Linear Algebra Basics
Introduction
The name – from matrix laboratory – says it all:  Matlab was designed from the get-go to work with matrices.  It even treats individual numbers as a special type of matrix termed a scalar.  Consequently, Matlab is demonstrably faster at working with matrix-based models than comparable technical computing programs such as Mathematica or Maple.  Indeed, the ease with which Matlab works with matrices is a main reason for making Matlab the basis for the laboratory component of the Introductory Mathematical Biology course.

Because of the intimate association between Matlab and matrices, your ability to use Matlab effectively will be significantly enhanced if you develop some degree of familiarity with a few concepts and techniques from linear algebra, including: 

· diagonal and identity matrices

· matrix addition and subtraction

· the matrix transpose

· matrix multiplication

· matrix division

· powers of matrices

Other important topics from linear algebra – the eigenvalue problem, in particular – are beyond the scope of this handout, and we’ll deal with those as the need arises next semester.  
When you’re working with matrices, keep in mind that matrices and the techniques used to work with them were developed to facilitate solving systems of linear equations such as:
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In fact, solving for the values of 
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 in such systems is what the basic techniques of linear algebra were tailor-made to do, but subsequent conceptual development of the field has led to a number of techniques that we will use extensively in our study of mathematical biology.
You should familiarize yourself with the material in this handout prior to the start of our course.  I encourage you to have pencil and paper at hand and apply them liberally as you work through the derivations, examples, and sample problems for yourself.  Learning math is not a passive endeavor!  
Matrices, vectors, and scalars
A matrix is a rectangular (or square) array of numbers or other data such as strings of text arranged in rows and columns.  In fact, the term array is commonly used interchangeably with matrix, although programming languages and programmers tend to use array, while mathematicians and biologists tend to use matrix.  Any set of data that you’d enter into a spreadsheet can be represented with a matrix.  The entries in a matrix are termed the elements of the matrix.  A general representation of a matrix would be:
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Matrices are usually represented with a bold font capital letter (although you will see other representations), and the elements of a matrix are enclosed in brackets, as above, or parentheses.  The subscripts i and j respectively represent the row and column number, and the dimension of a matrix is the number of rows and columns.  Examples of matrices include:
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	a 2(2 matrix; an example of a square matrix.
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	a 1(1 matrix; termed a scalar
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	 a  2(3 rectangular matrix
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	A 3(2 rectangular matrix
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	 a 1(4 matrix; an example of a row vector.
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	A 3(1 matrix; an example of a column vector.
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	a 2(2 matrix containing both numeric and text elements
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	A Leslie matrix  model of population dynamics.


Some Special Matrices
Symmetric Matrices 

The elements of a square matrix for which i = j, e.g., 
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, comprise the diagonal of the matrix and are termed the diagonal elements of the matrix, while the other elements, 
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the diagonal elements are 9, 7, and 2.  If the off-diagonal elements on each side of the diagonal are ‘mirror images’ of each other (i.e., 
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then the matrix is termed symmetric.  
Diagonal Matrices 

A diagonal matrix is a symmetric matrix in which the off-diagonal elements equal zero: 
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Diagonal matrices are encountered in areas such as microarray analysis, Markovian models of molecular evolution, and models of population dynamics.  Most biologically relevant matrices can be diagonalized (converted to a diagonal form), allowing us to take advantage of some of their special properties.
The Identity Matrix 

One especially important diagonal matrix is the identity matrix.  The diagonal elements of the identity matrix are all ones, while its off-diagonal elements are all zeros.  A 3(3 identity matrix thus looks like this:
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The term identity matrix is appropriate because multiplying a matrix (we’ll see how to do that later) by its corresponding identity matrix yields the same matrix.  I.e., 
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The identity matrix is thus the functional equivalent of the number one.  

Working With Matrices I – Basic Matrix Manipulations
The Transpose of a Matrix 

The transpose of a matrix is an important construct that you will use frequently when working with Matlab.  The transpose of matrix A is represented variously by AT, A(, Atr, tA, or, rarely,
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.  Most linear algebra texts use AT, while Matlab and most research journals use A(, which we’ll therefore generally use in this course.

Operationally, the transpose of a matrix is created by taking each of its rows and ‘converting’ them into the corresponding columns of the transpose matrix, meaning the first row of a matrix becomes the first column of its transpose, the second row becomes the second column, and so on.  Thus, if  
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the transpose of A is
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This is handy for example, when manually entering data into a Matlab program.  While it’s easier to enter data into Matlab as row vectors, a program you’re written may require data in column vector form – or you may more simply be more comfortable working with column vectors.  In either case, all you do is enter the data in row vector form, then take the transpose to get your column vector.  

Those of you that have previously worked with arrays in languages such as C/C++ or Java are no doubt beginning to appreciate how easy array manipulations are with Matlab!  
Practice Problems:
Calculate the transpose of each of the following:
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(what kind of matrix is E?)
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solutions
Concatenation of Matrices
You’re no doubt accustomed to entering data into columns of an Excel™ spreadsheet, hitting the <Enter> key after each entry to drop down to a cell in the next row.  In other words, you create column vectors when you enter data into most spreadsheets.  In contrast, when entering data in Matlab you will probably find that data are more readily entered as row vectors.  This brings us to an important Matlab technique:  concatenation.  Concatenation basically means joining two arrays to produce one.  
Before we actually discussion concatenation, however, we need to mention another use of the term “dimension”.  Once you start working with Matlab, you will soon encounter the terms “column dimension” and “row dimension”.  These terms are not standard linear algebra jargon, and their use in Matlab is perhaps unfortunate, because of the usage of dimension described above.  Nevertheless, the terms are useful in matrix manipulations, which can be seen by applying the Matlab sum command to the matrix
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Simply running the Matlab command sum(A) will yield:

ans =

  12    15    18
Note that the sum(A) command returned a row vector containing the sum of the terms in each column, as a result of applying the sum operator along the “row dimension” ( = dimension 1 in Matlab-speak).  To generate the row sums instead, you run the command sum(A,2) which causes Matlab to sum across the “column dimension” ( = dimension 2) and yields

ans =

     6

    15

    24

Note that when we ran the sum(A) command without specifying a dimension, Matlab defaulted to summing along the row dimension, meaning the result we obtained was the same as would have been returned had we entered the command sum(A,1).  This is a general rule:  Matlab commands default to the row dimension unless you specify otherwise.  During the upcoming semester, we will work with a number of other Matlab commands that let you specify the dimension along which you wish the operation to proceed.  
Ok, back to concatenation.  You will find that it will help considerably when you’re writing and debugging programs in Matlab if you train yourself to think of matrices as concatenated column or row vectors.  Thus, the matrix
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can be thought of three row vectors stacked one above the other (= concatenated along the row dimension): 

a1 
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or as three column vectors
a1
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placed side-by-side ( = concatenated along the column dimension).  Concatenation is readily accomplished in Matlab, and is typically used to merge complementary sets of data from different sources, say, when loading data from different Excel™ files, or when combining results of calculations that have been performed by different programs or parts of programs.  
To see how concatenation works, and to get you started thinking like a Matlab programmer, let
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The Matlab command cat(<dimension>,A,B) concatenates the two 2(2 matrices A and B along the dimension, row or column, that you specify.  (unlike the sum() command, you must specify a dimension when using cat(1,A,B).) Thus, cat(1,A,B) causes concatenation along the row dimension and yields the matrix


[image: image41.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

8

7

6

5

4

3

2

1

,
while cat(2,A,B) concatenates along the column dimension and yields
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You will have many occasions to use concatenation as you progress through our study of Matlab and its various applications.
Working With Matrices II – Matrix Arithmetic 

Matrix Addition:  

Matrix addition (and subtraction) is straightforward…you just add or subtract the corresponding elements in each matrix.  The only requirement is that the dimensions of each matrix must the same.  Let’s illustrate this by calculating the sum and difference of two 3x3 matrices:
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then
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and
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Practice Problems
Calculate 
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solutions


Important note:  matrix addition and subtraction are examples of what Matlab refers to as element-wise operations. That is, the addition or subtraction operator is applied element-by-element, and the result is a third matrix whose dimensions are identical with those of the original matrices.  Other element-wise operators employed by Matlab include: 

· Scalar multiplication:  
[image: image51.wmf]ú

û

ù

ê

ë

é

=

ú

û

ù

ê

ë

é

×

×

×

×

=

ú

û

ù

ê

ë

é

×

8

6

4

2

4

2

3

2

2

2

1

2

4

3

2

1

2


· Matrix exponentiation:  
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· Trigonometric functions of a matrix, e.g.:  
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· Logarithm of a matrix:  
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Note in the last example that the log operator returned the Naperian or natural logarithm (base e = 
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 where e = 2.71838…) of the matrix elements, rather than the common logarithm (base 10 = 
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) that you may have been expecting.  Powers of e and Naperian logarithms arise naturally from the structure of many biological models, while base 10 logarithms never do.  Consequently, we will have little, if any, occasion to use base 10 logarithms and, unless otherwise specified, 
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 etc. will refer to the natural logarithm, in keeping with contemporary mathematical convention.  Also note that Matlab expects angles to be entered as radians (1 radian = 
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 radians equals 180o, 
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radians equals 90o, and so on.
Matrix Multiplication:  

Matrix multiplication is more complex than matrix addition or subtraction, and is carried out in accordance with a strict rule that stems directly from the fact that the technique was developed to facilitate solution of systems of linear equations.  If C is a matrix resulting from the multiplication of two matrices, A and B, then the elements cij of C are given by:  
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Equation 1
where n is the number of columns in A and the number of rows in B.  Look carefully at the subscripts of a and b, and note that Equation 1 requires that the number of columns in the left-hand matrix ( = i) must be the same as the number of rows in the right-hand matrix (also equal to i).  Note also that Equation 1 means that matrix multiplication is not an element-wise operation.  That is 
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Let’s apply Equation 1 to a pair of 3(3 matrices.  Let
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  and  
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The product of A and B is then defined by Equation 1 as:
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In other words, you multiply each of the elements of a row in the left-hand matrix by the corresponding elements of a column in the right-hand matrix (that’s why the number of elements in the row and the column must be equal), and then sum the resulting n products.  The choice of the row and column to be used in the multiplication and summation is based on which element of the product matrix ( C ) that you wish to calculate. Specifically:  
· The left-hand matrix row you work with is the same as the row of the product matrix element you wish to calculate, 
· The right-hand matrix column you work with is the same as the column of the product matrix element you wish to calculate.  
Example.  Calculate the product of (in this case) two 3×3 matrices, A and B:
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To calculate the value of 
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you proceed as follows:
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you do this:

[image: image73]
Important:  the two matrices being multiplied needn’t be square, or even of the same dimension.  All that’s required is that the number of columns in the left-hand matrix be the same as the number of rows in the right-hand matrix.   
Example:  Find the product of two matrices, A and B, where 
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We first note that, in accordance with Equation 1, multiplication of A by B is allowed because the number of columns in A equals the number of rows in B.  The product C = AB is then calculated as follows:
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Practice Problems:
For each of the following, determine whether the indicated multiplication is allowed; if so, calculate the corresponding product matrix:

a.  
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b.  
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c.  
[image: image81.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

ú

ú

ú

û

ù

ê

ê

ê

ë

é

3

4

1

2

2

2

1

3

4

3

4

5


d.  
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e.  
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f.   
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solutions

[image: image85]
There are situations in which matrix multiplication is commutative, but setup of any problem involving matrix multiplication is crucial to avoid ending up with invalid results.
Multiplication of Vectors  

Example:  Suppose a budding young field biologist needs to quantify the total reproductive success in a population of American kestrels (a type of falcon), and has obtained data of the number of young birds (fledglings) leaving the nest for a sample of 33 nests:

	Number of Fledglings
	Number of Nests

	2
	3

	3
	17

	4
	12

	5
	1


We calculate the total number of fledglings produced by the population by multiplying each entry in the “Number of Fledglings” column by the corresponding value in the “Number of Nests” column and summing the resulting four terms.  The combination of multiplication of two numbers followed by summing of products hints at matrix multiplication, so let’s see if we can set up the calculation as a vector multiplication problem, making it considerably easier to accomplish with Matlab.  The data can be represented by two column vectors:
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and a simple matrix multiplication should give us our answer.  But, how to set it up?  he obvious approach of multiplying the two column vectors directly:
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won’t work because of the row-column number mismatch.  Can we rectify the situation?  A moment’s consideration suggests that taking the transpose of one or the other might work.  I.e.:
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Both are allowed by Equation 1, since in each case, the number of rows in the left-hand vector equals the number of columns in the right-hand vector.  Does it matter which of the two setups we choose?  Let’s see:  
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Success!  And, note what we did here:  we took the transpose of the left-hand vector in order to get it ‘in the proper form’ to carry out the desired multiplication.  
But, what about the other combination, formed by taking the transpose of the right-hand vector…will that work, too?  Equation 1 tells us it will, so let’s carry out the multiplication and see if we get the desired result:


[image: image92.wmf][

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

5

60

85

15

4

48

68

12

3

36

51

9

2

24

34

6

1

12

17

3

5

4

3

2

S


So, the multiplication ‘works’, but the result is clearly not what we wanted!  (and not very useful to our budding field biologist, either)   
Is there a way to tell in advance how to set up a problem involving vector multiplication?  It turns out that there is, but to choose correctly, you need to know the form – scalar or matrix – that your result should take.  Recall from Equation 1 that multiplication of two matrices requires that the number of rows in the left-hand matrix must equal the number of columns in the right-hand matrix.  While not apparent from Equation 1 is that the dimensions of the product will be given by the ‘other’ to dimensions, the number of columns in the left-hand matrix and the number of rows in the right-hand matrix.  In general terms:
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Thus, in the present case, setting the problem up as 
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 gives us the desired result (a scalar), while
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does not.
By the way, this was not a trivial exercise, because it illustrates the extremely important point that you need to ‘think your way through’ any problem involving matrices, to be certain that the way you have set up the problem is actually going to give you a result of the form you want.  Indeed, you should get in the habit of working through any modeling problem in advance.  An especially powerful way of doing this is to keep track of units associated with your variables as your run them through your model.  
Practice Problem:
1.  Suppose your assistant had entered the American kestrel data as row vectors, instead of column vectors.  How would you have to set up the vector multiplication problem in order to obtain the correct result?

solution
Multiplication By the Identity Matrix  

Earlier, I asserted that the identity matrix was the matrix equivalent of the number one because the result of multiplication of any matrix by its corresponding identity matrix is simply the matrix itself.  I.e., for any matrix A,
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Check this assertion by multiplying each of the following matrices by its identity matrix:
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    (question:  how are B and C related?)

solutions
Now, practice your matrix multiplication by checking to see if multiplication by the identity matrix is commutative by comparing the products AI with IA, BI with IB, and CI with IC.  Hint:  refer to Equation 1 to see if you need to use identity matrices of different dimensions to calculate the product IA, IB, and IC.
Matrix Division
In terms of the way we usually think of division of numbers or functions, i.e., 
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, matrix division (
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) isn’t defined.  In fact, quite often you won’t even find the word “division” in the index of a linear algebra textbook.  To see why, try dividing one 
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 matrix by another (as with multiplication, matrix division is not element-wise):
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I think you’ll agree that it’s not at all obvious how to proceed!  Fortunately, the functional equivalent of matrix division is defined.  Of course, it’s even less straightforward than matrix multiplication and, as we’ll see, it’s not even always possible to carry out.  
First recall that division of numbers or variables may be represented in three ways.  Thus, division of 7 by 3 can be represented as follows:
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Likewise for variables:
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And therein lies the clue about how to proceed.  With 
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 per se undefined, we take advantage of the fact that matrix multiplication is defined and recast the matrix division problem as a matrix multiplication problem.  That is, we write the problem as:
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where 
[image: image109.wmf]1
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B

represents the inverse of matrix B.  In other words, to carry out matrix ‘division’ we take the inverse of the divisor matrix and multiply it by the dividend matrix.  Since we know how to multiply two matrices, all we need to carry out matrix division is a matrix inverse of the proper dimensions (cf. Equation 1).

Let’s illustrate this with an example.  Let:
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You don’t need to know how to calculate the inverse of B for this course (calculating inverses of matrices larger than 2x2 is tedious, and, believe me, downright unpleasant for anything larger than 3x3), but if you want to see how the inverse of a 2x2 matrix is calculated, click here.  If you’re willing to accept my word for it, the inverse of B is:
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With that result in hand, straightforward matrix multiplication gives us the answer:
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Of course, we should cultivate the habit of checking our result, which we do as follows:
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QED.
Note also that 
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 (because matrix multiplication isn’t commutative).
Singular Matrices
Matrix division as outlined above is readily extended to matrices of any size…’all’ we need is the inverse of the divisor matrix.  But, there’s a catch:  not all matrices are invertible, so not all matrices can be used as divisors.  This can be illustrated by carrying out the following division:  
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If we calculate the inverse of matrix A the result is 
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where
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refers to the determinant of matrix A, which is defined for a 2x2 matrix as 
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.  The fact that the determinant of A equals zero renders the product 
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 meaningless, because all elements of C will equal infinity, no matter what the values of the elements of matrix B might be.  A matrix whose inverse consists entirely of infinite elements is said to be singular, and the following statements are equivalent:

· Matrix A is singular

· 
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· Matrix A cannot be inverted.

· 
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does not exist.
· Division by
[image: image124.wmf]A

is undefined.

If you tell Matlab to divide B by A where both are dimension 2x2 and A is singular, you will get the following message:
Warning: Matrix is singular to working precision.

ans =

  Inf   Inf

  Inf   Inf
indicating that you instructed Matlab to divide one matrix (B) by a singular matrix (A) whose inverse doesn’t exist, yielding a 2x2 matrix whose elements are all infinite.  The take-home message is that you must be wary when working with models that involve matrix division.  Matrices that are close to singular will ‘work’ as divisors, and if your model generates a nearly singular matrix that it subsequently use as a divisor, untoward – and highly undesirable – things may happen.  We’ll treat this topic in great detail next semester.
Powers of Matrices
The need to take powers of a matrix (as opposed to powers of the individual elements of a matrix) arises frequently in biological models such as models of population dynamics and Markov processes.  We will confine ourselves to the situation where the power is a positive integer.  First recall that the nth power of a number or a variable is simply the number multiplied by itself n - 1 times.  Thus, 
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, and so on.. It’s pretty much the same for positive powers of a matrix:  if A is a square matrix, then
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and so on.  (can you see why you can’t calculate powers of a rectangular matrix?)  Also, as with numbers and variables:

· 
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Sources for more information:

If you want to learn more about linear algebra, or just would like an alternative presentation of the above topics, here are some useful URLs: 

· http://www.sosmath.com/matrix/matrix.html
· http://www.math.ucdavis.edu/~daddel/linear_algebra_appl/OTHER_PAGES/other_pages.html
· http://pax.st.usm.edu/cmi/mat-linalg_html/linal.html
· A good downloadable text:  ftp://joshua.smcvt.edu/pub/hefferon/book/book.pdf 
· Another good online text:  http://www.numbertheory.org/book/ 
· Wikipedia (www.wikipedia.com) is another excellent source for information on all sorts of math-related topics, although the authors of the articles typically expect of their readers a certain degree of mathematical sophistication …
Solutions to Practice Problems
Matrix transpose
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return
Matrix addition & subtraction

[image: image140.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

+

19

7

4

12

6

17

4

12

15

B

A



[image: image141.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

-

-

-

-

-

=

-

2

5

2

6

2

1

0

4

1

B

A



[image: image142.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

+

2

0

0

0

2

0

0

0

2

 

B

A



[image: image143.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

-

0

0

0

0

0

0

0

0

0

B

A


return
Matrix Multiplication

a.  Multiplication is allowed:  
answer = 
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b.  Multiplication is allowed:  
answer = 
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c.  Multiplication is not allowed.
d.  Multiplication is allowed:  
	answer = 
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	(what kind of matrix is this?  What does this result suggest about the relationship between the two matrices?)


e. Multiplication is not allowed.

f. Multiplication is not allowed, multiplication is not allowed, 17,  
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return
Matrix multiplication not commutative
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return
Multiplication of row vectors
In the case of two row vectors:
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where the result must be a scalar, the correct setup for the problem involves taking the transpose of F and calculating 
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return
Multiplication by the identity matrix
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IMPORTANT


Commutivity of Matrix Operations 


This may strike you but as a bit arcane – ok, as a lot arcane – but it’s essential that you keep in mind the concept of commutivity.  A mathematical operation numbers is said to be commutative if the order in which the operation is carried out doesn’t matter.  Thus:


3 + 4 = 4 + 3 = 7


3 − 4 = − 4 + 3 = −1


3 ( 4 = 4 ( 3 = 12


(1/3) ( (4) = (4) ( (1/3) = 4/3


and so on.  Vector addition, subtraction, and multiplication are also commutative(as long as you use the transpose of the right-hand vector), as are matrix addition and subtraction.  However – and this has important ramifications for your work with Matlab – matrix multiplication is generally not commutative.  In other words, in contrast with numbers or variables, if A and B are two matrices, in general � EMBED Equation.3  ���.  Check the non-commutativity of matrix multiplication for yourself by calculating AB and BA for:


� EMBED Equation.3  ���


Does � EMBED Equation.3  ���?									� HYPERLINK  \l "mult_comm_sol" ��solution�
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