Downloaded by 73.189.64.14 on August 30, 2023 | http://arc.aiaa.org | DOI: 10.2514/1.G007435

JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Local Orbital Elements for the Circular Restricted
Three-Body Problem

Luke T. Peterson*® and Daniel J. Scheeres®
University of Colorado Boulder, Boulder, Colorado 80309

https://doi.org/10.2514/1.G007435

The Keplerian orbital elements make up a set of parameters that uniquely describe a two-body trajectory. Once
perturbations are imposed on two-body dynamics, one often studies the time evolution of the orbital elements. Moving
in complexity beyond two-body perturbations [that is, studying the dynamics in the circular restricted three-body
problem (CR3BP)], the Keplerian orbital elements are no longer well defined in certain regions of phase space,
especially when the gravitational attractions of both the primary and secondary bodies have similar magnitudes, as
occurs in the vicinity of the libration points. In this work, we define a generalization of orbit elements that can be
applied in these regions and others. Specifically, we define a set of semi-analytical action-angle orbital elements that
are defined locally about any bounded special solution in the CR3BP: equilibria, periodic orbits, and quasi-periodic
orbits. Local action-angle orbital elements are defined using action-angle coordinates in the Birkhoff-Gustavson
normal form about the bounded invariant manifold. We include detailed examples around the five equilibria L,_s in

the Earth-Moon CR3BP.

I. Introduction

RBITAL elements help organize a complicated dynamical

environment by splitting it up into its fundamental parts. In
the two-body problem, the Keplerian orbital elements are parameters
that uniquely describe a trajectory: eccentricity, semimajor axis,
inclination, right ascension of the ascending node, argument of
periapsis, and true anomaly (or mean anomaly) [1]. The Keplerian
orbital elements are used to describe the integrals of motion of the
dynamical system [2]. Importantly, in unperturbed two-body dynam-
ics, so-called Keplerian orbits are conic sections: circle, ellipse,
parabola, and hyperbola. Once perturbations are imposed on two-
body dynamics, the Keplerian orbital elements are no longer integrals
of motion, and so one often studies the time evolution of the orbital
elements or a sequence of osculating elements using the Lagrange
planetary equations or Gauss equations [3]. Alternative orbital ele-
ments, such as the canonical Delaunay elements, exist [4]. Under
additional perturbations to two-body dynamics, one may consider
epicyclic orbital elements [5].

Moving in complexity beyond two-body perturbations [i.e., study-
ing the dynamics in the circular restricted three-body problem
(CR3BP)], the Keplerian orbital elements are no longer well defined
in certain regions of phase space, especially when the gravitational
attractions of both the primary and secondary bodies have similar
magnitudes, as occurs in the vicinity of the libration points [6].
Whereas the relative two-body problem is integrable, the CR3BP is
nonintegrable. So, unlike the conic sections of the two-body problem,
the CR3BP has no global analytical solutions. Instead, the CR3BP
emits special solutions: equilibrium points, periodic orbits, quasi-
periodic orbits, and hyperbolic invariant manifolds (i.e., stable and
unstable manifolds) [2]. These solutions inform our understanding of
the dynamics of the CR3BP. Beyond the solutions themselves, the
(linear) stability of the bounded special solutions (equilibria, and
periodic and quasi-periodic orbits), either center or saddle, inform our
understanding of the dynamics in the vicinity of the bounded special
solutions. For example, the linearized dynamics about an equilibrium
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point in the CR3BP are integrable, and the frequencies corresponding
to the center modes can be paired with a shooting method to compute
nearby orbits. However, linear information in the vicinity of bounded
special solutions has limited utility in explicitly and accurately
describing the dynamics in such regions due to the low order of the
expansion [7].

A normal form is a simplified form of the dynamics that is often
used to elucidate the structure of solutions in a particular region of
phase space [8-10]. For example, the linearized dynamics about
an equilibrium point in the CR3BP can be put into a Birkhoff—
Gustavson normal form via diagonalization [8,11]. Whereas the
linear information cannot explicitly describe the dynamics in the
vicinity of bounded special solutions, a higher-order expansion of
the dynamics put into normal form can. Although it is known that
integrals of time-independent Hamiltonian systems, in general (except
H), do not exist [12], Gustavson found that by normalizing to an
infinite order, additional formal integrals can be obtained [13]. In this
so-called “indirect method,” one can apply the Lie series method,
which is a semi-analytical technique, to bring the Hamiltonian into a
Birkhoff—Gustavson normal form such that the integrals are immedi-
ately found [8,13-15]. The Lie series method is a semi-analytical
technique used to construct a normal form, and hence compute
approximate formal integrals while maintaining accuracy [16]. Using
the Lie series method, one can construct a normal form and approxi-
mate formal integrals about any type of bounded special solution
[17-19]. Jorba developed a computer algebra system to compute
normal forms and approximate formal integrals of Hamiltonian
dynamical systems, which is available in the public domain [17];
moreover, the computational methods of the work presented are
based on Jorba’s computer algebra system, with modifications for
the collinear libration points following Ref. [20] and extending these
works to the spatial CR3BP. The primary contributions are the
application and expansion of existing theory to apply the presented
framework to orbit characterization in physical systems modeled
using the CR3BP: in particular, in cislunar space.

An increase in interest of cislunar and translunar space has led to a
need to describe the complex dynamics present in cislunar and
translunar environments [21-26]. Primarily, the lunar Gateway is
planned to launch in 2024 and will enable a variety of robotic and
manned missions to the Moon and beyond [22,24]. In addition, there
are many missions past and present that have targeted or will target
orbits in translunar space [25,26]. For example, missions such as
Artemis (2007) and Genesis transited between L; and L, regions
(Sun—Earth in the case of Genesis) [27-29]. Due to the presence of
strong gravitational attraction from both the Earth and Moon in both
cislunar and translunar space, mission analysts cannot readily rely on
the typical two-body Keplerian orbital elements to describe the
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motion of a spacecraft in these regimes; moreover, using a more
accurate model such as the CR3BP is required. The benefit of the
Keplerian orbital elements is that they explicitly describe the motion
of a spacecraft over all time. However, in the CR3BP, the dynamics
are chaotic and trajectories are not as simply described as in the two-
body setting. In this work, we develop the theory and a computational
tool to describe CR3BP dynamics in cislunar and translunar space
using local action-angle orbital elements, or action-angle elements
for short, based on approximate integrals present near the equilibria
of the CR3BP. For completeness, we extend the work to the remain-
ing equilibria L3 5 in the CR3BP.

The construction of these semi-analytical orbital elements in the
CR3BP relies on a Birkhoff—-Gustavson normal form about a bounded
special solution: in particular, the approximate formal integrals of the
normal form described by Gustavson [13]. Because this procedure is a
local one, the so-called action-angle elements are locally defined.
Action-angle elements rely on centering the coordinate system about
the special solution, and so the treatment of equilibrium points, peri-
odic orbits, and quasi-periodic orbits will be distinct in this initial step.
For simplicity and clarity, we describe the construction about an
equilibrium point. Action-angle elements explicitly and accurately
describe the dynamics in the vicinity of a bounded special solution.
In particular, the construction of action-angle elements defines regions
of integrability in a nonintegrable dynamical system; in other words,
half of the action-angle elements are approximate formal integrals of
motion in the regions described. The other elements are corresponding
angle coordinates (hyperbolic angle in the saddle case). Because the
two-body orbital elements remain widely used in astrodynamics, the
action-angle elements form a semi-analytical analog in the CR3BP and
retain many of the same applications using a higher-fidelity model in
the CR3BP. Furthermore, just as there is a map between Cartesian
coordinates and Keplerian elements, there is a map between Cartesian
coordinates and local action-angle orbital elements. We consider them
to be “orbital elements” because they capture the motion of abody in a
geometric way and are topologically similar to the two-body Delaunay
action-angle variables [4].

Local parametrization of orbits in the CR3BP has been attempted
before [21,30-32], but the tool presented is able to achieve a more
intuitive parametrization to a higher order [33], considers a larger
region than previous attempts, and incorporates bounded and
unbounded special solutions [34]: namely, periodic orbits, quasi-
periodic orbits, and hyperbolic invariant manifolds. In addition, this
parametrization allows us a novel exploitation of the entire saddle
manifold, beyond the typical stable and unstable manifolds, which are
submanifolds of the saddle. We introduce this technique as a set of local
action-angle orbital elements that can be used in a variety of mission
analysis settings: some of which are discussed in the following.

The paper will be organized in the following way. First, we give a
description of the CR3BP as a chaotic Hamiltonian dynamical sys-
tem, including the series expansion of the Hamiltonian. Next, we
construct the local action-angle orbital elements step by step (includ-
ing discussions on a local Anosov splitting [35], the Birkhoff-
Gustavson normal form, and action-angle coordinates for the center
and saddle manifolds), and finally the action-angle elements them-
selves. We include an error analysis using several error metrics, includ-
ing the radius of convergence, comparison to numerical integration,
and isoenergetic level sets. We include detailed examples around the
five equilibria L,_s in the Earth-Moon CR3BP divided into two groups
based on their stability: the triangular points L, 5, and the collinear
points L;_3. In these sections, we describe the subtle differences in the
action-angle elements, and we include several computations to show
how action-angle elements explicitly describe the dynamics of the
CR3BP in these regions. Additionally, we give explicit descriptions
of particular mission applications for Genesis and Artemis-P1. Finally,
we consider the implications of the work presented.

II. Dynamical Model: The Circular Restricted
Three-Body Problem

In this work, we construct local canonical coordinates directly
related to the trajectories in the CR3BP. To do this, we employ

techniques from normal form theory that necessitate writing the
Hamiltonian function of the system as

H=YH,

n>2

where H,, is a homogeneous polynomial of degree . In this section,
we describe the process of expanding the Hamiltonian of the CR3BP
as an infinite series, as well as recentering the system about an
equilibrium point. We also include a brief discussion on the dimen-
sions of special solutions and how recentering the system depends on
this discrepancy between types of bounded special solutions.

The CR3BP is a dynamical system in which we consider the
motion of an infinitesimal particle under the gravitational forces of
two massive primaries (modeled as point masses): in this case, the
Earth and the Moon. We neglect the gravitational attraction of the
infinitesimal particle on the primaries, and we assume the primaries
are in a circular orbit about their mutual barycenter. The CR3BP is
widely used in astrodynamics, and it can be used to study the motion
of an asteroid under the attraction of Jupiter and the Sun or the motion
of an artificial satellite in the Earth—Moon system, among many other
systems [11].

‘We normalize the system by taking units of mass, length, and time
such that the sum of masses of the primaries, the gravitational
constant, and the period of the motion of the primaries is 1, 1, and
27, respectively [11]. We take y to be the normalized mass of the
smaller primary, and 1 — p is the normalized mass of the larger
primary body so that u € (0, 1/2]. We take the usual synodic refer-
ence frame: the origin is the mutual barycenter of the primaries, the
x axis is the line connecting the larger primary to the smaller primary,
the z axis is in the direction of the angular momentum of the
primaries, and the y axis completes the right-handed frame. Because
motion takes place in this synodic frame, this system is autonomous
by construction; i.e., it does not depend on time. Hence, defining
momenta as p, = X —y, p, =y + x, and p, = Z, the equations of
motion can be written in Hamiltonian form, with the Hamiltonian
function given by [36]

1

H==(p2+ p}+p?) +yp.—xp, —

== Low_w
2

r ry

ey

where r is the distance from the larger primary, and r, is the distance
from the smaller primary. In summary, the CR3BP is an autonomous
Hamiltonian system that can be used to model the motion of an
artificial satellite in the Earth—-Moon system.

Unlike the two-body problem (2BP), the CR3BP is not an inte-
grable dynamical system; it is not generically solvable. Although
the solutions of the 2BP are conic sections [1], there is no global
integrable solution of the CR3BP, and trajectories can exhibit
chaotic behavior [1,2]; however, special solutions exist: equilibria,
periodic and quasi-periodic orbits, as well as hyperbolic invariant
manifolds. Figure 1 shows the five equilibrium points in the Earth—
Moon CR3BP. L;_; are called the collinear equilibria, and L, 5 are
called the triangular equilibria. We compute the location of the
triangular equilibria explicitly and the collinear points from the
Euler quintic equation [36], given by distance y; for j =1,2,3.
There exist periodic and quasi-periodic orbits emanating from these
equilibria. Associated to unstable bounded special solutions, there
are hyperbolic invariant manifolds. In this work, we show how the
action-angle elements exploit the whole saddle manifold rather than
the usual submanifolds of the saddle, i.e., the stable and unstable
manifolds.

Local action-angle orbital elements are defined locally about any
bounded special solution in the CR3BP: equilibria, periodic orbits,
and quasi-periodic orbits. To define this set of local coordinates, we
must center our coordinates about the particular special solution. We
treat the cases of the collinear equilibria and triangular equilibria
separately to avoid abundant notation.
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Fig. 1 The five equilibrium points of the Earth—-Moon CR3BP.

A. Recentering About Equilibria

In the case of the triangular equilibria L, s, the Hamiltonian of the
CR3BP centered at the equilibria is given by [17]

| 1
H=§(p§+p§+17§) + ypx — xpy + (E—M)x
V3 1-
+ oy -—t-L @)
r ]

where r; and r, are defined as shown earlier in this paper, “+” is
taken for L4, and “—" is taken for Ls. Because the linear stability of
the coordinate origin affects the forms of the action-angle elements,
the mass ratio is taken below the Routh critical value (4 < up =
0.0385) so that the origin is linearly stable [1].

In the case of the collinear equilibria, this is the result of the
following translation and scaling:

X=Fyx+u+a Y=7Fyy Z=yz 3

where the upper sign corresponds to L;,, the lower one to Lj,
a=-1+y;forL;,a=—-1-y,for L,, and a = y; for L;. In the
case of periodic or quasi-periodic orbits, this translation is more
nuanced and forces the system to be nonautonomous [37], i.e., time
dependent. This case is worthy of deeper exploration and will be
the topic of future work.

B. Series Expansion of Hamiltonian

Next, in order to perform the necessary Lie transformations to put
the Hamiltonian function into its Birkhoff—Gustavson normal form at
a particular order, we must write

H=YH,

n>2

where H,, is a homogeneous polynomial of degree n. The only terms
of H not already in this form are the dipole terms: 1 — u/r; and p/r,.
We use the following dipole expansion to expand these terms:

1
VE=A?+ (=B + -0
_ 1P\, (Ax+By+Cz
SR o

where D> = A2+ B>+ C2, p> =x*+y>+ 7% and P, is the
Legendre polynomial of degree n. Using the preceding expansion,

we obtain the original Hamiltonian now recentered about an equilib-
rium point and written as an infinite series:

—_

X
H =2 (P} + )+ p2) +yp: = xpy = ) _calwp"Py (;) )
n>2

where ¢, (y) are real coefficients depending on y and y; given by
Jorba and Masdemont [11].

III. Local Action-Angle Orbital Elements

The main contribution of this work is the construction of local
action-angle orbital elements in the CR3BP. In this section, we
construct the action-angle elements by using an equilibrium point
as the center of our coordinate system for clarity. We begin with the
preliminaries for Birkhoff—Gustavson normal form construction: that
is, linearization, diagonalization, and complexification. We then
discuss in brief the Lie series method, citing relevant references for
further investigation by the interested reader. Next, we describe the
final coordinate transformation to send normal form coordinates into
action-angle elements. In light of the main contribution of this work,
we provide a high-level overview of the method for clarity of future
implementation. Finally, we include remarks about extending this
procedure to higher-dimensional bounded special solutions.

A. Preliminaries

In the previous section, we described the initial recentering of the
coordinate system about an equilibrium point. To construct a higher-
order Birkhoff-Gustavson normal form about an equilibrium point,
we first put the linear terms into their complex diagonal form. This
procedure explicitly shows the integrability of the linear dynamics,
and consequently illustrates the linear stability. Furthermore, this
form makes the normal form computation more efficient [17].

First, we linearize the dynamics by taking only the second-order
terms in the series expansion of Egs. (1) and (2). Next, one can
construct a real linear symplectic change of variables such that the
Hamiltonian [either Egs. (1) or (2)] is reduced to its (real) normal
form [17]. This computation for both the collinear and triangular
equilibria can be found in the literature: most notably in the appen-
dices of [17]. In this way, we put the quadratic terms (which corre-
spond to the linear dynamics) into real normal form:

In) :
Hy™ = daps + 507+ p)) + 5@+ pd) ©

[0] [0 [0}
Hy" = 71()62 +pd) + 72(y2 +p) + 73 @+pH O

where the equations correspond to the collinear and triangular points,
respectively; and the coefficients 4, w; € R for j = 1,2, 3 are con-
stant coefficients depending on the equilibrium point of interest L_s
and the mass parameter u. We see that H, differs, depending on the
linear stability.

Throughout this work, we use the complex normal form for H,
because it is convenient for constructing the normal form, as we will
see later. This complexifying change is dependent on the linear
stability of the equilibrium point. We need only complexify the center
parts of the real linear normal form because the saddle term is already
in the appropriate form. The complexification of the center terms is
given by

_ i tip _ g+ p

2 T

where (x, p,) can be replaced with (y, p,) or (z, p.), depending on the
application, so long as the right-hand side is changed to (g,, p») or
(g3, p3), respectively. In this way, Eqgs. (1) and (2) have been reduced
to their linear complex normal forms, respectively:

®

X

H5™ = q,p\ + io\qapy + i02q3p3 )
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H%H = iwlqlpl —+ iw2q2p2 + iws‘hl’a (10

where 4, w; € R for j = 1,2, 3 are all positive real numbers.
Now, we could define the action-angle variables: I; = g;p; and
0% = arctan(p;/q;) or

0; =In —ﬁ
VPi

for j = 1,2, 3, where 65 and @} correspond to the center and saddle,
respectively. One can check that /; are integrals of the linear normal
form H,, and 0; are the symplectic conjugate variables, i.e., variables
such that (¢, p) — (I, 0) is symplectic; see the Appendix for more on
the hyperbolic action-angle variables. Hence, the linear normal form
is integrable with integrals of motion corresponding directly to the
center and saddle manifolds. In these action-angle variables, the
equations of motion become constant actions and linear angles.
The goal of this work is to include higher-order terms in the Hamil-
tonian while maintaining integrability of the dynamics. As such, we
will construct a higher-order Birkhoff—Gustavson normal form that
preserves the linear integrals so that they become approximate formal
integrals of the series expansion. When we compute the higher-order
normal form, we will use the preceding action-angle coordinate
transformations after computing the normal form rather than after
the linearization, as noted earlier in this paper.

In the earlier part of this paper, the linear dynamics have been split
into their center and saddle directions via composition of canonical
maps: position momenta, diagonalization (from the appendices of
Ref. [17]), and complexification. Because canonical transformations
are diffeomorphisms, we have made a diffeomorphism of the con-
figuration manifold R® and its tangent space to itself with clearly
marked directions of expansion (i.e., unstable manifold), contraction
(i.e., stable manifold), and nonexpanding and noncontracting. In
mathematics, such a transformation is referred to as a local Anosov
splitting of the phase space at each equilibrium point in the system.
Describing the flow of the CR3BP as a local Anosov flow near
bounded special solutions (i.e., equilibria in the paper presented)
greatly clarifies the dynamics. In the following section, we will
show how to expand the region of validity for the local Anosov
approximation.

B. Lie Series Method

Next, we will give a brief description of the Birkhoff—-Gustavson
normal form. Because the primary contribution is not the computa-
tion of the normal form, we will refer the reader to fundamental
works, such as that by Jorba [17], where appropriate. We will then
describe step by step the construction of local action-angle orbital
elements so that the procedure and implementation are as clear as
possible. We must also include discussion on the differences in
action-angle element constructions for each stability type, e.g., center
and saddle. We refer to the Appendix for more details on hyperbolic
action-angle coordinates, which are the action-angle elements corre-
sponding to the saddle.

We now give a high-level overview of the Lie series method
because it is used to compute a Birkhoff-Gustavson normal form
about the equilibria in the CR3BP. For more on this technique, see
often to simplify the form of the dynamics canonically while main-
taining accuracy. The Lie series method relies on the Lie transform,
which is the flow for # = 1 along a vector field defined by a generat-
ing function. This procedure relies on the following two facts. First, if
®,(q, p) is a time ¢ flow of a Hamiltonian system, then (Q, P) =
®,(g, p) is acanonical transformation. Second, the time derivative of
any smooth function F (g, p) in a Hamiltonian system governed by
Hamiltonian function G(g, p) is the Poisson bracket of F with G:

d
ZF=I{F
7 {F.G}

where { F, G} is the Poisson bracket of functions defined by

" (0F 0G OF oG
-3 ( 0ok )
_; 9q;0p; 0p;oq;

Note that if F is a polynomial of degree r and G is a polynomial of
order s, then the Poisson bracket {F, G} is a polynomial of degree
r+s—2.

Now, let F(t) = H o ®,(q, p), where ®,(g, p) is the time 7 flow of
a Hamiltonian system G(q, p), and H is the Hamiltonian of the
CR3BP centered at an equilibrium point given in Eq. (5). Performing
a Taylor series expansion of F about t = 0 gives

F(t) = F(0) + F'(0)t + %F”(O)tz + - +%F"’>(0)t" + -

an
Evaluating the preceding expansion at t = 1 gives
1
F(1)=Ho ®(q,p) = H+ {H,G} +5{{H,G},G} + -
1
LG (H) + - (12)

where L{;(H) is the nth Lie derivative of H generated by G, i.e., the

n-fold nested Poisson bracket. We denote this expression as H=F (1).
In short, what we have done is define a canonical transformation by
defining a new vector field (generated by G) on the phase space and
flowing along for t = 1. The function of G generating this new vector
field is freely chosen for each application.

The Lie series method also provides a direct change of variables,
following a similar form to Eq. (12):

A 1 1
q; =q; +14;. G} +§{{¢1/‘7Gk}, G+ +;Lgk(q]') + -
(13)

N 1 1
Pj=p;+ip; Gt +5Upj G G + - LG, (py) + -
(14

for j =1,2,3and k = 3, ..., N. The inverse transformation using
the Lie series method is geometrically intuitive. We obtain the direct
transformation by flowing along the vector field generated by G for a
time of # = 1. to obtain the inverse transformation, we flow along the
vector field generated by —G for a time of + = 1 (or, equivalently,
flow along the vector field generated by G for atime of t = —1). That
is, the inverse transformation is given by the preceding expressions
by replacing G, with —G,.

Because we seek to construct a higher-order Birkhoff-Gustavson
normal form, we will choose G at each order such that H preserves the
integrability of H,. To do this, it suffices to choose G so that we
eliminate all terms at each order. Intuitively, the integrable H,
remains unchanged by each transformation, and we obtain a
higher-order normal form through a composition of transformations.
We will show in the following why this cannot happen in this case, as
well as how we are able to work around this problem.

First, we consider eliminating third-order terms. By Eq. (12), the
third-order terms in the transformation are

Hy = Hy + {H,,G3} (15)

where H, and H; are known [given in Eq. (9)], H 3 = 0 because we
seek to eliminate third-order terms in the transformed Hamiltonian, and
we solve this homological equation for G3;. We can do this explicitly:

_hk k ko k
#q ap*r (16)
> e

1
Ik, |1k, =3 &

Gs(q,p) =
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where we use the multi-indices k, and k,, and w is the linear frequency
vector corresponding to the equilibrium point. Performing this trans-
formation (i.e., moving along the flow generated by G5 for unit time)
gives the following transformed Hamiltonian:

H=H,+0+H,+Hs+ --- amn

Now, if we take the fourth-order terms and attempt the same pro-
cedure, we obtain

Gig.p)= Y. .—quqpkff (18)

ilk, —
kgl +1k, =4 { P

Because |k,| + |k,| = 4, or an even number, this generating func-
tion cannot exist because the denominator is zero when k, = k,,. So, on

the one hand, we must keep those terms in H 4, and so on, for all even
terms. On the other hand, we are always able to eliminate all odd-
ordered terms.

Performing this procedure up to some order N, we obtain a
simplified Hamiltonian of the form

H = H, + Hy(q1p1.92P2.9313) + Ry(q. p) (19)

where A  includes terms of order N and all even orders (except two)
less than or equal to N, and where R is the remainder term, i.e., terms
of order greater than N. Note that H, and H  are functions of three
variables, g;p; for j = 1,2, 3. As in the linear normal form, defining
I; = q;p; yields three integrals of motion (in the complex variables).
We transform the complex variables into real variables (¢, p) using
the inverse of Eq. (8) to obtain the real Hamiltonian:

N A 1 1
H=H, + HN(‘IIPhE(‘I% + p%),i(qi + P%)) + Ry(q, p)
(20)

where we follow the preceding notation in the complex normal form.
Observe that the forms of the integrals may change but that Hy
remains a function of only the integrals. In this way, we say that H

is integrable up to order N. The Hamiltonian function Hin Eq. (20)is
called the real Birkhoff-Gustavson normal form of order N.

C. Local Action-Angle Orbital Elements

Once the real Birkhoff-Gustavson normal form is computed up to
order N, we define action-angle variables as in a previous discussion,
depending on the linear stability of the equilibrium point. The center
and saddle integrals and conjugate angles are defined by

1
I, = E(q2 + p?). 6, = arctan(p/q) @n

Vi
L=qp. 0,=0Y2 22)
1 JP

respectively. For I, > ¢, the action-angle elements are given by
action-angle variables corresponding to the linear stability. We con-
sider the cases of triangular and collinear equilibria separately, and
we consider the case of I; > & for sufficiently small € > 0 (see the
Appendix for I < ).

For the triangular equilibria, assuming a mass parameter of u <
pug ~0.0385 (where up is Routh’s critical value [1]), the linear
stability is center X center X center. Hence, the action-angle elements
in these regions are given by (I, 0,, I, 0,, I3, 03), where (I;) for
Jj = 1,2, 3 are computed using (I, 6,.), respectively, using the order
N normal form coordinates, ¢; and p;.

For the collinear equilibria, the linear stability is saddle X center X
center. Hence, for I > &, the action-angle elements in these regions
are given by (I, 8, I, 0,, I3, 65), where (I, 8,) are computed using

Iy, 6), and (I}, 0;) for j = 2,3 are computed using (I, 6,.) from
earlier in this paper by using the order N normal form coordinates, ¢
and p;. Now, the case of I < ¢ is discussed in greater detail in the
Appendix. In short, for sufficiently small /;, we neglect the action-
angle transformation and retain the standard normal form coordinates
(q1, pp) corresponding to the saddle.

Ultimately, by composing the coordinate transformations above,
we have obtained a sequence of coordinate transformations that can
be succinctly represented as

(9,2, %,9,2) = (11,01, 15,05, 13,03) (23)

defined in the regions around each equilibrium point in the CR3BP.
Note that, because scaling does not preserve volume, the preceding
transformation is not canonical, although it is canonical once
scaled and recentered about the equilibrium point. Furthermore,
note that the inverse transformation taking action-angle elements to
Cartesian coordinates also exists within the region. Because the Lie
series method is ultimately a composition of asymptotic series
expansions, it is a divergent procedure [39]; therefore, there will
be an optimal finite order to take the Birkhoff-Gustavson nor-
mal form.

D. High-Level Overview

The purpose of this paper is to introduce semi-analytical orbital
elements for multibody systems. For this purpose, we include here a
high-level overview of the computational procedure for application
of action-angle elements about an equilibrium point, leaving the
application periodically perturbed systems as a topic for future work.
Note that each step varies in degree of difficulty, in implementation as
well as computational time:

1) Transform (x, y, z, X, y,2) = (X, Py, ¥ Py, 2, P2)-

2) Scale and recenter about equilibrium point of interest.

3) Diagonalize using a linear symplectic change of variables.

4) Complexify center terms.

5) Perform successive Lie transformations and realify variables.

6) Perform action-angle coordinate transformations, depending on
the linear stability of the equilibrium point.

IV. Error Analysis

The methods applied in this work are semi-analytical normal form
techniques dealing with series truncation and successive coordinate
transformations, and so some error analysis is warranted. The accept-
able level of error is dependent on the application: a computer-
assisted proof would require greater precision than a simple heuristic
survey of regional dynamics in the CR3BP. In this section, we discuss
in brief several metrics for error analysis: radius of convergence,
comparison with numerical integration over time, and divergence in
energy level sets. We show that radius of convergence is the most
strict error metric of the three, whereas comparison via numerical
integration is useful for individual trajectories and divergence in
energy level sets exploits the reduced dimension of the integral space
to determine maximal bounds of validity. We begin with some
definitions.

Following Jorbaetal. [17,37], in order to have an idea of the radius
of convergence of the series in Birkhoff-Gustavson normal form, we
have computed the values

ro= YTHTL. where [H,l, = Yl 3sn <N 4)

|k|=n

with &, as the coefficient of the monomial of exponent k. Using the
root test given earlier in this paper, we take 1/r normalized such that
if 1/r = 1, the radius of convergence is precisely the distance from
the libration point to the nearest singularity (Moon for L », and Earth
for Ls). Figure 2 shows the normalized ratio and root tests up to order
32 for L;_3. Note the tradeoff in convergence the radius and order of
approximation.
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Radius of Convergence - Earth-Moon R3BP
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Fig.2 Normalized radius of convergence for the collinear equilibria.

Although the radius of convergence is a useful tool for pure
mathematical applications, this method generally underestimates
the region of approximation for astrodynamics applications using a
high-order expansion. Conversely, although the radius of conver-
gence may be very high for a low-order expansion, it is not neces-
sarily accurate out to its radius of convergence. In other words, as the
order of the series expansion increases, the radius of convergences
decreases, although we may expect the series to increase in accuracy
as more terms are included. So, we consider additional metrics,
focusing on the L, point for the remainder of the analysis.

The simplest such metric is a direct comparison between normal
form integration and numerical integration (via the Runge—Kutta
method) of the exact differential equations. We compare the integra-
tion over several amplitudes for a fixed time step. We take initial
conditions I, = Ay and /; 3 = 0 with initial phases 6, 3 = 0 for
t = 0, save the corresponding solution at 7, = 0.01, and transform
both points to synodical coordinates to obtain two points: vy and v.
Then, we integrate via the Runge—Kutta method in the CR3BP from
vo until 7, and we denote this point v} Table 1 gives the difference of
lv; = v} l,- Note that the local error of the numerical integration is of
the order of 107'°, and the normal form (and the corresponding
changes of variables) has been computed up to degree 32.

We can also use numerical integration to compare the dynamical
effect on a single trajectory over time. We consider a planar Lyapunov
orbit about L, with I, = 0.5 and I, 3 = 0. Starting from 6, = 0,
we integrate for 10 nondimensional time units (approximately
43.4 days). Figure 3 shows the trajectories computed using the
normal form and Runge—Kutta integration, with the difference shown
in log scale in the following. For Figs. 3-5, we denote by NF the
normal form integration, and by RTBP the Runge—Kutta integration
of the restricted three-body problem equations of motion. Note that
the error grows over time and diverges after several periods. Consid-
ering the transformation of the CR3BP numerically integrated tra-
jectory into action-angle elements, we observe that the instability of

Tablel Differencesbetweena
normal form prediction and a
numerical integration about L;

Ao v - U(l)”z

0.00001 2.985839760499337¢e-08
0.00002  8.445820541952098e-06
0.00004 1.193880187497116e-05
0.00008 1.687316131245734e-05
0.00016 2.384034784180320e-05
0.00032  3.367097716230715e-05

Integration Comparison
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Fig. 3 Comparing numerical integration and normal form integration
at order 32 about L.

the trajectory is captured by the unstable manifold component; see
Figs. 4 and 5.

One can additionally compare the action-angle elements of a
numerically computed (for example, via shooting method) periodic
orbit. In the following, we include two cases of this. The first case is a
planar Lyapunov periodic orbit. Because this is within our approxi-
mation region, we expect the action-angle elements to have an
approximately zero saddle integral, a constant planar integral, and
a linearly changing planar angle. We observe this in Fig. 6. In the
second case, we consider a northern halo orbit, shown in Fig. 7;
notably, this orbit falls outside of our approximation region because
we have killed the resonant terms of the Hamiltonian expansion that
account for the bifurcation that gives rise to the halo orbit family [40].
Hence, there is uncertainty as to the action-angle element represen-
tation for this orbit. Figure 7 shows the action-angle elements over
one orbit period. The saddle integral remains bounded below 1077,
with no sign of stable/unstable drift; the planar and vertical integrals,
I, and I, vary on the order of 1073 in a symmetric way; the planar and
vertical angles, 6, and 05, are approximately linear in time. This
example indicates there are trajectories theoretically not accounted
for by the Hamiltonian expansion, approximation, and truncation;
but they maintain a local action-angle orbital element representation,
albeit at a lower precision. Figures 4 and 8 are reminiscent of the
semimajor axis and mean motion of two-body Keplerian orbits over
time under additional perturbations.

The downside of comparing via integration is that it does not give a
radial estimate defining a region of approximation to use. As a
preliminary measure, to understand this region for bounded orbits,
one can compute isoenergetic level sets of H to see where divergence
begins to occur, as shown in Fig. 9. The lobes are due to the series
truncation and form the boundary; as the order of the series increases,
the lobes shrink to the origin, as seen in figures 5.12 and 5.13 in the
work of Giorgilli [39]; however, approximately linear behavior can
be considered useful, depending on the application. For example, the
h = 0.7 level set could be used in the region of ||I|| < 0.25 (i.e., the
ball with a radius of 0.25 in the I, — I3 plane) because this avoids
the disconnected lobes formed near the edges. Moreover, as Fig. 9
illustrates, in the lower-dimensional integral space, we can identify
points in the I, — I3 plane with periodic and quasi-periodic orbits.
Although not a rigorous result, this method uses a major benefit of the
Birkhoff-Gustavson normal form: visualizing the six-dimensional
phase space in the two- or three-dimensional integral space.

Furthermore, extending Fig. 9 to include a nonzero saddle integral
shows the isoenergetic level surfaces in the full three-dimensional
integral space. Here, points correspond to saddle surfaces emanating
off of quasi-periodic orbits. Because these are generically volumes in
the configuration space, we show in Fig. 10 an example of a saddle
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Fig. 6 Local action-angle orbital elements for a numerically computed L, planar Lyapunov orbit.

trajectory corresponding to a point in the integral space, imposing the
condition that§; = Ofor j = 2, 3, thus picking out a single trajectory.
Note that the trajectory is unbounded, although it comes close to
the Lissajous orbit, because we have chosen the saddle integral to
be small.

Although analyzing the error of this approach is necessary, the
coordinate transformations between synodical coordinates and
action-angle elements exist and can be used interchangeably to
identify arbitrary points in the phase space with their bounded orbit
and saddle trajectory counterparts.
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Northern Halo Orbit

0.02

-0.02

-0.04

Fig.7 Numerically computed Northern halo orbit about L.

Note that the expansion order presented is neither necessarily nor
likely the optimal order of expansion. Depending on the application,
the optimal order may be lowered; moreover, because lower-order
transformations can be recovered from any higher-order computa-
tion, the high order presented is used to show the computational
capabilities of the method.

V. Application to Triangular Equilibria

In this and the following section, we include numerical examples
of local action-angle orbital elements computed in the vicinity of the
five equilibria in the Earth—-Moon CR3BP. In this section, we discuss
the triangular equilibria, L, and L5, which have linear stability of
the following type: center X center X center. This means that in the
vicinity of the equilibria, there is a six-dimensional center manifold.
In a previous section, we described the construction of action-angle
elements for this stability case; here, we study two- and three-
dimensional quasi-periodic invariant tori in these regions.

Figure 11 shows an example computation illustrating a two-
dimensional planar quasi-periodic orbit about L. For this trajectory,
the values of integrals /; and I, are fixed at the same nonzero value of
I, =1, =10"* and I5 = 0, and so there is no out-of-plane oscil-
lation. The initial angles are set to zero, and the trajectory is integrated
numerically using the Birkhoff-Gustavson normal form. Note that
the angle trajectory jumps back to 6; = 0 whenever it crosses
0; = 2r. This figure was used to verify the numerical procedure with

Energy Level Sets of H about EM L,
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086 .01 y [
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Fig.9 Iso-energetic level sets of H about L; with sample quasi-periodic
invariant tori.

the results of Jorba [17]. The left-side image shows the trajectory in
the configuration space, and the right-side image shows the trajectory
in action-angle elements space: in other words, the angle space

-3
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Fig. 8 Local action-angle orbital elements for a numerically computed L; Northern halo orbit.
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Energy Level Surfaces of H about EM L,

Corresponding Saddle Trajectory
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Fig. 10 Iso-energetic level surfaces of H about L.

(because the actions remain constant). We see that the figure on the
right exhibits linear motion, which is far simpler than the trajectory in
the figure on the left.

Using the local action-angle orbital elements, the integrals
(actions) split the phase space into its fundamental modes of motion.
In the case of L,_s, there are three center integrals. These integrals,
along with their symplectic conjugate angle coordinates, can be used
to better understand high-dimensional dynamical solutions of the
system. For example, three-dimensional quasi-periodic invariant tori
exist in several regions of the Earth-Moon system; however, these
orbits have long been difficult to visualize because they fill an entire
volume in the configuration space. Figure 12 shows an example
computation of a three-dimensional spatial quasi-periodic orbit
about L. Similar to the setup of Fig. 11, we numerically integrate
via Birkhoff-Gustavson normal form the elements /; = 10~* for
Jj =1,2,3, and the initial angles are all set to zero. The resulting

0.92

09r
0.88
“\ 0.86 1
0.84 1

0.82

trajectory appears as a bounded chaotic mess in the configuration
space (left). Yet, in the angle space, the trajectory is simply linear
(right). Hence, the local action-angle orbital elements can be used to
simplify high-dimensional dynamical solutions of the system.

VI. Application to Collinear Equilibria

Similar to the previous section, we include numerical examples
about the collinear equilibria L;_3, which all have linear stability of
saddle X center X center. This means that there is a four-dimensional
center manifold and a two-dimensional saddle manifold. The saddle
manifold can be parametrized by the combination of the stable and
unstable manifolds. In a previous section, we constructed action-
angle elements for this stability case and described the modifications
from the triangular equilibria for this construction. We use these
elements to study the dynamics near L;_3.

First, we can validate this numerical procedure by computing
invariant objects about each of the collinear equilibria. In particular,
Fig. 13 shows a section of the family of planar Lyapunov periodic
orbits about L. These orbits are computed by generating a list of
actions of I, € [0, 0.05] and for each action generating a list of points
along the orbit of 6, € [0, 27). We compute out approximately to the
boundary of our valid region of approximation.

Next, Fig. 14 shows the stable and unstable manifolds of a planar
Lyapunov periodic orbit about L. These manifolds are numerically
integrated using the full dynamics of the CR3BP with a Runge—Kutta
method, stopping once the x value reaches the Earth or the Moon, and
the manifolds are seeded by perturbing each point of the periodic
orbit along the stable or unstable manifold. This is a familiar pro-
cedure because we often perturb along the stable or unstable eigen-
vector; however, using action-angle elements, we have higher-order
approximations for the stable and unstable manifolds, and the per-
turbation is built into the coordinates (g, p;) corresponding to the
unstable and stable manifolds, respectively. For example, fix I, = I
and let 6, € [0,2x). Along the periodic orbit, the remaining coor-
dinates (1, 0, 15,65) or (¢, p1, I3, 03) are all zero. To seed the stable
and unstable manifold points then, we simply set p; or ¢; to some
& > 0 along each point on the periodic orbit (parametrized by 6,).

A persistent problem in preliminary mission design, especially
with orbits as abundant as quasi-periodic orbits, includes categori-
zation and classification. In particular, two-dimensional (2-D) quasi-
periodic orbits in the CR3BP lie in two-parameter families. The
increase in dimension from periodic orbits to quasi-periodic orbits
makes the latter more challenging to catalog as compared to the
former. On one hand, to catalog spatial periodic orbits, one needs
only seven pieces of data: a six-dimensional initial state in Cartesian
coordinates, and a period (or Jacobi constant). On the other hand, to

2r

3nl2

0.42 0.44 0.46 0.48 0.5 0.52 0.54

Z |-

0 72 m
6, [rad]

Fig. 11 Two-dimensional planar quasi-periodic orbit about Earth-Moon L.
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Fig. 12 Three-dimensional quasi-periodic orbit about Earth-Moon L,.
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Fig. 13 Family of EM L; planar Lyapunov orbits computed via
Birkhoff-Gustavson normal form.

¢ L
I Moon
Earth

Stable
Unstable

0.3F

Fig. 14 Stable/unstable manifolds of a periodic orbit seeded via
Birkhoff-Gustavson normal form.

catalog quasi-periodic orbits, the information required is dependent
on the method used to compute invariant tori, and more data are
required, regardless of the method. For instance, to catalog a 2-D
quasi-periodic orbit computed by using a flow map method such as
the one developed by Gomez and Mondelo, later modified by Olikara

and Scheeres [41], the following data are required: multiple six-
dimensional states along an invariant curve (often, multiple curves
along the orbit, the stroboscopic time, and the rotation number).

The use of local action-angle orbital elements can be a comple-
mentary method of cataloging quasi-periodic orbits because they
give a local parametrization of families of orbits within a given
region. Using action-angle elements, a mission design engineer is
able to classify orbits quickly and with ease due to the simple form of
the series expansion. Figure 15 shows a sample of L, Lissajous orbits
with varying planar oscillation of I, € [0,0.2] and fixed vertical
oscillation of /3 = 0.1. Note that one can understand Fig. 15 via
the isoenergetic level sets in Fig. 9: we fix I; = 0.1 and move along
the 7, axis to generate Lissajous tori. Furthermore, by using action-
angle elements, we exploit coordinates split into their fundamental
dynamical modes to a high degree in order to classify the two-
parameter family of L, quasi-periodic Lissajous orbits.

Although Figs. 13—15 are more familiar images, albeit computed
by different means, they show either the fixed bounded invariant
objects (periodic and quasi-periodic orbits) or hyperbolic invariant
manifolds (stable and unstable manifolds) of a particular orbit. Now,
there is a higher-dimension version of the hyperbolic invariant mani-
folds, namely, the saddle manifold. Whereas the stable and unstable
manifolds add one dimension to that of their bounded orbit counter-
parts (e.g., periodic orbit or quasi-periodic orbit), the saddle manifold

L, Lissajous Orbits - Variable I», Fixed I3 = 0.1

L=0
. > = 0.005
> =0.01
L = 0.025
I, =0.05
I, =0.075
L=0.1
I, =0.125
L =0.15
I, =0.175
L =02

0.05

-0.05

0.1

0
y [-]

-0.1 117

Fig.15 Collection of Earth—-Moon L, Lissajous quasi-periodic orbits at
a fixed vertical action.
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adds two dimensions, with the stable and unstable manifolds locally
spanning the saddle manifold. One of the contributions of local
action-angle orbital elements is giving dynamically meaningful coor-
dinates to arbitrary points in phase space near a bounded special
solution. In this work, these regions are limited to the vicinity of the
equilibria; even so, we gain insight into the dynamics of the Earth—
Moon system and transitions between regions.

Every point that passes through an appreciable neighborhood of
any bounded special solution in the CR3BP can be represented in its
fundamental dynamical modes. For example, using action-angle
elements, we can study the saddle manifold locally in the following
way. The saddle manifold is locally diffeomorphic to the ¢; — p;
plane, with the stable and unstable manifolds on the p; and ¢, axes,
respectively. Trajectories that do not lie on these axes are repre-
sented using the saddle integral /, and the symplectic conjugate
angle 6;, where 6, € (—o0, ) and 0; = 0 represent the points of
closest approach. The quadrant is determined by the imaginary
offset of 6, see the Appendix for more details. If this offset is an
integer multiple of 7z, then the point is in either the first or third
quadrant of the saddle manifold. In these quadrants, if §; = 0, then
the point in phase space is crossing the so-called “transition
state” [42].

In Fig. 16, we see an example of the transition state described
earlier in this paper. Fixing a periodic Lyapunov orbit about L, (i.e.,
fixing I, = 1.0) and fixing a point along the orbit (i.e., fixing
0, = 0), we generate four sample trajectories, with one in each
quadrant of the local saddle manifold, by fixing /; = 0.125 and
initializing 6; = 0 with an imaginary offset for quadrants II-IV.
The blue and the orange trajectories, which pass through the tran-
sition state clearly in the right-hand-side figure, move from the Earth
(Moon) side to the Moon (Earth) side, respectively. On the other
hand, the trajectories in the other quadrants (purple and green) do not
cross the transition state, and hence remain on the Earth and Moon
sides, respectively. Because the CR3BP is a chaotic dynamical
system, we expect points in phase space to move in and out of
neighborhoods about the equilibria over time, possibly passing
through multiple regions. Hence, a trajectory will have different
representations while in distinct regions; but using the notion of the
transition state, we can recover information about where an
unbounded trajectory came from and where it is going.
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e 4
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= or + }
R e S
-0.05 -
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Fig. 17 Local action-angle orbital element corresponding tori near
Earth-Moon L, and L,.

Figure 17 shows a point near the L; region that moves into the L,
region, showing both action-angle element and the corresponding
Lissajous orbits. This trajectory is generated by an initial quasi-
periodic invariant torus near L, at a sufficiently high energy level,
perturbing along the unstable manifold and numerically integrating
until the trajectory becomes sufficiently close to L,. Stopping the
integration, we transform to action-angle elements about L, to deter-
mine the corresponding L, Lissajous invariant torus. Note that if the
corresponding saddle integral /; about L, were approximately zero,
then the trajectory would have to lie on the stable manifold of some
L, Lissajous orbit. This approach was used in Ref. [43]. Moreover,
this trajectory lies locally on the L; saddle manifold of the L,
Lissajous orbit, which is highlighted on the left, with the black
diamond indicating the point along the orbit with the saddle compo-
nents set to zero. Similarly, this trajectory also lies locally on the L,
saddle manifold of the L, Lissajous orbit, highlighted on the right at a
later time, with the black diamond indicating the corresponding point
as well. Due to this, the local action-angle orbital elements are not
necessarily unique across the larger phase space, even though they
can be computed locally.
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0.65 0.7 0.75 0.8 0.85 0.9 0.95

z [
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1

Fig. 16 Quadrants on the saddle manifold in the Earth-Moon L vicinity.
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VII. Mission Applications
A. Generalizing to the Saddle Manifold

The local action-angle orbital elements allow us to exploit a larger
portion of the saddle manifold rather than two of'its submanifolds: the
stable and unstable manifolds. Using a larger subset of the higher-
dimensional saddle manifold offers an additional dimension of
options for trajectory design, on top of understanding transiting
and nontransiting trajectories through cislunar and translunar regions
(more generally, L; and L, in any planet-Moon or Sun—planet
CR3BP). We can understand the saddle manifold as the more general
“tube” taking a spacecraft from one region to another without using
additional propellant. We can see this in Fig. 16. Although the stable
manifold will take a spacecraft directly to the highlighted Lyapunov
planar periodic orbit, the saddle trajectories come close to the orbit but
either transit to/from L, or remain on the L, or L, side (nontransit).

Moreover, the saddle plane allows us to describe the winding
conditions of trajectories near the Lagrange points. A smaller value
of I, indicates a trajectory closer to the stable or unstable manifold;
hence, the desired number of windings about an equilibrium point
could be determined by studying an upper or lower bound on /;.
Additionally, with the local action-angle orbital element parametri-
zation, the corresponding orbit (in this case, a planar Lyapunov
periodic orbit or a Lissajous quasi-periodic in the out-of-plane case)
is automatically parametrized by the remaining actions (/5, I3).

Understanding the transit/nontransit conditions, as well as the wind-
ing condition about a libration point, can ease the design of a mission
such as Genesis (which used the unstable manifold of a Sun—Earth L,
halo orbit, transited to the Sun—Earth L, side, wound once about L,
and then returned to Earth) with a parking orbit option [29] (see
Fig. 18). The local action-angle orbital elements presented can be used
between libration points to simplify complex preliminary mission
designs. Because we have shown that halo orbits can still be interpreted
using local action-angle orbital elements despite being outside the
radius of convergence of the complete normal form, for the case of
Genesis, in which a halo orbit about L; was used, an action-angle
element representation could be used to ease the generation of a
transiting trajectory to the L, side before returning to a parking orbit.
For design about a particular target periodic orbit, one can modify this
procedure to recenter about the target orbit, as discussed in a previous
section. In the Genesis example, for the trajectory arc about L, the
local saddle manifold orbital elements can be used to determine the
transiting condition: in particular, trajectories in quadrant I transit from
the L side to the L, side. Hence, small positive perturbations of the
initial L orbit onto the unstable manifold, parametrized by ¢;, will
generate several windings before transiting to the L, side. Conversely,

around L,, a nontransit condition is used to place the trajectory in
quadrant IV of the saddle plane. Note that the quadrants of the saddle
plane can be identified by using the normal form variables (¢, p;) or
by the local action-angle pair (/;, ¢;) by considering the imaginary
offset in the hyperbolic angular variable ¢, .

B. Targeting

Describing the local dynamics in action-angle coordinates simpli-
fies the equations of motion to constant actions and linearly changing
angles. The stable and unstable manifolds are parametrized as W* =
{pr€RIl; =0=¢q, =0} and W* ={q, €R|], =0= p, =0},
respectively, so that p, (respectively, ¢, ) parametrizes the point along
the stable (respectively, unstable) manifold. Simplifying the para-
metrization of desired trajectories can enable improved targeting
performance. For example, stationkeeping using a saddle generali-
zation, or the Floquet mode approach, is simplified by having a local
parametrization of trajectories in the vicinity. Because stationkeeping
is often a local procedure, having approximately integrable dynamics
greatly reduces the complexity of the problem; and the visualization
tools described here can be used. Being able to target specific actions,
without necessitating the inclusion of the angle variables, would
reduce the dimensionality of the problem by half.

In addition to stationkeeping, another example application of local
action-angle elements is the transfer problem. To illustrate this fur-
ther, consider the Artemis-P1 (2007) spacecraft, which performed a
transfer from Earth—-Moon L, to L, [27]. By using local action-angle
elements, finding homoclinic and heteroclinic connections, i.e., free
transfers, between orbits in cislunar space reduces to solving a
boundary value problem with /; = 0 in the region of validity. To
target a particular energy level, one can use the energy level sets
described in the error analysis section because the energy level set
enables searching over a family of quasi-periodic orbits parametrized
by the energy level set rather than by computation of individual tori.
To target a specific libration point orbit, one can incorporate con-
ditions on the corresponding actions: /, and /3. Although these
connections will not be as robust as a numerical differential correc-
tions algorithm, they can be used as an initial guess, which is required
by such numerical techniques. Once again, the local action-angle
orbital element framework can be used to simplify complex prelimi-
nary mission designs such as Artemis-P1.

C. Benefits of the Complete Normal Form

One can perform similar saddle manifold analyses using a semi-
normal form called the reduction to the center manifold. In this
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Return and

0.5+ Recovery
g (5.3 months) .
< \ Moon’/ Positioning for
£ Daylight Reentry
o
E < Sun
°
w
c
K4 Outward Leg
§ (2.7 months)

0.5 +

Total Flight Time
(37.3 months)
-1 : ' ' ; : 3 : :
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Millions of Kilometers
Fig. 18 Genesis mission trajectory and flight plan [29].
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procedure, the saddle integral /, is still defined but is set to zero to
parametrize to the center manifold. Although the reduction to the center
manifold in general achieves a larger radius of convergence, due to the
removal of fewer terms in the Hamiltonian, one of the benefits of using a
complete normal form over the reduction to the center manifold is that,
in a complete normal form, one is able to immediately identify and
parametrize the corresponding orbit or invariant surface in targeting,
mission analysis, etc. This parametrization gives the engineer more
control due to the ease of generating invariant objects and orbits
quickly. Additionally, this parametrization exploits higher-order expan-
sions than previous methods [32,33].

VIII. Data Considerations

The normal forms computed to order 32 (order 16 in the action
variables) about the collinear equilibria each contain 968 terms; the
direct and inverse coordinate transformation-generating functions are
stored, with each using 0.35658 GB. Similarly, the normal forms
computed to order 32 (order 16 in the action variables) about the
triangular equilibria each contain 968 terms; the direct and inverse
coordinate transformation-generating functions are stored each using
0.064836 and 0.16939 GB, respectively. Note that the direct and
inverse coordinate transformation generating functions need to be
computed only once and stored. Moreover, one can compute trans-
formations at any order that is at or lower than the stored order
because the generating functions required for lower-order computa-
tion are a subset of the generating functions required for a higher-
order computation:

Giti=t,...n SGihi=1,. ... ¥

IX. Conclusions

In this paper, local action-angle orbital elements were constructed,
which are local semi-analytical analogs to orbital elements in the
circular restricted three-body problem that are defined using action-
angle coordinates in the Birkhoff-Gustavson normal form about a
bounded special solution. By using local action-angle orbital ele-
ments centered around the five equilibria, the dynamics of the region
(approximate up to a finite order) can be explicitly solved for, families
of periodic and quasi-periodic orbits (in relation to each other) are
parametrized, and the elliptic and hyperbolic modes of motion are
separated out. By explicitly solving for the dynamics up to a finite
order, the nonlinear dynamics become integrable; and the dynamics
around the libration points are greatly simplified. Local action-angle
orbital elements were shown to provide a practical complement to
numerical methods for cataloging periodic and quasi-periodic orbits.
Additionally, this high-order parametrization offers a novel exploi-
tation of the entire saddle manifold that is beyond the typical stable
and unstable manifolds, which are submanifolds of the saddle. Using
action-angle elements to understand the transition state, one can
determine if an unbounded trajectory is transit or nontransit; in other
words, given a spacecraft state with an unknown time history in the
vicinity of a libration point, the imaginary offset in the hyperbolic angle
element reduces the set of options from where in the system a space-
craft came. Finally, it was found that the local action-angle elements
may have varying definitions for distinct regions of phase space; e.g.,
transiting trajectories around L and L, correspond to distinct invariant
tori. The implication, however, is that every point in phase space will
have at least one local action-angle orbital element representation near
some bounded invariant manifold. Moreover, the Genesis and Arte-
mis-P1 trajectories offer further motivation to consider transitioning
action-angle elements between L; and L, in both Sun—Earth and
Earth—-Moon frames.

Appendix: Local Action-Angle Orbital Elements
for a Saddle
The purpose of this Appendix is to define the local action-angle

orbital elements for a saddle; in particular, these elements are given
by either the hyperbolic action-angle coordinates, which are singular

along the stable and unstable manifolds, or the standard normal form
coordinates corresponding to the saddle.

Consider a two-dimensional saddle, which is given by the
position-momenta pair (g, p). The equations of motion are given by

q=qoe", p=poe™ (AD

Hence, the solutions of the saddle are organized as follows:
(g, p) = (0,0) is afixed point; along the ¢ axis, the flow goes toward
+ oo exponentially in forward time; along the p axis, the flow goes
toward oo exponentially in backward time; and the remaining
solutions are hyperbolic trajectories in each quadrant.

In local action-angle orbital elements on a center manifold [i.e.,
action-angle variables (similar to a harmonic oscillator) near an
elliptic fixed point], the action variable fixes a trajectory, and the
angle variable indicates a point along the trajectory. For the action-
angle elements on a saddle manifold, we follow a similar intuition.

Because the solutions remain in the same quadrant as their initial
condition, we will state a definition and check its validity in each
quadrant. As discussed previously, and from Eq. (Al), the saddle
emits an integral: / = gp. Because we define the action-angle ele-
ments for a center manifold by integral and conjugate angles, here,
we define the hyperbolic angle coordinate to be the symplectic
conjugate coordinate to the saddle integral. Namely, we identify
the transformation:

- ﬂ)
,p) > (1,0) = ,In¥Z A2
(g.p)~ (1,0) (qp nﬁ (A2)

Note that (I, 0) € Ry X R for (g, p) in the first quadrant, i.e., g,
p > 0. One can easily check that the preceding transformation is
symplectic. The inverse transformation is given by

(1,0) — (ﬁeﬂ, ﬁe-ﬂ) = (q.p) (A3)

Furthermore, the equations of motion in the hyperbolic action-
angle coordinates are / = 0 and 0=

Now, for the second quadrant (i.e., {g < 0, p > 0}), the domain of
(1, 8) becomes complex. Immediately, we see that I € R.. To find
the domain of 8, we compute

NN
0= f m_1<m)+ /2 (Ad)

Hence, (I,0) € Rqg xR +ix/2 in the second quadrant. We
check the composition of direct and inverse transformations to see
that we obtain (g, p) — (1,0) = (g, p):

q = VIe® = i\/|ql[ple™VIINIP+in2 — 21g = _|q|  (A5)

p = VIe? = i/igliple” "IN = 2)p| = |p| - (A6)

as desired because ¢ = —|¢| and p = |p| in the second quadrant.

For the third quadrant (i.e., {q, p < 0}), we perform the composite
direct and inverse transformation to see the imaginary offset for the
hyperbolic angle coordinate:

q= IeH — IeRe(5)+ilm(H) — \/ZI’I; %eilm(ﬁ) — |q|eilm(6}) (A7)
p

Because g = —|g| in the third quadrant, we see that ¢™® = —1,

and so Im(@) = #. In this way, we obtain (I,0) € Ryo X R + ixz.
In the fourth quadrant, a similar computation to quadrant 2
shows (1,0) € Rg X R + i37/2.
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1. Singularity Along g and p Axes

Observe along the g and p axes that / = 0 and @ = Foo, respec-
tively, where the sign indicates the g or p axis (i.e., the stable or
unstable manifold) and where 8 has some imaginary offset of either
i0, ir /2, iz or i37 /2, depending on the quadrant. The four imaginary
offsets will be paired corresponding to the positive or negative stable/
unstable manifold. Accordingly, the angle coordinate needs infinite
time to move between points along the same axis; hence, this is a
singularity of the hyperbolic action-angle coordinates on the saddle.
Because the singularity occurs on a set with a measure of zero in the
phase space, this is reminiscent of the singularity in the Keplerian
orbital elements.

2. Application for Nonsingular Local Action-Angle Orbital Elements

On a saddle manifold, we define local action-angle orbital ele-
ments to be the action-angle pair (/, €), where the imaginary offset of
@ indicates the quadrant of motion. Note that we could also check the
signs of g and p to determine the quadrant and use the formulas
accordingly. We then use an abuse of notation, where we take the
absolute value of the integral |/| and the real part of 8 [Re(0), as the
coordinates (1, 8). Now, if |I| = 0 or, equivalently, if sgn(g) = 0 or
sgn(p) = 0, then the coordinates are singular. In this case, we retain
the (¢, p) normal form coordinates as the action-angle elements.
These act as action-angle coordinates, similar to the (, 8), wherein /
fixes a trajectory and @ fixes a point along the trajectory. Along the
stable or unstable manifold, similarly, if ¢ = 0 (without loss of
generality), then the stable manifold is the fixed trajectory; and the
value of p fixes a point along the stable manifold. Note that sgn(p)
[sgn(g), respectively] determines the positive or negative stable
manifold. By using hyperbolic action-angle coordinates with the
normal form coordinates on the singularity, we define a set of non-
singular local action-angle orbital elements on a saddle.
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