1

ZjZj+1

1

A

<latexit sha1_base64="J0wGBHhS9x1pyh5PojSbq6eW9D0="></latexit>

HXXX = �J

2

LX

j=1

(�j · �j+1 � 1) = �J

LX

j=1

(SWAPj,j+1 � 1)

<latexit sha1_base64="L122Rkh6Q2h+CqgaFMqoW04/+LE=">AAACEHicbVA9T8MwEHXKVylfAUYWiwrBVCWAgAWpgqUDQ5FoG6kpleO6rVXHjmwHVIX8BBb+CgsDCLEysvFvcNsM0PKkk57eu9PdvSBiVGnH+bZyc/MLi0v55cLK6tr6hr25VVcilpjUsGBCegFShFFOappqRrxIEhQGjDSCweXIb9wRqajgN3oYkVaIepx2KUbaSG17v9JOPM9LH/w4QlKKe18i3mPkNvGFpiFR8CqF59Bp20Wn5IwBZ4mbkSLIUG3bX35H4DgkXGOGlGq6TqRbCZKaYkbSgh8rEiE8QD3SNJQjs6uVjB9K4Z5ROrArpCmu4Vj9PZGgUKlhGJjOEOm+mvZG4n9eM9bds1ZCeRRrwvFkUTdmUAs4Sgd2qCRYs6EhCEtqboW4jyTC2mRYMCG40y/PkvphyT0pHV0fF8sXWRx5sAN2wQFwwSkogwqoghrA4BE8g1fwZj1ZL9a79TFpzVnZzDb4A+vzB7ORnPk=</latexit>

HXXX | "i⌦L = 0

<latexit sha1_base64="PX/pjyOmxHWWytqOqQQauDmczj0=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5KoqBeh6KX0VMW20TaEzXbTLt1swu5GKaEnL/4VLx4U8epv8Oa/cdvmoK0PBh7vzTAzz48Zlcqyvo3c3PzC4lJ+ubCyura+YW5uNWSUCEzqOGKRcHwkCaOc1BVVjDixICj0GWn6/cuR37wnQtKI36hBTNwQdTkNKEZKS565W/UceA6r3i1sX9NuTyEhogdY8VLHuRt6ZtEqWWPAWWJnpAgy1Dzzq92JcBISrjBDUrZsK1ZuioSimJFhoZ1IEiPcR13S0pSjkEg3Hb8xhPta6cAgErq4gmP190SKQikHoa87Q6R6ctobif95rUQFZ25KeZwowvFkUZAwqCI4ygR2qCBYsYEmCAuqb4W4hwTCSidX0CHY0y/PksZhyT4pHV0dF8sXWRx5sAP2wAGwwSkogwqogTrA4BE8g1fwZjwZL8a78TFpzRnZzDb4A+PzB0Zpl8M=</latexit>

JX = JY ) HXXZ Integrable family of Hamiltonians!

<latexit sha1_base64="Jy3SflJuSYppJaY+wQ9bOlcbzY4="></latexit>

HXXX = �J

LX

j=1

�j · �j+1<latexit sha1_base64="+6k2cO56J5LcUAO2zDlDpNVQecQ=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQQUqiom6EohuXFexDmxAmk0k77eTBzEQooV/gxl9x40IRt67d+TdO2iy09cBlDufcy9x73JhRIQ3jWyssLC4trxRXS2vrG5tb+vZOS0QJx6SJIxbxjosEYTQkTUklI52YExS4jLTd4VXmtx8IFzQKb+UoJnaAeiH1KUZSSY5esdyIeWIUqCe1BO0FaOwM4AWsdpzB4Z2qe2dw4Ohlo2ZMAOeJmZMyyNFw9C/Li3ASkFBihoTomkYs7RRxSTEj45KVCBIjPEQ90lU0RAERdjo5ZwwrSvGgH3FVoYQT9fdEigKRbaw6AyT7YtbLxP+8biL9czulYZxIEuLpR37CoIxglg30KCdYspEiCHOqdoW4jzjCUiVYUiGYsyfPk9ZRzTytHd+clOuXeRxFsAf2QRWY4AzUwTVogCbA4BE8g1fwpj1pL9q79jFtLWj5zC74A+3zBw7Cm3I=</latexit>

�j = (Xj , Yj , Zj)
<latexit sha1_base64="iK/EyHzARrYy9lwcDFg6GBccR8M=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiCUBIVdSMU3bhwUcE+oAlhMpm0QyeZMDMRSsh3uPFX3LhQxJ248W+ctFlo2wPDHM65l3vv8RNGpbKsH2NhcWl5ZbWyVl3f2NzaNnd225KnApMW5oyLro8kYTQmLUUVI91EEBT5jHT84U3hdx6JkJTHD2qUEDdC/ZiGFCOlJc+0HZ+zQI4i/WWOpP0I5Z4Nr+A8Pbs7tnPPrFl1aww4S+yS1ECJpmd+OQHHaURihRmSsmdbiXIzJBTFjORVJ5UkQXiI+qSnaYwiIt1sfFoOD7USwJAL/WIFx+rfjgxFsthSV0ZIDeS0V4jzvF6qwks3o3GSKhLjyaAwZVBxWOQEAyoIVmykCcKC6l0hHiCBsNJpVnUI9vTJs6R9UrfP66f3Z7XGdRlHBeyDA3AEbHABGuAWNEELYPAEXsAbeDeejVfjw/iclC4YZc8e+Afj+xc5G6GZ</latexit>�1 = �L+1

<latexit sha1_base64="i6RuiV75JuJ3EPJriwsMLOHQTtA=">AAACDHicbVC9TsMwGHT4LeWvwMhiUSExVQkgYEGqYKk6FUTbQBtFjuu2Vh07sh1QFfUBWHgVFgYQYuUB2Hgb3DQDtJxk63R3n+zvgohRpW3725qbX1hcWs6t5FfX1jc2C1vbDSViiUkdCyakGyBFGOWkrqlmxI0kQWHASDMYXI795j2Rigp+o4cR8ULU47RLMdJG8gvFqu/Cc1j1b9P7Dravaa+vkZTiAVb8xHXdkUnZJTsFnCVORoogQ80vfLU7Asch4RozpFTLsSPtJUhqihkZ5duxIhHCA9QjLUM5ConyknSZEdw3Sgd2hTSHa5iqvycSFCo1DAOTDJHuq2lvLP7ntWLdPfMSyqNYE44nD3VjBrWA42Zgh0qCNRsagrCk5q8Q95FEWJv+8qYEZ3rlWdI4LDknpaOr42L5IqsjB3bBHjgADjgFZVABNVAHGDyCZ/AK3qwn68V6tz4m0Tkrm9kBf2B9/gCY85l9</latexit>

JX = JY = JZ ) HXXX

Special case XXX-model (this lecture)

PBC

<latexit sha1_base64="yBFOXEpwB28kxz6kVqrrfWJQta8="></latexit>

SWAP1,2 =
1 + �1 · �2

2

Recall:

Rescale ground state energy to zero

Ground state space is really
symmetric subspace

L-spins on a ring
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A clever way to write the XXX-Hamiltonian
<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL

<latexit sha1_base64="/Hx4c0U23ct8oXAZmsBDhgfKerQ="></latexit>

@u log T (u)
���
u=0

= T (0)�1(@uT )(0)

<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A

Recall:

5



A clever way to write the XXX-Hamiltonian
<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL

<latexit sha1_base64="/Hx4c0U23ct8oXAZmsBDhgfKerQ="></latexit>

@u log T (u)
���
u=0

= T (0)�1(@uT )(0)

<latexit sha1_base64="HlEm10p9lZ6tEkPysaMBV+nczCs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWsR/YLiWbZtvYJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeEHOmjet+OwuLS8srq7m1/PrG5tZ2YWe3rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwuB77jSeqNIvkvRnG1Be4J1nICDZWerjrpO7x46iUHHUKRbfsToDmiZeRImSodgpf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46uXiEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e9cbif14rMeGlnzIZJ4ZKMl0UJhyZCI3fR12mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAhKe4RXeHO28OO/Ox7R1wclm9uAPnM8fawaQGw==</latexit>

R0,j(u)R-matrix

<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A

Recall:

Transfer matrix

6



A clever way to write the XXX-Hamiltonian

Quick note on diagramatics:

<latexit sha1_base64="LMXF5O9jEvoyVxTi9exH541aW0o=">AAAB9XicbVC7TsNAEFyHVwivACWNRYREFdmAgDKEhjJI5CHFJjpf1skp57N1dwZFJv9BQwFCtPwLHX/D5VFAwkgrjWZ2tbsTJJwp7TjfVm5peWV1Lb9e2Njc2t4p7u41VJxKinUa81i2AqKQM4F1zTTHViKRRAHHZjC4HvvNB5SKxeJODxP0I9ITLGSUaCPdV6+evEQxTxLR49gplpyyM4G9SNwZKcEMtU7xy+vGNI1QaMqJUm3XSbSfEakZ5TgqeKnChNAB6WHbUEEiVH42uXpkHxmla4exNCW0PVF/T2QkUmoYBaYzIrqv5r2x+J/XTnV46WdMJKlGQaeLwpTbOrbHEdhdJpFqPjSEUMnMrTbtE0moNkEVTAju/MuLpHFSds/Lp7dnpUp1FkceDuAQjsGFC6jADdSgDhQkPMMrvFmP1ov1bn1MW3PWbGYf/sD6/AGFzpKK</latexit>

BA| i

<latexit sha1_base64="HK1akvKZKSBmZlg+QTYDL0WgK6w=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHqpsyoqMuqG5cV+oJ2LJk0bUOTzJBklDL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTlBxJk2rvvtLC2vrK6t5zbym1vbO7uFvf2GDmNFaJ2EPFStAGvKmaR1wwynrUhRLAJOm8HoNvWbj1RpFsqaGUfUF3ggWZ8RbKz00BHYDJVIampSuj7pFopu2Z0CLRIvI0XIUO0Wvjq9kMSCSkM41rrtuZHxE6wMI5xO8p1Y0wiTER7QtqUSC6r9ZJp6go6t0kP9UNknDZqqvzcSLLQei8BOpin1vJeK/3nt2PSv/ITJKDZUktmhfsyRCVFaAeoxRYnhY0swUcxmRWSIFSbGFpW3JXjzX14kjdOyd1E+uz8vVm6yOnJwCEdQAg8uoQJ3UIU6EFDwDK/w5jw5L8678zEbXXKynQP4A+fzBx0TkkM=</latexit>

Tr(A)

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

<latexit sha1_base64="qhZJ0mMCxTZxoYyj99RtadbKiio=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquinosevFYoV/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCoraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wuc/8zhNVmkWyaaYx9QUeSRYygk0mNavJ+aBccWvuHGiVeDmpQI7GoPzVH0YkEVQawrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYslVhQ7afzW2fozCpDFEbKljRorv6eSLHQeioC2ymwGetlLxP/83qJCW/9lMk4MVSSxaIw4chEKHscDZmixPCpJZgoZm9FZIwVJsbGU7IheMsvr5L2Rc27rl0+XlXqd3kcRTiBU6iCBzdQhwdoQAsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4ATu6NxA==</latexit>

T (u)=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL

<latexit sha1_base64="/Hx4c0U23ct8oXAZmsBDhgfKerQ="></latexit>

@u log T (u)
���
u=0

= T (0)�1(@uT )(0)

<latexit sha1_base64="HlEm10p9lZ6tEkPysaMBV+nczCs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWsR/YLiWbZtvYJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeEHOmjet+OwuLS8srq7m1/PrG5tZ2YWe3rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwuB77jSeqNIvkvRnG1Be4J1nICDZWerjrpO7x46iUHHUKRbfsToDmiZeRImSodgpf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46uXiEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e9cbif14rMeGlnzIZJ4ZKMl0UJhyZCI3fR12mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAhKe4RXeHO28OO/Ox7R1wclm9uAPnM8fawaQGw==</latexit>

R0,j(u)R-matrix

<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A =<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

<latexit sha1_base64="HlEm10p9lZ6tEkPysaMBV+nczCs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWsR/YLiWbZtvYJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeEHOmjet+OwuLS8srq7m1/PrG5tZ2YWe3rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwuB77jSeqNIvkvRnG1Be4J1nICDZWerjrpO7x46iUHHUKRbfsToDmiZeRImSodgpf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46uXiEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e9cbif14rMeGlnzIZJ4ZKMl0UJhyZCI3fR12mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAhKe4RXeHO28OO/Ox7R1wclm9uAPnM8fawaQGw==</latexit>

R0,j(u)

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

<latexit sha1_base64="HlEm10p9lZ6tEkPysaMBV+nczCs=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWsR/YLiWbZtvYJLskWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeEHOmjet+OwuLS8srq7m1/PrG5tZ2YWe3rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwuB77jSeqNIvkvRnG1Be4J1nICDZWerjrpO7x46iUHHUKRbfsToDmiZeRImSodgpf7W5EEkGlIRxr3fLc2PgpVoYRTkf5dqJpjMkA92jLUokF1X46uXiEDq3SRWGkbEmDJurviRQLrYcisJ0Cm76e9cbif14rMeGlnzIZJ4ZKMl0UJhyZCI3fR12mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAhKe4RXeHO28OO/Ox7R1wclm9uAPnM8fawaQGw==</latexit>

R0,j(u)

Recall:

Transfer matrix

Monodromy matrix 7



Proof
<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A

<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL
<latexit sha1_base64="q6gZPQ3knbdMsh9qNyqzSP20TcU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqVkvJ6foplcsuRV3BrRMvIyUIEOtV/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyreZeX84aJUvc3iyMMRHEMZPLiCKtxDDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPKBuONQ==</latexit>

T (u) =

8



Proof
<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A

<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL
<latexit sha1_base64="q6gZPQ3knbdMsh9qNyqzSP20TcU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqVkvJ6foplcsuRV3BrRMvIyUIEOtV/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyreZeX84aJUvc3iyMMRHEMZPLiCKtxDDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPKBuONQ==</latexit>

T (u) =

9
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<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A

<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL
<latexit sha1_base64="q6gZPQ3knbdMsh9qNyqzSP20TcU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqVkvJ6foplcsuRV3BrRMvIyUIEOtV/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyreZeX84aJUvc3iyMMRHEMZPLiCKtxDDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPKBuONQ==</latexit>

T (u) =

10



Proof

1 2 k-1 k k+1 L

<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0
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<latexit sha1_base64="q6gZPQ3knbdMsh9qNyqzSP20TcU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqVkvJ6foplcsuRV3BrRMvIyUIEOtV/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyreZeX84aJUvc3iyMMRHEMZPLiCKtxDDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPKBuONQ==</latexit>

T (u) =
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1 2 k-1 k k+1 L

1 2 k-1 k k+1 L

<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0
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LY

j=1

uI0,j + iSWAP0,j
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A

<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL
<latexit sha1_base64="q6gZPQ3knbdMsh9qNyqzSP20TcU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqVkvJ6foplcsuRV3BrRMvIyUIEOtV/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyreZeX84aJUvc3iyMMRHEMZPLiCKtxDDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPKBuONQ==</latexit>

T (u) =
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1 2 k-1 k k+1 L

1 2 k-1 k k+1 L

<latexit sha1_base64="A4buxcLwJKyZru/sazat020OdYs="></latexit>

T (u) = Tr0

0

@
LY

j=1

uI0,j + iSWAP0,j

1

A

<latexit sha1_base64="0VgjUrJiG1RP+3WjsQYUxDyMFWU="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL
<latexit sha1_base64="q6gZPQ3knbdMsh9qNyqzSP20TcU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquinoRil48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqVkvJ6foplcsuRV3BrRMvIyUIEOtV/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjtp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyreZeX84aJUvc3iyMMRHEMZPLiCKtxDDRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucPKBuONQ==</latexit>

T (u) =

<latexit sha1_base64="rMzOeRzqca17wDAaqtepMkuBdME=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt0s4m7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdfVjShX2yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZudOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymv5M+V8iMGFtCmeL2VsKGVFFmbEIlG4K3+PIyaZ5Vvcvq+f1FpXaTx1GEIziGU/DgCmpwB3VoAIMRPMMrvDmJ8+K8Ox/z1oKTzxzCHzifP4ioj7U=</latexit>⇤
13



Conserved quantities and Yang-Baxter
• R-matrix satisfies Yang-Baxter equation ⇒ Many conserved quantities

<latexit sha1_base64="MWdi8Rz5RpjJKF3E7RMNtMTjxd8=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2ARWpQy04q6EYrduKxiL9AOQybNtKGZC0mmUIY+kBtfRRAXFnHrc5iZDqjVA4Ev/zk/yfmdkFEhDWOu5VZW19Y38puFre2d3T19/6Atgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs64kfQ7E8IFDfwHOQ2J5aGhT12KkVSSrTfu7dg8q85KUTmlmqLTScLVhCdleA2/L0sjmdHWi0bFSAv+BTODIsiqaesv/UGAI4/4EjMkRM80QmnFiEuKGZkV+pEgIcJjNCQ9hT7yiLDidNkZPFHKALoBV8eXMFV/OmLkCTH1HDXpITkSy71E/K/Xi6R7ZcXUDyNJfLx4yI0YlAFMkoMDygmWbKoAYU7VXyEeIY6wVPkWVAjm8sp/oV2tmBeV2t15sX6TxZEHR+AYlIAJLkEd3IImaAEMHsEzeANz7Ul71d61j8VoTss8h+BXaZ9fviKjDA==</latexit>

R1,2(u)R1,3(u+ v)R2,3(v) = R2,3(v)R1,3(u+ v)R1,2(u)

)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

<latexit sha1_base64="gvweTKICjxxMgX3dyfPzOwaERtk=">AAACFnicbVDLSgMxFM3UV62vUZdugkVoQcuMiroRit24rNAXdIaSSTNtaCYzJJlCGdqfcOOvuHGhiFtx59+YabvQ1gMhJ+feS849XsSoVJb1bWRWVtfWN7Kbua3tnd09c/+gIcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vUEnrzSERkoa8pkYRcQPU49SnGCktdcyzWmFYrBXiIryF6ZU+JxPHDwViDManQ4dyJ0Cq73lJZdwx81bJmgIuE3tO8mCOasf8crohjgPCFWZIyrZtRcpNkFAUMzLOObEkEcID1CNtTTkKiHST6VpjeKKVLtRW9OEKTtXfEwkKpBwFnu5MHcrFWir+V2vHyr9xE8qjWBGOZx/5MYMqhGlGsEsFwYqNNEFYUO0V4j4SCCudZE6HYC+uvEwa5yX7qnTxcJkv383jyIIjcAwKwAbXoAzuQRXUAQaP4Bm8gjfjyXgx3o2PWWvGmM8cgj8wPn8APdedow==</latexit>

T (v)T (u) = T (u)T (v) 8u, v 2 C

Since T is analytic in u (its just a polynomial)
We really get that,

Spectrum of T’s implies spectrum of H.

<latexit sha1_base64="D0rgKmesEPkwe7xW4ayXyEsW2LA="></latexit>

[@n
uT (u), @

m
v T (v)] = 0 8u, v 2 C 8n,m 2 N0

<latexit sha1_base64="6YWc549nBXhC+Y5Yo3M4xCCVC68=">AAACEnicbVA7T8MwGHTKq5RXgJHFokJqB6oEEDBWsHQsUh+RmhA5rttadRLLdpCqqL+Bhb/CwgBCrExs/BucNgO0nGTpdPd9tu8CzqhUlvVtFFZW19Y3ipulre2d3T1z/6Aj40Rg0sYxi4UTIEkYjUhbUcWIwwVBYcBINxjfZn73gQhJ46ilJpx4IRpGdEAxUlryzWrDTx3HmbpcxFzFsFWxqvfpqT2tuBwJRRHzE9iqatU3y1bNmgEuEzsnZZCj6Ztfbj/GSUgihRmSsmdbXHlpditmZFpyE0k4wmM0JD1NIxQS6aWzSFN4opU+HMRCn0jBmfp7I0WhlJMw0JMhUiO56GXif14vUYNrL6URTxSJ8PyhQcKgzp71A/tUEKzYRBOEBdV/hXiEBMJKt1jSJdiLkZdJ56xmX9bO7y7K9Zu8jiI4AsegAmxwBeqgAZqgDTB4BM/gFbwZT8aL8W58zEcLRr5zCP7A+PwBX8qcAA==</latexit>

HXXX / T (0)�1(@uT )(0)
<latexit sha1_base64="xiugdNHaBwdDTnVzzGjarRRXQ7w=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUqiom6EopsuK/QRSEOYTKft0MmDmUmhhP6JGxeKuPVP3Pk3TtsstPXAhcM593LvPUHCmVSW9W0U1tY3NreK26Wd3b39A/PwqC3jVBDaIjGPhRNgSTmLaEsxxamTCIrDgNNOMHqc+Z0xFZLFUVNNEuqFeBCxPiNYack3TbfuZ47jTC+alfTcu7d8s2xVrTnQKrFzUoYcDd/86vZikoY0UoRjKV3bSpSXYaEY4XRa6qaSJpiM8IC6mkY4pNLL5pdP0ZlWeqgfC12RQnP190SGQyknYaA7Q6yGctmbif95bqr6d17GoiRVNCKLRf2UIxWjWQyoxwQlik80wUQwfSsiQywwUTqskg7BXn55lbQvq/ZN9erpulx7yOMowgmcQgVsuIUa1KEBLSAwhmd4hTcjM16Md+Nj0Vow8plj+APj8weuI5Jl</latexit>

[HXXX , T (u)] = 0)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>
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Proof

)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

Yang-Baxter equation

Yang-Baxter
⇒

Conserved quantities
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Proof

)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

Yang-Baxter equation

Yang-Baxter
⇒

Conserved quantities

16



Proof

)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

Yang-Baxter equation

Yang-Baxter
⇒

Conserved quantities
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)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

Yang-Baxter equation

Yang-Baxter
⇒

Conserved quantities
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)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>
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⇒
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)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

Yang-Baxter equation

Yang-Baxter
⇒

Conserved quantities
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⇒
Conserved quantities
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Proof
Yang-Baxter

⇒
Conserved quantities
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Proof
Yang-Baxter

⇒
Conserved quantities
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Proof
Yang-Baxter

⇒
Conserved quantities
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Proof
Yang-Baxter

⇒
Conserved quantities

<latexit sha1_base64="rMzOeRzqca17wDAaqtepMkuBdME=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8cK9gPaUDbbSbt0s4m7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdfVjShX2yhW36s5AlomXkwrkqPfKX91+zNIIpWGCat3x3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZudOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymv5M+V8iMGFtCmeL2VsKGVFFmbEIlG4K3+PIyaZ5Vvcvq+f1FpXaTx1GEIziGU/DgCmpwB3VoAIMRPMMrvDmJ8+K8Ox/z1oKTzxzCHzifP4ioj7U=</latexit>⇤
<latexit sha1_base64="M/NDXkgYGhAGyBlHmRXgCzKa9wc=">AAACFnicbVDLSgMxFM3UV62vUZdugkVoQcuMiroRit24rNAXdIaSSTNtaCYzJJlCGdqfcOOvuHGhiFtx59+YabvQ1gMhJ+feS849XsSoVJb1bWRWVtfWN7Kbua3tnd09c/+gIcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vUEnrzSERkoa8pkYRcQPU49SnGCktdcyzWiEu1grDIryF6ZU+JxPHDwViDManQ4dyJ0Cq73lJZdwx81bJmgIuE3tO8mCOasf8crohjgPCFWZIyrZtRcpNkFAUMzLOObEkEcID1CNtTTkKiHST6VpjeKKVLtRW9OEKTtXfEwkKpBwFnu5MHcrFWir+V2vHyr9xE8qjWBGOZx/5MYMqhGlGsEsFwYqNNEFYUO0V4j4SCCudZE6HYC+uvEwa5yX7qnTxcJkv383jyIIjcAwKwAbXoAzuQRXUAQaP4Bm8gjfjyXgx3o2PWWvGmM8cgj8wPn8APdedow==</latexit>

T (u)T (v) = T (v)T (u) 8u, v 2 C
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Conserved quantities and Yang-Baxter
• R-matrix satisfies Yang-Baxter equation ⇒ Many conserved quantities

<latexit sha1_base64="MWdi8Rz5RpjJKF3E7RMNtMTjxd8=">AAACLHicbZDLSgMxFIYz9VbrbdSlm2ARWpQy04q6EYrduKxiL9AOQybNtKGZC0mmUIY+kBtfRRAXFnHrc5iZDqjVA4Ev/zk/yfmdkFEhDWOu5VZW19Y38puFre2d3T19/6Atgohj0sIBC3jXQYIw6pOWpJKRbsgJ8hxGOs64kfQ7E8IFDfwHOQ2J5aGhT12KkVSSrTfu7dg8q85KUTmlmqLTScLVhCdleA2/L0sjmdHWi0bFSAv+BTODIsiqaesv/UGAI4/4EjMkRM80QmnFiEuKGZkV+pEgIcJjNCQ9hT7yiLDidNkZPFHKALoBV8eXMFV/OmLkCTH1HDXpITkSy71E/K/Xi6R7ZcXUDyNJfLx4yI0YlAFMkoMDygmWbKoAYU7VXyEeIY6wVPkWVAjm8sp/oV2tmBeV2t15sX6TxZEHR+AYlIAJLkEd3IImaAEMHsEzeANz7Ul71d61j8VoTss8h+BXaZ9fviKjDA==</latexit>

R1,2(u)R1,3(u+ v)R2,3(v) = R2,3(v)R1,3(u+ v)R1,2(u)

)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>

<latexit sha1_base64="gvweTKICjxxMgX3dyfPzOwaERtk=">AAACFnicbVDLSgMxFM3UV62vUZdugkVoQcuMiroRit24rNAXdIaSSTNtaCYzJJlCGdqfcOOvuHGhiFtx59+YabvQ1gMhJ+feS849XsSoVJb1bWRWVtfWN7Kbua3tnd09c/+gIcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vUEnrzSERkoa8pkYRcQPU49SnGCktdcyzWmFYrBXiIryF6ZU+JxPHDwViDManQ4dyJ0Cq73lJZdwx81bJmgIuE3tO8mCOasf8crohjgPCFWZIyrZtRcpNkFAUMzLOObEkEcID1CNtTTkKiHST6VpjeKKVLtRW9OEKTtXfEwkKpBwFnu5MHcrFWir+V2vHyr9xE8qjWBGOZx/5MYMqhGlGsEsFwYqNNEFYUO0V4j4SCCudZE6HYC+uvEwa5yX7qnTxcJkv383jyIIjcAwKwAbXoAzuQRXUAQaP4Bm8gjfjyXgx3o2PWWvGmM8cgj8wPn8APdedow==</latexit>

T (v)T (u) = T (u)T (v) 8u, v 2 C

Since T is analytic in u (its just a polynomial)
We really get that,

Spectrum of T’s implies spectrum of H.

<latexit sha1_base64="D0rgKmesEPkwe7xW4ayXyEsW2LA="></latexit>

[@n
uT (u), @

m
v T (v)] = 0 8u, v 2 C 8n,m 2 N0

<latexit sha1_base64="6YWc549nBXhC+Y5Yo3M4xCCVC68=">AAACEnicbVA7T8MwGHTKq5RXgJHFokJqB6oEEDBWsHQsUh+RmhA5rttadRLLdpCqqL+Bhb/CwgBCrExs/BucNgO0nGTpdPd9tu8CzqhUlvVtFFZW19Y3ipulre2d3T1z/6Aj40Rg0sYxi4UTIEkYjUhbUcWIwwVBYcBINxjfZn73gQhJ46ilJpx4IRpGdEAxUlryzWrDTx3HmbpcxFzFsFWxqvfpqT2tuBwJRRHzE9iqatU3y1bNmgEuEzsnZZCj6Ztfbj/GSUgihRmSsmdbXHlpditmZFpyE0k4wmM0JD1NIxQS6aWzSFN4opU+HMRCn0jBmfp7I0WhlJMw0JMhUiO56GXif14vUYNrL6URTxSJ8PyhQcKgzp71A/tUEKzYRBOEBdV/hXiEBMJKt1jSJdiLkZdJ56xmX9bO7y7K9Zu8jiI4AsegAmxwBeqgAZqgDTB4BM/gFbwZT8aL8W58zEcLRr5zCP7A+PwBX8qcAA==</latexit>

HXXX / T (0)�1(@uT )(0)
<latexit sha1_base64="xiugdNHaBwdDTnVzzGjarRRXQ7w=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUqiom6EopsuK/QRSEOYTKft0MmDmUmhhP6JGxeKuPVP3Pk3TtsstPXAhcM593LvPUHCmVSW9W0U1tY3NreK26Wd3b39A/PwqC3jVBDaIjGPhRNgSTmLaEsxxamTCIrDgNNOMHqc+Z0xFZLFUVNNEuqFeBCxPiNYack3TbfuZ47jTC+alfTcu7d8s2xVrTnQKrFzUoYcDd/86vZikoY0UoRjKV3bSpSXYaEY4XRa6qaSJpiM8IC6mkY4pNLL5pdP0ZlWeqgfC12RQnP190SGQyknYaA7Q6yGctmbif95bqr6d17GoiRVNCKLRf2UIxWjWQyoxwQlik80wUQwfSsiQywwUTqskg7BXn55lbQvq/ZN9erpulx7yOMowgmcQgVsuIUa1KEBLSAwhmd4hTcjM16Md+Nj0Vow8plj+APj8weuI5Jl</latexit>

[HXXX , T (u)] = 0)
<latexit sha1_base64="62wEzLaJtFTCngnYiPicidunl3Q=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx6jmAdsljA7O5sMmZ1ZZmaVEHL2C7zqF3gTr36HH+B/OEn2YBILGoqqbrq7wpQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpaZIrRJJJeqE2JNORO0aZjhtJMqipOQ03Y4vJn67UeqNJPiwYxSGiS4L1jMCDZW8rv3rD8wWCn51CtX3Ko7A1olXk4qkKPRK/90I0myhApDONba99zUBGOsDCOcTkrdTNMUkyHuU99SgROqg/Hs5Ak6s0qEYqlsCYNm6t+JMU60HiWh7UywGehlbyr+5/mZia+DMRNpZqgg80VxxpGRaPo/ipiixPCRJZgoZm9FZIAVJsamtLAlDCWPJiWbi7ecwipp1areRbV2d1mpd/KEinACp3AOHlxBHW6hAU0gIOEFXuHNeXbenQ/nc95acPKZY1iA8/ULPPmZcw==</latexit>
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The Bethe Ansatz

<latexit sha1_base64="YJieDGvWDRv/Rqn3/Sq15DGFA6U=">AAACHXicbVBLSwMxEM76rOur6tFLsCj1Una1qMfaevBYwT6gW0o2nbah2eySZMWy9I948a948aCIBy/ivzF9INo6kOHLN98wM58fcaa043xZC4tLyyurqTV7fWNzazu9s1tVYSwpVGjIQ1n3iQLOBFQ00xzqkQQS+Bxqfr80qtfuQCoWils9iKAZkK5gHUaJNlQrnfd86DKRRAHRkt0P7ctsfHxUNAl7nl0afa5Msj0Q7R9RK51xcs448DxwpyCDplFupT+8dkjjAISmnCjVcJ1INxMiNaMchrYXK4gI7ZMuNAwUJADVTMbXDfGhYdq4E0rzhMZj9ndHQgKlBoFvlGa/npqtjcj/ao1Ydy6aCRNRrEHQyaBOzLEO8cgq3GYSqOYDAwiVzOyKaY9IQrUx1DYmuLMnz4PqSc49y53e5DOF4tSOFNpHByiLXHSOCugalVEFUfSAntALerUerWfrzXqfSBesac8e+hPW5zcPxKAN</latexit>✓
A(u) B(u)
C(u) D(u)

◆
=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

Basic idea: Use monodromy matrices to construct spectrum of the transfer operator. 

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices
<latexit sha1_base64="JXuC7SGtv8s+pA+EA+Js5REx3sk=">AAACKHicbVDLSgMxFM34rPU16tJNsAgVpMxUUXFjbV24cFHBPqDTlkyaaUMzD5KMUob5HDf+ihsRRbr1S8y0s9DWA7kczrmX3HvsgFEhDWOsLSwuLa+sZtay6xubW9v6zm5d+CHHpIZ95vOmjQRh1CM1SSUjzYAT5NqMNOxhJfEbj4QL6nsPchSQtov6HnUoRlJJXf3qOh8eHZeTUknKjSqXlovkwLajStyJip272OK0P5CIc/9p1urqOaNgTADniZmSHEhR7ervVs/HoUs8iRkSomUagWxHiEuKGYmzVihIgPAQ9UlLUQ+5RLSjyaExPFRKDzo+V8+TcKL+noiQK8TItVVnsqeY9RLxP68VSueiHVEvCCXx8PQjJ2RQ+jBJDfYoJ1iykSIIc6p2hXiAOMJSZZtVIZizJ8+TerFgnhVO7k9zpXIaRwbsgwOQByY4ByVwC6qgBjB4Bq/gA3xqL9qb9qWNp60LWjqzB/5A+/4BXPqlHA==</latexit>

A(u), B(u), C(u), D(u) : C2L ! C2L
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The Bethe Ansatz

<latexit sha1_base64="YJieDGvWDRv/Rqn3/Sq15DGFA6U=">AAACHXicbVBLSwMxEM76rOur6tFLsCj1Una1qMfaevBYwT6gW0o2nbah2eySZMWy9I948a948aCIBy/ivzF9INo6kOHLN98wM58fcaa043xZC4tLyyurqTV7fWNzazu9s1tVYSwpVGjIQ1n3iQLOBFQ00xzqkQQS+Bxqfr80qtfuQCoWils9iKAZkK5gHUaJNlQrnfd86DKRRAHRkt0P7ctsfHxUNAl7nl0afa5Msj0Q7R9RK51xcs448DxwpyCDplFupT+8dkjjAISmnCjVcJ1INxMiNaMchrYXK4gI7ZMuNAwUJADVTMbXDfGhYdq4E0rzhMZj9ndHQgKlBoFvlGa/npqtjcj/ao1Ydy6aCRNRrEHQyaBOzLEO8cgq3GYSqOYDAwiVzOyKaY9IQrUx1DYmuLMnz4PqSc49y53e5DOF4tSOFNpHByiLXHSOCugalVEFUfSAntALerUerWfrzXqfSBesac8e+hPW5zcPxKAN</latexit>✓
A(u) B(u)
C(u) D(u)

◆

<latexit sha1_base64="eU+NSrulHefw3CPOJy51AfSNz2M="></latexit>

T (u) = Tr

✓
A(u) B(u)
C(u) D(u)

◆
= A(u) +D(u)

Transfer matrix: Gives us the Hamiltonian via
<latexit sha1_base64="VGTNd85FCpHiUxltlyQYBfOEbXQ="></latexit>

HXXX = �iJ@u log T (u)
���
u=0

+ JL

The Bethe ansatz: Eigenstates of H_XXX understood
as N excitations with momenta p_1,…,p_N.

<latexit sha1_base64="7tXDNApO5GTxyP/RroxCsENFQbU="></latexit>

T (u)|u1, ..., uN i = (A(u) +D(u))
NY

j=1

B(uj)| "i⌦L

= ⌧(u, u1, ..., un)
NY

j=1

B(uj)| "i⌦L + |stu↵i

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

Basic idea: Use monodromy matrices to construct spectrum of the transfer operator. 

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices

Fix the u’s such that this is zero

<latexit sha1_base64="PiVMv+10kEmGkCm0ITHKIZwWfVQ="></latexit>

|p1, ..., pN i /
NY

j=1

B(uj)| "i⌦L

Technique: Y-B eqn.
implies an algebra 
(commutators!)

<latexit sha1_base64="JXuC7SGtv8s+pA+EA+Js5REx3sk=">AAACKHicbVDLSgMxFM34rPU16tJNsAgVpMxUUXFjbV24cFHBPqDTlkyaaUMzD5KMUob5HDf+ihsRRbr1S8y0s9DWA7kczrmX3HvsgFEhDWOsLSwuLa+sZtay6xubW9v6zm5d+CHHpIZ95vOmjQRh1CM1SSUjzYAT5NqMNOxhJfEbj4QL6nsPchSQtov6HnUoRlJJXf3qOh8eHZeTUknKjSqXlovkwLajStyJip272OK0P5CIc/9p1urqOaNgTADniZmSHEhR7ervVs/HoUs8iRkSomUagWxHiEuKGYmzVihIgPAQ9UlLUQ+5RLSjyaExPFRKDzo+V8+TcKL+noiQK8TItVVnsqeY9RLxP68VSueiHVEvCCXx8PQjJ2RQ+jBJDfYoJ1iykSIIc6p2hXiAOMJSZZtVIZizJ8+TerFgnhVO7k9zpXIaRwbsgwOQByY4ByVwC6qgBjB4Bq/gA3xqL9qb9qWNp60LWjqzB/5A+/4BXPqlHA==</latexit>

A(u), B(u), C(u), D(u) : C2L ! C2L
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Zamolodchikov-Faddeev Algebra
• Yang-Baxter equation implies algebra on monodromy matrices

<latexit sha1_base64="PVKGSNglRIWdM87W5RIGhQWG18g="></latexit>0

BB@

u� v + i 0 0 0
0 i u� v 0
0 u� v i 0
0 0 0 u� v + i

1

CCA

✓
A(u) B(u)
C(u) D(u)

◆
⌦
✓
A(v) B(v)
C(v) D(v)

◆
<latexit sha1_base64="DXyGm9p7us1sAdp6GAXOjwv39oA="></latexit>

=

✓
A(v) B(v)
C(v) D(v)

◆
⌦

✓
A(u) B(u)
C(u) D(u)

◆
0

BB@

u� v + i 0 0 0
0 i u� v 0
0 u� v i 0
0 0 0 u� v + i

1

CCA

<latexit sha1_base64="YJieDGvWDRv/Rqn3/Sq15DGFA6U=">AAACHXicbVBLSwMxEM76rOur6tFLsCj1Una1qMfaevBYwT6gW0o2nbah2eySZMWy9I948a948aCIBy/ivzF9INo6kOHLN98wM58fcaa043xZC4tLyyurqTV7fWNzazu9s1tVYSwpVGjIQ1n3iQLOBFQ00xzqkQQS+Bxqfr80qtfuQCoWils9iKAZkK5gHUaJNlQrnfd86DKRRAHRkt0P7ctsfHxUNAl7nl0afa5Msj0Q7R9RK51xcs448DxwpyCDplFupT+8dkjjAISmnCjVcJ1INxMiNaMchrYXK4gI7ZMuNAwUJADVTMbXDfGhYdq4E0rzhMZj9ndHQgKlBoFvlGa/npqtjcj/ao1Ydy6aCRNRrEHQyaBOzLEO8cgq3GYSqOYDAwiVzOyKaY9IQrUx1DYmuLMnz4PqSc49y53e5DOF4tSOFNpHByiLXHSOCugalVEFUfSAntALerUerWfrzXqfSBesac8e+hPW5zcPxKAN</latexit>✓
A(u) B(u)
C(u) D(u)

◆
=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices
<latexit sha1_base64="JXuC7SGtv8s+pA+EA+Js5REx3sk=">AAACKHicbVDLSgMxFM34rPU16tJNsAgVpMxUUXFjbV24cFHBPqDTlkyaaUMzD5KMUob5HDf+ihsRRbr1S8y0s9DWA7kczrmX3HvsgFEhDWOsLSwuLa+sZtay6xubW9v6zm5d+CHHpIZ95vOmjQRh1CM1SSUjzYAT5NqMNOxhJfEbj4QL6nsPchSQtov6HnUoRlJJXf3qOh8eHZeTUknKjSqXlovkwLajStyJip272OK0P5CIc/9p1urqOaNgTADniZmSHEhR7ervVs/HoUs8iRkSomUagWxHiEuKGYmzVihIgPAQ9UlLUQ+5RLSjyaExPFRKDzo+V8+TcKL+noiQK8TItVVnsqeY9RLxP68VSueiHVEvCCXx8PQjJ2RQ+jBJDfYoJ1iykSIIc6p2hXiAOMJSZZtVIZizJ8+TerFgnhVO7k9zpXIaRwbsgwOQByY4ByVwC6qgBjB4Bq/gA3xqL9qb9qWNp60LWjqzB/5A+/4BXPqlHA==</latexit>

A(u), B(u), C(u), D(u) : C2L ! C2L
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Zamolodchikov-Faddeev Algebra

<latexit sha1_base64="FWy3+EJAO1RX5llbV0nLj32oyKA="></latexit>

A(v)B(u) =

✓
1 +

i

u� v

◆
B(u)A(v)� i

u� v
B(v)A(u)

D(v)B(u) =

✓
1� i

u� v

◆
B(u)D(v) +

i

u� v
B(v)D(u)

<latexit sha1_base64="i6EtRbMZJZz9XfKxhlEYrYXdWzU=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0ICVRUS9CqRePFewHpKFstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZWVtfWNzZzW/ntnd29/cLBYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/vBu6rdGVCoWiUc9jqkX4r5gASNYG8lza6WkfFYrjcrerd0tFO2KPQNaJk5GipCh3i18dXoRSUIqNOFYKdexY+2lWGpGOJ3kO4miMSZD3KeuoQKHVHnp7OgJOjVKDwWRNCU0mqm/J1IcKjUOfdMZYj1Qi95U/M9zEx3ceCkTcaKpIPNFQcKRjtA0AdRjkhLNx4ZgIpm5FZEBlphok1PehOAsvrxMmucV56py8XBZrNayOHJwDCdQAgeuoQr3UIcGEHiCZ3iFN2tkvVjv1se8dcXKZo7gD6zPHyP7kGY=</latexit>

[B(u), B(v)] = 0

• Yang-Baxter equation implies algebra on monodromy matrices

<latexit sha1_base64="YJieDGvWDRv/Rqn3/Sq15DGFA6U=">AAACHXicbVBLSwMxEM76rOur6tFLsCj1Una1qMfaevBYwT6gW0o2nbah2eySZMWy9I948a948aCIBy/ivzF9INo6kOHLN98wM58fcaa043xZC4tLyyurqTV7fWNzazu9s1tVYSwpVGjIQ1n3iQLOBFQ00xzqkQQS+Bxqfr80qtfuQCoWils9iKAZkK5gHUaJNlQrnfd86DKRRAHRkt0P7ctsfHxUNAl7nl0afa5Msj0Q7R9RK51xcs448DxwpyCDplFupT+8dkjjAISmnCjVcJ1INxMiNaMchrYXK4gI7ZMuNAwUJADVTMbXDfGhYdq4E0rzhMZj9ndHQgKlBoFvlGa/npqtjcj/ao1Ydy6aCRNRrEHQyaBOzLEO8cgq3GYSqOYDAwiVzOyKaY9IQrUx1DYmuLMnz4PqSc49y53e5DOF4tSOFNpHByiLXHSOCugalVEFUfSAntALerUerWfrzXqfSBesac8e+hPW5zcPxKAN</latexit>✓
A(u) B(u)
C(u) D(u)

◆
=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices
<latexit sha1_base64="JXuC7SGtv8s+pA+EA+Js5REx3sk=">AAACKHicbVDLSgMxFM34rPU16tJNsAgVpMxUUXFjbV24cFHBPqDTlkyaaUMzD5KMUob5HDf+ihsRRbr1S8y0s9DWA7kczrmX3HvsgFEhDWOsLSwuLa+sZtay6xubW9v6zm5d+CHHpIZ95vOmjQRh1CM1SSUjzYAT5NqMNOxhJfEbj4QL6nsPchSQtov6HnUoRlJJXf3qOh8eHZeTUknKjSqXlovkwLajStyJip272OK0P5CIc/9p1urqOaNgTADniZmSHEhR7ervVs/HoUs8iRkSomUagWxHiEuKGYmzVihIgPAQ9UlLUQ+5RLSjyaExPFRKDzo+V8+TcKL+noiQK8TItVVnsqeY9RLxP68VSueiHVEvCCXx8PQjJ2RQ+jBJDfYoJ1iykSIIc6p2hXiAOMJSZZtVIZizJ8+TerFgnhVO7k9zpXIaRwbsgwOQByY4ByVwC6qgBjB4Bq/gA3xqL9qb9qWNp60LWjqzB/5A+/4BXPqlHA==</latexit>

A(u), B(u), C(u), D(u) : C2L ! C2L
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Exact eigenstates and energies

<latexit sha1_base64="PCAeSB5+/ZIgH1gHEjYA700d8Cw="></latexit>✓
uj + i/2

uj � i/2

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

<latexit sha1_base64="FWy3+EJAO1RX5llbV0nLj32oyKA="></latexit>

A(v)B(u) =

✓
1 +

i

u� v

◆
B(u)A(v)� i

u� v
B(v)A(u)

D(v)B(u) =

✓
1� i

u� v

◆
B(u)D(v) +

i

u� v
B(v)D(u)

Z-F algebra
<latexit sha1_base64="7tXDNApO5GTxyP/RroxCsENFQbU="></latexit>

T (u)|u1, ..., uN i = (A(u) +D(u))
NY

j=1

B(uj)| "i⌦L

= ⌧(u, u1, ..., un)
NY

j=1

B(uj)| "i⌦L + |stu↵i

Approach to the problem
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Exact eigenstates and energies

<latexit sha1_base64="O/Jnhh2RG7oZQpjP0zq7A4U4UiY="></latexit>0

@
NY

j=1

1 +
i

uj � u

1

A

0

@
NY

j=1

B(uj)

1

AA(u)| "i⌦L +
NX

j=1

�i

uj � u

0

@
Y

k 6=j

1 +
i

uk � uj

1

AB(u)

0

@
Y

k 6=j

B(uk)

1

AA(uj)| "i⌦L

<latexit sha1_base64="x7ptSGqmGSvw60nsjsuZ+CWV6aw="></latexit>

A(u)
NY

j=1

B(uj)| "i⌦L =

<latexit sha1_base64="ZvKHMFcnu0Vx4clkCy0OC80JXrc="></latexit>

D(u)
NY

j=1

B(uj)| "i⌦L =

<latexit sha1_base64="sZlsw/qJloYFzk5aJX8ZINsnuYY="></latexit>0

@
NY

j=1

1 +
�i

uj � u

1

A

0

@
NY

j=1

B(uj)

1

AD(u)| "i⌦L +
NX

j=1

i

uj � u

0

@
Y

k 6=j

1 +
�i

uk � uj

1

AB(u)

0

@
Y

k 6=j

B(uk)

1

AD(uj)| "i⌦L

<latexit sha1_base64="PCAeSB5+/ZIgH1gHEjYA700d8Cw="></latexit>✓
uj + i/2

uj � i/2

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

<latexit sha1_base64="FWy3+EJAO1RX5llbV0nLj32oyKA="></latexit>

A(v)B(u) =

✓
1 +

i

u� v

◆
B(u)A(v)� i

u� v
B(v)A(u)

D(v)B(u) =

✓
1� i

u� v

◆
B(u)D(v) +

i

u� v
B(v)D(u)

Z-F algebra
<latexit sha1_base64="7tXDNApO5GTxyP/RroxCsENFQbU="></latexit>

T (u)|u1, ..., uN i = (A(u) +D(u))
NY

j=1

B(uj)| "i⌦L

= ⌧(u, u1, ..., un)
NY

j=1

B(uj)| "i⌦L + |stu↵i

Approach to the problem

Result of taking N commutators
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Exact eigenstates and energies

<latexit sha1_base64="O/Jnhh2RG7oZQpjP0zq7A4U4UiY="></latexit>0

@
NY

j=1

1 +
i

uj � u

1

A

0

@
NY

j=1

B(uj)

1

AA(u)| "i⌦L +
NX

j=1

�i

uj � u

0

@
Y

k 6=j

1 +
i

uk � uj

1

AB(u)

0

@
Y

k 6=j

B(uk)

1

AA(uj)| "i⌦L

<latexit sha1_base64="x7ptSGqmGSvw60nsjsuZ+CWV6aw="></latexit>

A(u)
NY

j=1

B(uj)| "i⌦L =

<latexit sha1_base64="ZvKHMFcnu0Vx4clkCy0OC80JXrc="></latexit>

D(u)
NY

j=1

B(uj)| "i⌦L =

<latexit sha1_base64="sZlsw/qJloYFzk5aJX8ZINsnuYY="></latexit>0

@
NY

j=1

1 +
�i

uj � u

1

A

0

@
NY

j=1

B(uj)

1

AD(u)| "i⌦L +
NX

j=1

i

uj � u

0

@
Y

k 6=j

1 +
�i

uk � uj

1

AB(u)

0

@
Y

k 6=j

B(uk)

1

AD(uj)| "i⌦L

<latexit sha1_base64="PCAeSB5+/ZIgH1gHEjYA700d8Cw="></latexit>✓
uj + i/2

uj � i/2

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

<latexit sha1_base64="FWy3+EJAO1RX5llbV0nLj32oyKA="></latexit>

A(v)B(u) =

✓
1 +

i

u� v

◆
B(u)A(v)� i

u� v
B(v)A(u)

D(v)B(u) =

✓
1� i

u� v

◆
B(u)D(v) +

i

u� v
B(v)D(u)

Z-F algebra
<latexit sha1_base64="7tXDNApO5GTxyP/RroxCsENFQbU="></latexit>

T (u)|u1, ..., uN i = (A(u) +D(u))
NY

j=1

B(uj)| "i⌦L

= ⌧(u, u1, ..., un)
NY

j=1

B(uj)| "i⌦L + |stu↵i

Approach to the problem

<latexit sha1_base64="tyhwkpEuacwBP468vW/gLssDfPA=">AAACMnicfVDLSgMxFM34rPVVdekmWIQWocyoqBuh6kahiwq2Cp1aMmnahmaSIQ+ljP0mN36J4EIXirj1I0zbWagVDwQO55zLzT1BxKjSrvvsTExOTc/MpubS8wuLS8uZldWqEkZiUsGCCXkVIEUY5aSiqWbkKpIEhQEjl0H3ZOBf3hCpqOAXuheReojanLYoRtpKjczZUc7k73wTISnFrS8RbzNyHftC05AoWOrDQ5gzcAvS/HUJ/hdsZLJuwR0CjhMvIVmQoNzIPPpNgU1IuMYMKVXz3EjXYyQ1xYz0075RJEK4i9qkZilHdk89Hp7ch5tWacKWkPZxDYfq94kYhUr1wsAmQ6Q76rc3EP/yaka3Duox5ZHRhOPRopZhUAs46A82qSRYs54lCEtq/wpxB0mEtW05bUvwfp88TqrbBW+vsHO+my0eJ3WkwDrYADnggX1QBKegDCoAg3vwBF7Bm/PgvDjvzscoOuEkM2vgB5zPL282qk0=</latexit>

A(u)| "i⌦L = (u+ i)L| "i⌦L

<latexit sha1_base64="bWp5JsF0BxwGSfCnUGrgyZUHZW8=">AAACLHicfVDLSgMxFM34rPVVdekmWIS6KTMq6kYo1oWLLirYB3TakknTNjSTDHkoZewHufFXBHFhEbd+h+ljoa14IHA451xu7gkiRpV23aGzsLi0vLKaWEuub2xubad2dstKGIlJCQsmZDVAijDKSUlTzUg1kgSFASOVoJcf+ZV7IhUV/E73I1IPUYfTNsVIW6mZyl9nzNGjbyIkpXjwJeIdRhqxLzQNiYKFAbyEplGA/0WaqbSbdceA88SbkjSYothMvfotgU1IuMYMKVXz3EjXYyQ1xYwMkr5RJEK4hzqkZilHdk89Hh87gIdWacG2kPZxDcfqz4kYhUr1w8AmQ6S7atYbiX95NaPbF/WY8showvFkUdswqAUcNQdbVBKsWd8ShCW1f4W4iyTC2vabtCV4syfPk/Jx1jvLntyepnNX0zoSYB8cgAzwwDnIgRtQBCWAwRN4Ae9g6Dw7b86H8zmJLjjTmT3wC87XN2EBqO8=</latexit>

D(u)| "i⌦L = uL| "i⌦L

Fact

Result of taking N commutators
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Exact eigenstates and energies

<latexit sha1_base64="O/Jnhh2RG7oZQpjP0zq7A4U4UiY="></latexit>0
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1
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1
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<latexit sha1_base64="x7ptSGqmGSvw60nsjsuZ+CWV6aw="></latexit>
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j=1

B(uj)| "i⌦L =

<latexit sha1_base64="ZvKHMFcnu0Vx4clkCy0OC80JXrc="></latexit>

D(u)
NY

j=1

B(uj)| "i⌦L =

<latexit sha1_base64="sZlsw/qJloYFzk5aJX8ZINsnuYY="></latexit>0
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NY

j=1

1 +
�i

uj � u

1

A

0

@
NY

j=1

B(uj)

1

AD(u)| "i⌦L +
NX

j=1

i

uj � u

0

@
Y

k 6=j

1 +
�i

uk � uj

1

AB(u)

0

@
Y

k 6=j

B(uk)

1

AD(uj)| "i⌦L

<latexit sha1_base64="PCAeSB5+/ZIgH1gHEjYA700d8Cw="></latexit>✓
uj + i/2

uj � i/2

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

<latexit sha1_base64="A0WgoSFPYSZX51Mw5yFzi8Wiwd8="></latexit>✓
uj + i

uj

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

<latexit sha1_base64="FWy3+EJAO1RX5llbV0nLj32oyKA="></latexit>

A(v)B(u) =

✓
1 +

i

u� v

◆
B(u)A(v)� i

u� v
B(v)A(u)

D(v)B(u) =

✓
1� i

u� v

◆
B(u)D(v) +

i

u� v
B(v)D(u)

Z-F algebra
<latexit sha1_base64="7tXDNApO5GTxyP/RroxCsENFQbU="></latexit>

T (u)|u1, ..., uN i = (A(u) +D(u))
NY

j=1

B(uj)| "i⌦L

= ⌧(u, u1, ..., un)
NY

j=1

B(uj)| "i⌦L + |stu↵i

Approach to the problem

<latexit sha1_base64="tyhwkpEuacwBP468vW/gLssDfPA=">AAACMnicfVDLSgMxFM34rPVVdekmWIQWocyoqBuh6kahiwq2Cp1aMmnahmaSIQ+ljP0mN36J4EIXirj1I0zbWagVDwQO55zLzT1BxKjSrvvsTExOTc/MpubS8wuLS8uZldWqEkZiUsGCCXkVIEUY5aSiqWbkKpIEhQEjl0H3ZOBf3hCpqOAXuheReojanLYoRtpKjczZUc7k73wTISnFrS8RbzNyHftC05AoWOrDQ5gzcAvS/HUJ/hdsZLJuwR0CjhMvIVmQoNzIPPpNgU1IuMYMKVXz3EjXYyQ1xYz0075RJEK4i9qkZilHdk89Hp7ch5tWacKWkPZxDYfq94kYhUr1wsAmQ6Q76rc3EP/yaka3Duox5ZHRhOPRopZhUAs46A82qSRYs54lCEtq/wpxB0mEtW05bUvwfp88TqrbBW+vsHO+my0eJ3WkwDrYADnggX1QBKegDCoAg3vwBF7Bm/PgvDjvzscoOuEkM2vgB5zPL282qk0=</latexit>

A(u)| "i⌦L = (u+ i)L| "i⌦L

<latexit sha1_base64="bWp5JsF0BxwGSfCnUGrgyZUHZW8=">AAACLHicfVDLSgMxFM34rPVVdekmWIS6KTMq6kYo1oWLLirYB3TakknTNjSTDHkoZewHufFXBHFhEbd+h+ljoa14IHA451xu7gkiRpV23aGzsLi0vLKaWEuub2xubad2dstKGIlJCQsmZDVAijDKSUlTzUg1kgSFASOVoJcf+ZV7IhUV/E73I1IPUYfTNsVIW6mZyl9nzNGjbyIkpXjwJeIdRhqxLzQNiYKFAbyEplGA/0WaqbSbdceA88SbkjSYothMvfotgU1IuMYMKVXz3EjXYyQ1xYwMkr5RJEK4hzqkZilHdk89Hh87gIdWacG2kPZxDcfqz4kYhUr1w8AmQ6S7atYbiX95NaPbF/WY8showvFkUdswqAUcNQdbVBKsWd8ShCW1f4W4iyTC2vabtCV4syfPk/Jx1jvLntyepnNX0zoSYB8cgAzwwDnIgRtQBCWAwRN4Ae9g6Dw7b86H8zmJLjjTmT3wC87XN2EBqO8=</latexit>

D(u)| "i⌦L = uL| "i⌦L

Fact

Result of taking N commutators

Unwanted terms cancel if…
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Exact eigenstates and energies

<latexit sha1_base64="A0WgoSFPYSZX51Mw5yFzi8Wiwd8="></latexit>✓
uj + i

uj

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

Unwanted terms cancel if…

<latexit sha1_base64="Dbe1nauxw25HDLMA9+3xaeeeusc="></latexit>

T (u)|u1, ..., uN i =

2

4(u+ i)L
NY

j=1

✓
uj � u+ i

uj � u

◆
+ uL

NY

j=1

✓
uj � u� i

uj � u

◆3

5 |u1, ..., uN i

Eigenvalues!
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Exact eigenstates and energies

<latexit sha1_base64="A0WgoSFPYSZX51Mw5yFzi8Wiwd8="></latexit>✓
uj + i

uj

◆L Y

k 6=j

✓
uk � uj + i

uk � uj � i

◆
= 1

Unwanted terms cancel if…

<latexit sha1_base64="Dbe1nauxw25HDLMA9+3xaeeeusc="></latexit>

T (u)|u1, ..., uN i =

2

4(u+ i)L
NY

j=1

✓
uj � u+ i

uj � u

◆
+ uL

NY

j=1

✓
uj � u� i

uj � u

◆3

5 |u1, ..., uN i

Eigenvalues!

<latexit sha1_base64="cr5oPo9MbafwfxhiG4ZR4ujje7U=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRZREOpMFXUjFN24rGAf0A5DJs20sZnMkGQKZeifuHGhiFv/xJ1/Y/pYaOuByz2ccy+5OUHCmdKO823llpZXVtfy64WNza3tHXt3r67iVBJaIzGPZTPAinImaE0zzWkzkRRHAaeNoH839hsDKhWLxaMeJtSLcFewkBGsjeTbduo/HaMbZBo6Reys7NtFp+RMgBaJOyNFmKHq21/tTkzSiApNOFaq5TqJ9jIsNSOcjgrtVNEEkz7u0pahAkdUednk8hE6MkoHhbE0JTSaqL83MhwpNYwCMxlh3VPz3lj8z2ulOrz2MiaSVFNBpg+FKUc6RuMYUIdJSjQfGoKJZOZWRHpYYqJNWAUTgjv/5UVSL5fcy9L5w0WxcjuLIw8HcAgn4MIVVOAeqlADAgN4hld4szLrxXq3PqajOWu2sw9/YH3+AInhkag=</latexit>

u0
j = uj + i/2

It is convenient to redefine
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Exact eigenstates and energies

Unwanted terms cancel if…

Eigenvalues!

<latexit sha1_base64="cr5oPo9MbafwfxhiG4ZR4ujje7U=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRZREOpMFXUjFN24rGAf0A5DJs20sZnMkGQKZeifuHGhiFv/xJ1/Y/pYaOuByz2ccy+5OUHCmdKO823llpZXVtfy64WNza3tHXt3r67iVBJaIzGPZTPAinImaE0zzWkzkRRHAaeNoH839hsDKhWLxaMeJtSLcFewkBGsjeTbduo/HaMbZBo6Reys7NtFp+RMgBaJOyNFmKHq21/tTkzSiApNOFaq5TqJ9jIsNSOcjgrtVNEEkz7u0pahAkdUednk8hE6MkoHhbE0JTSaqL83MhwpNYwCMxlh3VPz3lj8z2ulOrz2MiaSVFNBpg+FKUc6RuMYUIdJSjQfGoKJZOZWRHpYYqJNWAUTgjv/5UVSL5fcy9L5w0WxcjuLIw8HcAgn4MIVVOAeqlADAgN4hld4szLrxXq3PqajOWu2sw9/YH3+AInhkag=</latexit>

u0
j = uj + i/2

It is convenient to redefine

<latexit sha1_base64="ljc55mgFFlrJ1KjovNu6DzkHiho="></latexit>

T (u)|u0
1, ..., u

0
N i =

2

4(u+ i)L
NY

j=1

 
u0
j � u+ i/2

u0
j � u� i/2

!
+ uL

NY

j=1

 
u0
j � u� 3i/2

u0
j � u� i/2

!3

5 |u0
1, ..., u

0
N i

<latexit sha1_base64="1am5jvQrSbIeIa9NNXE+FvGX2KY="></latexit> 
u0
j + i/2

u0
j � i/2

!L Y

k 6=j

 
u0
k � u0

j + i

u0
k � u0

j � i

!
= 1
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Exact eigenstates and energies

Unwanted terms cancel if…

Eigenvalues!
<latexit sha1_base64="ljc55mgFFlrJ1KjovNu6DzkHiho="></latexit>

T (u)|u0
1, ..., u

0
N i =

2

4(u+ i)L
NY

j=1

 
u0
j � u+ i/2

u0
j � u� i/2

!
+ uL

NY

j=1

 
u0
j � u� 3i/2

u0
j � u� i/2

!3

5 |u0
1, ..., u

0
N i

<latexit sha1_base64="1am5jvQrSbIeIa9NNXE+FvGX2KY="></latexit> 
u0
j + i/2

u0
j � i/2

!L Y

k 6=j

 
u0
k � u0

j + i

u0
k � u0

j � i

!
= 1

<latexit sha1_base64="bLfucz2xaicDJO5/MbERHdvHPvQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBHqpSQq6rHoxWMF+wFtKJvtpl262YTdWaGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTAXX6Hnfzsrq2vrGZmGruL2zu7dfOjhs6sQoyho0EYlqh0QzwSVrIEfB2qliJA4Fa4Wju6nfemJK80Q+4jhlQUwGkkecErRSq4vEVMxZr1T2qt4M7jLxc1KGHPVe6avbT6iJmUQqiNYd30sxyIhCTgWbFLtGs5TQERmwjqWSxEwH2ezciXtqlb4bJcqWRHem/p7ISKz1OA5tZ0xwqBe9qfif1zEY3QQZl6lBJul8UWSEi4k7/d3tc8UoirElhCpub3XpkChC0SZUtCH4iy8vk+Z51b+qXjxclmu3eRwFOIYTqIAP11CDe6hDAyiM4Ble4c1JnRfn3fmYt644+cwR/IHz+QPEa480</latexit>

⌧(u)

<latexit sha1_base64="ta2buBSoMw+iRyflOQCEULuUO98="></latexit>

EXXX(u0
1, ..., u

0
N ) = �iJ(@u log ⌧)(0) + JL =

NX

j=1

J

u02
j + 1/4

Energies!
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Exact eigenstates and energies

Unwanted terms cancel if…

Eigenvalues!
<latexit sha1_base64="ljc55mgFFlrJ1KjovNu6DzkHiho="></latexit>

T (u)|u0
1, ..., u

0
N i =

2

4(u+ i)L
NY

j=1

 
u0
j � u+ i/2

u0
j � u� i/2

!
+ uL

NY

j=1

 
u0
j � u� 3i/2

u0
j � u� i/2

!3

5 |u0
1, ..., u

0
N i

<latexit sha1_base64="1am5jvQrSbIeIa9NNXE+FvGX2KY="></latexit> 
u0
j + i/2

u0
j � i/2

!L Y

k 6=j

 
u0
k � u0

j + i

u0
k � u0

j � i

!
= 1

<latexit sha1_base64="bLfucz2xaicDJO5/MbERHdvHPvQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBHqpSQq6rHoxWMF+wFtKJvtpl262YTdWaGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTAXX6Hnfzsrq2vrGZmGruL2zu7dfOjhs6sQoyho0EYlqh0QzwSVrIEfB2qliJA4Fa4Wju6nfemJK80Q+4jhlQUwGkkecErRSq4vEVMxZr1T2qt4M7jLxc1KGHPVe6avbT6iJmUQqiNYd30sxyIhCTgWbFLtGs5TQERmwjqWSxEwH2ezciXtqlb4bJcqWRHem/p7ISKz1OA5tZ0xwqBe9qfif1zEY3QQZl6lBJul8UWSEi4k7/d3tc8UoirElhCpub3XpkChC0SZUtCH4iy8vk+Z51b+qXjxclmu3eRwFOIYTqIAP11CDe6hDAyiM4Ble4c1JnRfn3fmYt644+cwR/IHz+QPEa480</latexit>

⌧(u)

<latexit sha1_base64="ta2buBSoMw+iRyflOQCEULuUO98="></latexit>

EXXX(u0
1, ..., u

0
N ) = �iJ(@u log ⌧)(0) + JL =

NX

j=1

J

u02
j + 1/4

Energies!

Yet another redefinition
<latexit sha1_base64="7ifnw9n/d0Yd2z3ZYEQCpT/37s0="></latexit>

u0
j + i/2

u0
j � i/2

= eipj )! u0
j =

1

2
cot(pj/2)
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Exact eigenstates and energies
Energies:<latexit sha1_base64="11BhgH90D1pVmXnOIPE58HyGJlQ="></latexit>

EXXX(p1, ..., pN ) = 2J
NX

j=1

(1� cos(pj))

<latexit sha1_base64="bVdB9gCJLeI+cFBnMaC8LPgXuiI="></latexit>

eipjL
Y

k 6=j

cot(pj/2)� cot(pk/2) + 2i

cot(pj/2)� cot(pk/2)� 2i
= 1

<latexit sha1_base64="f89F+ODlpn96kuBURNVvqSrB+ls=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWtB/YLks2TdvYbDYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeKDnTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GiCK2RmMeqGWJNORO0ZpjhtCkVxVHIaSMcXI/9xhNVmsXi3gwl9SPcE6zLCDZWergryeDxWAaDo6BQdMvuBGieeBkpQoZqUPhqd2KSRFQYwrHWLc+Vxk+xMoxwOsq3E00lJgPcoy1LBY6o9tPJxSN0aJUO6sbKljBoov6eSHGk9TAKbWeETV/PemPxP6+VmO6lnzIhE0MFmS7qJhyZGI3fRx2mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAgKe4RXeHO28OO/Ox7R1wclm9uAPnM8ff9eQKQ==</latexit>

S(pj , pk)

Allowed momenta:

S-matrix
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Exact eigenstates and energies
Energies:<latexit sha1_base64="11BhgH90D1pVmXnOIPE58HyGJlQ="></latexit>

EXXX(p1, ..., pN ) = 2J
NX

j=1

(1� cos(pj))

<latexit sha1_base64="bVdB9gCJLeI+cFBnMaC8LPgXuiI="></latexit>

eipjL
Y

k 6=j

cot(pj/2)� cot(pk/2) + 2i

cot(pj/2)� cot(pk/2)� 2i
= 1

<latexit sha1_base64="f89F+ODlpn96kuBURNVvqSrB+ls=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWtB/YLks2TdvYbDYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeKDnTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GiCK2RmMeqGWJNORO0ZpjhtCkVxVHIaSMcXI/9xhNVmsXi3gwl9SPcE6zLCDZWergryeDxWAaDo6BQdMvuBGieeBkpQoZqUPhqd2KSRFQYwrHWLc+Vxk+xMoxwOsq3E00lJgPcoy1LBY6o9tPJxSN0aJUO6sbKljBoov6eSHGk9TAKbWeETV/PemPxP6+VmO6lnzIhE0MFmS7qJhyZGI3fRx2mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAgKe4RXeHO28OO/Ox7R1wclm9uAPnM8ff9eQKQ==</latexit>

S(pj , pk)

Allowed momenta:

S-matrix

What are these particles?

N=1:

<latexit sha1_base64="r/04ZTYhhcEKufhiPvDk1R9BKO4="></latexit>

B(p1)| "i⌦L / 1p
L

LX

j=1

e�ip1j��
j | "i

⌦L

One spin flip propagating with momentum p_1.
Called a “magnon”.

<latexit sha1_base64="yEJuMG0FNcjwz2Jk33bGqv6BaTU=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlJF3RSKblx0UcU+oIllMp20QyeTMDNRSsh3uPFX3LhQxJ248W+ctFlo64ELh3Pu5d57vIhRqSzr21hYXFpeWS2sFdc3Nre2zZ3dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90WXmt++JkDTkt2ocETdAA059ipHSUs+0yV1Co54N6ymsQhs6N3QwVEiI8AFmchU6vkA4qTgRhTxN6mnPLFllawI4T+yclECORs/8dPohjgPCFWZIyq5tRcpNkFAUM5IWnViSCOERGpCuphwFRLrJ5LUUHmqlD/1Q6OIKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfLP3YTyKFaE4+kiP2ZQhTDLCfapIFixsSYIC6pvhXiIdBRKp1nUIdizL8+TVqVsn5aPr09KtYs8jgLYBwfgCNjgDNTAFWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxtcPZ9KfRg==</latexit>

eip1L = 1 ) p1 =
2⇡n

L
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Exact eigenstates and energies
Energies:<latexit sha1_base64="11BhgH90D1pVmXnOIPE58HyGJlQ="></latexit>

EXXX(p1, ..., pN ) = 2J
NX

j=1

(1� cos(pj))

<latexit sha1_base64="bVdB9gCJLeI+cFBnMaC8LPgXuiI="></latexit>

eipjL
Y

k 6=j

cot(pj/2)� cot(pk/2) + 2i

cot(pj/2)� cot(pk/2)� 2i
= 1

<latexit sha1_base64="f89F+ODlpn96kuBURNVvqSrB+ls=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLKroh6LXjxWtB/YLks2TdvYbDYkWaEs/RdePCji1X/jzX9j2u5BWx8MPN6bYWZeKDnTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GiCK2RmMeqGWJNORO0ZpjhtCkVxVHIaSMcXI/9xhNVmsXi3gwl9SPcE6zLCDZWergryeDxWAaDo6BQdMvuBGieeBkpQoZqUPhqd2KSRFQYwrHWLc+Vxk+xMoxwOsq3E00lJgPcoy1LBY6o9tPJxSN0aJUO6sbKljBoov6eSHGk9TAKbWeETV/PemPxP6+VmO6lnzIhE0MFmS7qJhyZGI3fRx2mKDF8aAkmitlbEeljhYmxIeVtCN7sy/OkflL2zsunt2fFylUWRw724QBK4MEFVOAGqlADAgKe4RXeHO28OO/Ox7R1wclm9uAPnM8ff9eQKQ==</latexit>

S(pj , pk)

Allowed momenta:

S-matrix

What are these particles?

N=1:

<latexit sha1_base64="r/04ZTYhhcEKufhiPvDk1R9BKO4="></latexit>

B(p1)| "i⌦L / 1p
L

LX

j=1

e�ip1j��
j | "i

⌦L

One spin flip propagating with momentum p_1.
Called a “magnon”.

<latexit sha1_base64="yEJuMG0FNcjwz2Jk33bGqv6BaTU=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSlJF3RSKblx0UcU+oIllMp20QyeTMDNRSsh3uPFX3LhQxJ248W+ctFlo64ELh3Pu5d57vIhRqSzr21hYXFpeWS2sFdc3Nre2zZ3dlgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90WXmt++JkDTkt2ocETdAA059ipHSUs+0yV1Co54N6ymsQhs6N3QwVEiI8AFmchU6vkA4qTgRhTxN6mnPLFllawI4T+yclECORs/8dPohjgPCFWZIyq5tRcpNkFAUM5IWnViSCOERGpCuphwFRLrJ5LUUHmqlD/1Q6OIKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfLP3YTyKFaE4+kiP2ZQhTDLCfapIFixsSYIC6pvhXiIdBRKp1nUIdizL8+TVqVsn5aPr09KtYs8jgLYBwfgCNjgDNTAFWiAJsDgETyDV/BmPBkvxrvxMW1dMPKZPfAHxtcPZ9KfRg==</latexit>

eip1L = 1 ) p1 =
2⇡n

L

<latexit sha1_base64="qs8Mke68fTfpiTyUU4DGRXOuPAs="></latexit>

B(p1)B(p2)| "i⌦L /
X

j<k

⇣
e�i(p1j+p2k) + S(p1, p2)e

�i(p2j+p1k)
⌘
��
j �

�
k | "i

⌦L

N=2:

<latexit sha1_base64="5dC3PIReJ1B/0A7EE3yY7Xu0bH8=">AAACF3icbZDLSsNAFIYnXmu9RV26GSxCBQlJFHUjFN24cFHRXqCNYTKdtEMnF2YmQgl9Cze+ihsXirjVnW/jpMlCWw8M8/P95zBzfi9mVEjT/Nbm5hcWl5ZLK+XVtfWNTX1ruymihGPSwBGLeNtDgjAakoakkpF2zAkKPEZa3vAy81sPhAsahXdyFBMnQP2Q+hQjqZCrG+Q+pbFrXY9vq+o6jF37AJ7DnNowx7bCVoYtV6+YhjkpOCusQlRAUXVX/+r2IpwEJJSYISE6lhlLJ0VcUszIuNxNBIkRHqI+6SgZooAIJ53sNYb7ivSgH3F1Qgkn9PdEigIhRoGnOgMkB2Lay+B/XieR/pmT0jBOJAlx/pCfMCgjmIUEe5QTLNlICYQ5VX+FeIA4wlJFWVYhWNMrz4qmbVgnxtHNcaV2UcRRArtgD1SBBU5BDVyBOmgADB7BM3gFb9qT9qK9ax9565xWzOyAP6V9/gBvzJxN</latexit>

eip1LS(p1, p2) = eip2LS(p2, p1) = 1 Two spin flips propagating with momentum p1 and p2.
Relative phase is indicative of a scattering event.
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Other models

• XXZ model

• Lieb-Linger model (nonlinear Schrodinger eqn.)[arXiv:1804.07350]

• Inhomogenous XXX model [arXiv:1804.07350]

<latexit sha1_base64="2XSU9Wni0cGEq9j/XTsGcL4TW5E="></latexit>

R(u� v) =
1

sinh(u� v)

0

BB@

sinh(u� v + ⌘) 0 0 0
0 sinh(u� v) sinh(⌘) 0
0 sinh(⌘) sinh(u� v) 0
0 0 0 sinh(u� v + ⌘)

1

CCA

<latexit sha1_base64="ALn6fP1eePBpQJA0HubmUNuW8bA="></latexit>

HXXZ = 2 sinh(⌘)@u log T (u)
���
u=⌘/2

�N�

<latexit sha1_base64="84fHr6UbYeaLZUpxLhsAXQc1NKI="></latexit>

=
LX

j=1

XjXj+1 + YjYj+1 +�ZjZj+1

<latexit sha1_base64="Jf41iHwe94x+VTWVASI9l4MzV7Y=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGoMQL2FGRb0IQT14jGAWyAyhp1NJmvQsdNcIMQR/xYsHRbz6H978GzvJHDTxQcHjvSqq6vmxFBpt+9vKLCwuLa9kV3Nr6xubW/ntnZqOEsWhyiMZqYbPNEgRQhUFSmjECljgS6j7/euxX38ApUUU3uMgBi9g3VB0BGdopFZ+z70BiYxeUpdHuld0AdlRK1+wS/YEdJ44KSmQFJVW/sttRzwJIEQumdZNx47RGzKFgksY5dxEQ8x4n3WhaWjIAtDecHL9iB4apU07kTIVIp2ovyeGLNB6EPimM2DY07PeWPzPaybYufCGIowThJBPF3USSTGi4yhoWyjgKAeGMK6EuZXyHlOMowksZ0JwZl+eJ7XjknNWOrk7LZSv0jiyZJ8ckCJxyDkpk1tSIVXCySN5Jq/kzXqyXqx362PamrHSmV3yB9bnD9FtlC4=</latexit>

� = cosh(⌘)
<latexit sha1_base64="hYtb2EsZjhFySFP5y2Z3BD+anNw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GNRDx4r2A9oQtlsJ+3SzSbuboRS+je8eFDEq3/Gm//GbZuDVh8MPN6bYWZemAqujet+OYWl5ZXVteJ6aWNza3unvLvX1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hweuq3HlFpnsh7M0oxiGlf8ogzaqzk+zcoDPX7+EC8brniVt0ZyF/i5aQCOerd8qffS1gWozRMUK07npuaYEyV4UzgpORnGlPKhrSPHUsljVEH49nNE3JklR6JEmVLGjJTf06Maaz1KA5tZ0zNQC96U/E/r5OZ6DIYc5lmBiWbL4oyQUxCpgGQHlfIjBhZQpni9lbCBlRRZmxMJRuCt/jyX9I8qXrn1dO7s0rtKo+jCAdwCMfgwQXU4Bbq0AAGKTzBC7w6mfPsvDnv89aCk8/swy84H986+5Eq</latexit>

� � 1Only works for

Thanks for listening!

,

<latexit sha1_base64="PE54JhQlMQabpO/BbjWe+ZsYoCI=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRjcsK9gHtUDLpnTY0yQxJRhmGLv0At/oJ7sStH+IX+Bum7Sxs64HA4Zx7uScniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ShRFJo04pHqBEQDZxKahhkOnVgBEQGHdjC+nfrtR1CaRfLBpDH4ggwlCxklxkrtnhaMQ9ovV9yqOwNeJV5OKihHo1/+6Q0imgiQhnKidddzY+NnRBlGOUxKvURDTOiYDKFrqSQCtJ/N4k7wmVUGOIyUfdLgmfp3IyNC61QEdlIQM9LL3lT8z+smJrz2MybjxICk80NhwrGJ8PTveMAUUMNTSwhVzGbFdEQUocY2tHDliejURpiUbDPecg+rpHVR9WrVy/tapX6Td1REJ+gUnSMPXaE6ukMN1EQUjdELekVvzrPz7nw4n/PRgpPvHKMFOF+/r3uYyQ==</latexit>
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