THE OBATA SPHERE THEOREMS ON A QUATERNIONIC CONTACT MANIFOLD
OF DIMENSION BIGGER THAN SEVEN

S. IVANOV, A. PETKOV, AND D. VASSILEV

ABSTRACT. On a compact quaternionic contact (qc) manifold of dimension bigger than seven and satisfying
a Lichnerowicz type lower bound estimate we show that if the first positive eigenvalue of the sub-Laplacian
takes the smallest possible value then, up to a homothety of the qc structure, the manifold is qc equivalent
to the standard 3-Sasakian sphere. The same conclusion is shown to hold on a non-compact gqc manifold
which is complete with respect to the associated Riemannian metric assuming the existence of a function
with traceless horizontal Hessian.
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1. INTRODUCTION

Motivated by the classical Lichnerowicz [55] and Obata [62] theorems, earlier papers of the authors
[36, 37] established a Lichnerowicz type lower bound estimate for the first eigenvalue of the sub-Laplacian
on a compact quaternionic contact (qc¢) manifold. The case of equality in the lower bound estimate (Obata-
type theorem) was settled in the special case of a 3-Sasakian compact manifold where it was shown that the
lower bound for the first eigenvalue of the sub-Laplacian is achieved if and only if the 3-Sasakian manifold
is isometric to the standard 3-Sasakian sphere. Quaternionic contact (qc) structures were introduced by O.
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Biquard [6] and are modeled on the conformal boundary at infinity of the quaternionic hyperbolic space.
Thus, manifolds equipped with a qc structure are examples of sub-Riemannian geometries. The (locally)
3-Sasakian manifolds were characterized in [32, 40] by the vanishing of the torsion tensor of the Biquard
connection. The qc geometry was a crucial geometric tool in finding the extremals and the best constant in
the L? Folland-Stein Sobolev-type embedding, [23, 24], completely described on the quaternionic Heisenberg
groups, [34, 35].

In this paper we prove the full qc version of Obata’s results for a general qc manifold of dimension bigger
than seven. We find that the equality case of Lichnerowicz’ type inequality on a compact qc manifold of
dimension at least eleven can be achieved only on the 3-Sasakian spheres. More general, we show that on
a complete with respect to the associated Riemannian metric gc manifold a certain (horizontal) Hessian
equation, cf. (1.6), allows a non-trivial solution if and only if the manifold is qc homothetic to the standard
3-Sasakian sphere.

The qc seven dimensional case was considered in [37], however, the general qc Obata results in dimension
seven remain open.

Turning to some details, let us recall the mentioned classical results. Using the classical Bochner-
Weitzenbock formula Lichnerowicz [55] showed that on a compact Riemannian manifold (M, h) of dimension
n for which the Ricci curvature satisfies Ric(X,Y) > (n — 1)h(X,Y") the first positive eigenvalue A; of the
(positive) Laplace operator satisfies the inequality A; > n. Subsequently, Obata [62] proved that equality is
achieved if and only if the Riemannian manifold is isometric to the round unit sphere. Obata observed that
the trace-free part of the Riemannian Hessian of an eigenfunction f with eigenvalue A = n vanishes, i.e., it
satisfies the system

(1.1) (V)2 = ~fh

after which he defined an isometry using analysis based on the geodesics and Hessian comparison of the
distance function from a point. In fact, Obata showed that on a complete Riemannian manifold (M, h)
equation (1.1) allows a non-constant solution if and only if the manifold is isometric to the round unit
sphere. In this case, the eigenfunctions corresponding to the first eigenvalue are the solutions of (1.1).
Later, Gallot [26] generalized these results to statements involving the higher eigenvalues and corresponding
eigenfunctions of the Laplace operator.

The interest in relations between the spectrum of the Laplacian and geometric quantities justified the
interest in Lichnerowicz-Obata type theorems in other geometric settings such as Riemannian foliations (and
the eigenvalues of the basic Laplacian) [51, 50], [47] and [63], to CR geometry (and the eigenvalues of the
sub-Laplacian) [29], [4], [16, 14, 15], [17], [19], [52], and to general sub-Riemannian geometries, see [5] and
[31]. In the CR case, Greenleaf [29] gave a version of Lichnerowicz’ result showing that if a compact strongly
pseudo-convex CR manifold M of dimension 2n + 1, n > 3 satisfies a Lichnerowicz type inequality

Ric(X, X) +4A(X,JX) > (n+ 1)g(X, X)

for all horizontal vectors X, where Ric and A are, correspondingly, the Ricci curvature and the Webster
torsion of the Tanaka-Webster connection (in the notation from [44, 41]), then the first positive eigenvalue
A1 of the sub-Laplacian satisfies the inequality A\; > n. The standard (Sasakian) CR structure on the
sphere achieves equality in this inequality. Following [29] the above cited results on a compact CR manifold
focused on adding a corresponding inequality for n = 1,2 or characterizing the equality case mainly in the
vanishing Webster-torsion case (the Sasakian case). The general case on a compact CR manifold satisfying
the Lichnerowicz type condition was proved in [53, 54] using the results and the method of [42]. This
was achieved by introducing a new integration by parts step proving the vanishing of the Webster torsion
assuming the first eigenvalue is equal to n (for the three dimensional case see [43]). On the other hand, a
generalization of the Obata result in the complete non-compact case was achieved in [42], where the standard
Sasakian structure on the unit sphere was characterized through the existence of a non-trivial solution of a
(horizontal) Hessian equation on a complete with respect to the associated Riemannian metric CR manifold
with a divergence free Webster torsion. To the best of our knowledge the case of a general torsion remains
still open.
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The main purpose of this paper is to prove the qc version of both results of Obata under no extra
assumptions on the Biquard’ torsion when the dimension of the gc manifold is at least eleven, cf. Theorem 1.2
and Theorem 1.3. In particular, completeness rather than compactness is required in the second result, cf.
Theorem 1.3, in contrast to the currently known CR case as mentioned in the previous paragraph.

The quaternionic contact version of the Lichnerowicz’ result was found in [36] in dimensions grater than
seven and in [37] in the seven dimensional case. The following result of [36] gives a lower bound on the
positive eigenvalues of the sub-Laplacian on a qc manifold.

Theorem 1.1 ([36]). Let (M,n,9,Q) be a compact quaternionic contact manifold of dimension 4n+3 > 7.
Suppose that there is a positive constant kg such that the qc-Ricci tensor and torsion of the Biquard connection
satisfy the inequality
2(4n +5) 6(2n% +5n — 1)

2n+1 (n—1)2n+1)
where Ric, T, U are, correspondingly, the Ricci curvature and the components of the torsion of the Biquard
connection and X is a horizontal vector.

Then, any eigenvalue \ of the sub-Laplacian /\ satisﬁes the inequality

(1.2) Ric(X, X) + (X, X) + U(X,X) > kog(X, X),

—|—2

The equality case of Theorem 1.1 is achieved on the 3-Sasakian sphere. It was shown in [35], see also [2],
that the eigenspace of the first non-zero eigenvalue of the sub-Laplacian on the unit 3-Sasakian sphere in
Euclidean space is given by the restrictions to the sphere of all linear functions.

The main results of this paper are the following two theorems.

Theorem 1.2. Let (M,n,g,Q) be a compact quaternionic contact manifold of dimension 4n+ 3 > 7 whose
gc-Ricci tensor and torsion of the Biquard connection satisfy the inequality (1.2). Then, the first positive
eigenvalue X of the sub-Laplacian A\ satisfies the equality

n
1.3 A= k
(1) n+2 "

if and only if the gc manifold (M, g,Q) is ge-homothetic to the unit (4n+3)-dimensional 3-Sasakian sphere.

According to [36, Remark 4.1], under the conditions of Theorem 1.1, an eigenfunction f corresponding to
the first non-zero eigenvalue as in (1.3), Af = ko[, satisfies a linear PDE system, namely, the horizontal
Hessian of f is given by (see Corollary 4.2 in the Appendix)

(1.4) Vdf(X,Y) = — kofg(X,Y) de £)ws(X,Y),

1
4(n+2)

where &1, &5,&3 and w1, ws,ws are the vertical Reeb vector fieds and the fundamental 2-forms, respectively.
This brings us to our second main result, in which no compactness of M is assumed a-priori,

Theorem 1.3. Let (M,n, g,Q) be a quaternionic contact manifold of dimension 4n+3 > 7 which is complete
with respect to the associated Riemannian metric

(1.5) h=g+(m)*+ (n2)? + (n3)*.

Suppose there exists a non-constant smooth function f whose horizontal Hessian satisfies

(1.6) Vdf(X,Y) = —fg(X,Y) de Eo)ws(X,Y).

s=1

Then the qc manifold (M,n, g, Q) is qc homothetic to the unit (4n+3)-dimensional 3-Sasakian sphere.

Clearly Theorem 1.3 implies Theorem 1.2 since any Riemannian metric on a compact manifold is complete
and a qc-homothety allows us to reduce to the case kg = 4(n + 2), which turns (1.4) in (1.6).

We prove Theorem 1.3 by showing first that M is isometric to the unit sphere S4"*+3 and then that M
is qc-equivalent to the standard 3-Sasakian structure on S%"+3. To this effect we show that the torsion
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of the Biquard connection vanishes and in this case the Riemannian Hessian satisfies (1.1) after which we
invoke the classical Obata theorem showing that M is isometric to the unit sphere. In order to prove the
qc-equivalence part we show that the qc-conformal curvature vanishes, which gives the local qc-conformal
equivalence with the 3-Sasakian sphere due to [39, Theorem 1.3]. The existence of a global qc-conformal map
between M and the 3-Sasakian sphere follows, for example, from a qc Liouville-type result on the extension
of a local (qc-conformal) automorphism to a global one, see [10, Proposition 1.5.2] for a general statement
in the setting of Cartan geometries.

In the Appendix, for completeness, we recall the notion of the P-function introduced in [37] and give a
different proof of Theorem 1.1 based on the positivity of the P-function in the case n > 1 established in
[37, Theorem 3.3]. As a corollary of the proof, we show the validity of (1.4) for any eigenfunction of the
sub-Laplacian with eigenvalue given by (1.3).

Convention 1.4.

a) We shall use X,Y,Z, U to denote horizontal vector fields, i.e. X,Y,Z,U € H.

b) {e1,...,ean} denotes a local orthonormal basis of the horizontal space H.

¢) The summation convention over repeated vectors from the basis {e1, ..., es,} will be used. For example,
for a (0,4 )-tensor P, the formula k = P(ep, €q, €4, €p) means k = Zi%:l P(ep, €q,€a,€p)-

d) The triple (i,j,k) denotes any cyclic permutation of (1,2,3).

e) The sum Z(ijk) means the cyclic sum. For example,

D A (LiX)w; (Y, Z2) = df (L X )ws (Y, Z) + df (1 X w3 (Y, Z) + df (I3 X )wn (Y, Z).
(ijk)

e) s will be any number from the set {1,2,3}, s€{1,2,3}.
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2. QUATERNIONIC CONTACT MANIFOLDS

In this section we will briefly review the basic notions of quaternionic contact geometry and recall some
results from [6], [32] and [39] which we will use in this paper.

It is well known that the sphere at infinity of a non-compact symmetric space M of rank one carries a
natural Carnot-Carathéodory structure, see [58, 60]. In the real hyperbolic case one obtains the conformal
class of the round metric on the sphere. In the remaining cases, each of the complex, quaternion and
octonionic hyperbolic metrics on the unit ball induces a Carnot-Carathéodory structure on the unit sphere.
This defines a conformal structure on a sub-bundle of the tangent bundle of co-dimension dimg K — 1, where
K =C, H, O. In the complex case the obtained geometry is the well studied standard CR structure on the
unit sphere in complex space. Quaternionic contact (qc) structure were introduced by O. Biquard, see [6], and
are modeled on the conformal boundary at infinity of the quaternionic hyperbolic space. Biquard showed
that the infinite dimensional family [49] of complete quaternionic-Kéhler deformations of the quaternion
hyperbolic metric have conformal infinities which provide an infinite dimensional family of examples of qc
structures. Conversely, according to [6] every real analytic qc structure on a manifold M of dimension at
least eleven is the conformal infinity of a unique quaternionic-Kéahler metric defined in a neighborhood of M.
Furthermore, [6] considered CR and qc structures as boundaries of infinity of Einstein metrics rather than
only as boundaries at infinity of K&hler-Einstein and quaternionic-K&hler metrics, respectively. In fact, in
[6] it was shown that in each of the three cases (complex, quaternionic, octoninoic) any small perturbation
of the standard Carnot-Carathéodory structure on the boundary is the conformal infinity of an essentially
unique Einstein metric on the unit ball, which is asymptotically symmetric. In the Riemannian case the
corresponding question was posed in [22] and the perturbation result was proven in [28].
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Another natural extension of an interesting Riemannian problem is the quaternionic contact Yamabe
problem, a particular case of which [27, 65, 32, 34] amounts to finding the best constant in the L? Folland-
Stein Sobolev-type embedding and the functions for which the equality is achieved, [23] and [24], with a
complete solution on the quaternionic Heisenberg groups given in [34, 35].

2.1. Quaternionic contact structures and the Biquard connection. A quaternionic contact (qc¢) man-
ifold (M,n, g,Q) is a 4n + 3-dimensional manifold M with a codimension three distribution H locally given
as the kernel of a 1-form 1 = (ny,72,73) with values in R3. In addition H has an Sp(n)Sp(1) structure, that
is, it is equipped with a Riemannian metric g and a rank-three bundle Q consisting of endomorphisms of H
locally generated by three almost complex structures Iy, Io, Is on H satisfying the identities of the imagi-
nary unit quaternions, I1lo = —I2I1 = I3, I11213 = —id),, which are hermitian compatible with the metric
9(Is., Is.) = g(.,.) and the following compatibility condition holds 29(I,X,)Y) = dns(X,Y), X, Y eH.

The transformations preserving a given quaternionic contact structure 7, i.e., 7 = pu¥n for a positive
smooth function p and an SO(3) matrix ¥ with smooth functions as entries are called quaternionic contact
conformal (gc-conformal) transformations. If the function y is constant 7 is called qe-homothetic to 1. The
qc conformal curvature tensor W%, introduced in [39], is the obstruction for a gc structure to be locally qc
conformal to the standard 3-Sasakian structure on the (4n + 3)-dimensional sphere [32, 39].

A special phenomena, noted in [6], is that the contact form n determines the quaternionic structure and
the metric on the horizontal distribution in a unique way.

On a qc manifold with a fixed metric ¢ on H there exists a canonical connection defined first by O.
Biquard in [6] when the dimension (4n 4+ 3) > 7, and in [21] for the 7-dimensional case. Biquard showed that
there is a unique connection V with torsion 7" and a unique supplementary subspace V to H in TM, such
that:

(i) V preserves the decomposition H @V and the Sp(n)Sp(1) structure on H, i.e. Vg =0,Vo € T'(Q) for
a section o € I'(Q), and its torsion on H is given by T'(X,Y) = —[X,Y]v;
(ii) for ¢ € V, the endomorphism T'(€,.) i of H lies in (sp(n) ® sp(1))+ C gl(4n);
(iii) the connection on V is induced by the natural identification ¢ of V with the subspace sp(1) of the
endomorphisms of H, i.e. Vi = 0.

This canonical connection is also known as the Biquard connection. When the dimension of M is at least
eleven [6] also described the supplementary distribution V', which is (locally) generated by the so called Reeb
vector fields {£1,&2,&3} determined by

(2.1) Ns(&k) = Osks (gs—‘dWS)\H =0, (gstnk)lH = _(fk—‘dUS)IH’

where 1 denotes the interior multiplication. If the dimension of M is seven Duchemin shows in [21] that if we
assume, in addition, the existence of Reeb vector fields as in (2.1), then the Biquard result holds. Henceforth,
by a qc structure in dimension 7 we shall mean a qc structure satisfying (2.1).

Notice that equations (2.1) are invariant under the natural SO(3) action. Using the triple of Reeb
vector fields we extend the metric ¢ on H to a metric h on TM by requiring span{{;,&2,&3} = V L
H and h(&s, &) = dsk. The Riemannian metric h as well as the Biquard connection do not depend on the
action of SO(3) on V, but both change if 7 is multiplied by a conformal factor [32]. Clearly, the Biquard
connection preserves the Riemannian metric on TM, Vh = 0. Since the Biquard connection is metric it is
connected with the Levi-Civita connection V" of the metric h by the general formula

(2.2) h(V4B,C) =h(V'iB,C)+ % h(T(A, B),C) — h(T(B,C),A) +h(T(C,A),B)|, A,B,CcT(TM).

The covariant derivative of the qc structure with respect to the Biquard connection and the covariant
derivative of the distribution V are given by

(2.3) VIi=—-0; QL+, @I;, V& =—0; Q&+ o RE;.

The vanishing of the sp(1)-connection 1-forms on H implies the vanishing of the torsion endomorphism of
the Biquard connection (see [32]).
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The fundamental 2-forms ws of the quaternionic structure Q are defined by
(24) wa\H = dns\Ha ngs = 07 5 ev.
Due to (2.4), the torsion restricted to H has the form

(25) T(X7 Y) = 7[Xa Y]lV = 2w (Xa Y)fl + 2w (Xa Y)EQ + 2w3 (Xa Y)£3

2.2. Invariant decompositions. An endomorphism ¥ of H can be decomposed with respect to the quater-
nionic structure (Q, g) uniquely into four Sp(n)-invariant parts ¥ = UFH++ + +== 4 =+~ 4 ¥~~F where
UT++ commutes with all three I;, ¥+~~ commutes with I; and anti-commutes with the others two and etc.
The two Sp(n)Sp(1)-invariant components Wz = U+ ¥y = U=~ 4 &=+~ L ¥~ ~+ are determined
by

\I’:\II[S] <:>3\I’+Il\1111+]2\1/[2+[3\1113:0,

\I/Z\I/[,l] < VUV —-NLHV] - LV, —I3V]3=0.

With a short calculation one sees that the Sp(n)Sp(1)-invariant components are the projections on the
eigenspaces of the Casimir operator Y = [ ® I; + I ® I + I3 ® I3 corresponding, respectively, to
the eigenvalues 3 and —1, see [11]. If n = 1 then the space of symmetric endomorphisms commuting with
all I is 1-dimensional, i.e. the [3]-component of any symmetric endomorphism ¥ on H is proportional to

the identity, W3 = —t’f Idjg. Note here that each of the three 2-forms w, belongs to its [-1]-component,

ws = ws[—1] and constitute a basis of the Lie algebra sp(1).

2.3. The torsion tensor. The properties of the Biquard connection are encoded in the properties of the
torsion endomorphism Ty = T'(§,-) : H — H, & € V. Decomposing the endomorphism Tr € (sp(n) +
sp(1))* into its symmetric part Tg and skew-symmetric part be, Tz = Tg + be, O. Biquard shows in [6] that
the torsion T¢ is completely trace-free, trT¢ = trTe o I, = 0, its symmetric part has the properties Tgoi I, =
“LTY L(T) = L(TL) =, L(TL) ™+ = L(TL)—*, L(TY)—F = L(T)", where the
superscript +4+ means commuting with all three I;, +— — indicates commuting with /; and anti-commuting
with the other two and etc. The skew-symmetric part can be represented as be, = I;u, where u is a traceless
symmetric (1,1)-tensor on H which commutes with Iy, I5, Is. Therefore we have T¢, = Tgi + Lu. Ifn=1
then the tensor u vanishes identically, v = 0, and the torsion is a symmetric tensor, T; = TEO.

Any 3-Sasakian manifold has zero torsion endomorphism, T; = 0, and the converse is true if in addition
the qc scalar curvature (see (2.6)) is a positive constant [32] (the case of negative gc-scalar curvature can
be treated very similarly, see [40, 41]). We remind that a (4n + 3)-dimensional Riemannian manifold (M, g)
is called 3-Sasakian if the cone metric g. = t?h 4+ dt?> on C = M x R* is a hyper Kihler metric, namely,
it has holonomy contained in Sp(n + 1) [9]. A 3-Sasakian manifold of dimension (4n + 3) is Einstein with
positive Riemannian scalar curvature (4n + 2)(4n + 3) [48] and if complete it is a compact manifold with a
finite fundamental group (see [8] for a nice overview of 3-Sasakian spaces).

2.4. Torsion and curvature. Let R = [V, V] — V[ ; be the curvature tensor of V and the dimension is
4n + 3. We denote the curvature tensor of type (0,4) and the torsion tensor of type (0,3) by the same letter,
R(A,B,C,D) := h(R(A,B)C,D), T(A,B,C) := h(T(A,B),C), A,B,C,D € T'(TM). The gc-Ricci
tensor Ric, the normalized gc-scalar curvature S, the gc-Ricci 2-forms pg, and the gc-Ricci type-tensors (
are given by

Ric(A,B) = R(ep, A, B,ep), 8n(n+2)S = R(eyp,eq,eq,€p),
(2.6)

1 1
sAszi Ava a7Isa7 SAszi ayAaBaIsa~
po(A,B) = L R(A, B.ew, Tiea), G4, B) = 1Rl ca)

The sp(1)-part of R is determined by the Ricci 2-forms and the connection 1-forms by

(2.7) R(A, B,&;,¢5) = 2px(A, B) = (day, + a4 A o) (A, B), A,BeT(TM).
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The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors T°(X,Y) = g((TY I + T, I + T, I3) X, Y),
U(X,Y)=guX,Y) on H, introduced in [32], have the properties:

28) TOUX, V) + T X, LY) + T, X, LY) +T%(I:X, 1Y) =0,
' UX,Y)=ULX,LY)=U(LX,LY)=U(:X,13Y).

In dimension seven (n = 1), the tensor U vanishes identically, U = 0.
We shall need the following identity taken from [39, Proposition 2.3] 4T%(&, I, X,Y) = T%(X,Y) —
TO(I,X,1,Y) which implies the formula

(2.9) T(, IX,Y) = T&,, IX,Y) + g(Lul X, Y) = % [TO(X, Y) - TYUIX,IY)| - U(X,Y).

We recall that a qc structure is said to be qc-Finstein if the horizontal qc-Ricci tensor is a scalar multiple of
the metric, Ric(X,Y) = 2(n + 2)Sg(X,Y). The horizontal Ricci-type tensor can be expressed in terms of
the torsion of the Biquard connection [32] (see also [34, 39]). We collect below the necessary facts from [32,
Theorem 1.3, Theorem 3.12, Corollary 3.14, Proposition 4.3 and Proposition 4.4] with slight modification
presented in [39]

Ric(X,Y) = (2n+2)T°(X,Y) + (4n + 10)U(X,Y) + 2(n + 2)Sg(X,Y),

ps(X, 1Y) = f% [TO(X, Y) + T, X, ISY)] ~U(X,Y) — Sg(X,Y),

2 1 1
(2:10) G(X LY) = %TO(X, V) + - T(LX LY) +
n n

(
T(&i,85) = —S& — (& &5l 1 S = —h(T(&1,62),83),
9(T(&, &), X) = —pr(LiX, &) = —pu(1; X, §5) = —h([&, §], X).

2n+1 S
UX,Y —g(X.,Y
™ (X, )+2g( YY),

For n = 1 the above formulas hold with U = 0. Hence, the qc-Einstein condition is equivalent to the
vanishing of the torsion endomorphism of the Biquard connection. In this case the normalized qc scalar
curvature S is constant and the vertical distribution V' is integrable [32] for n > 1 and [33] for n = 1. If
S > 0 then the gc manifold is locally 3-Sasakian [32], (see [40] for the negative qc scalar curvature).

We shall also need the general formula for the curvature [39, 41]

(2.11) R(&, X, Y, Z) = —(VxU)(LiY, Z) + wj(X,Y)pr(1i Z, &) — we(X,Y)p; (L Z, &)
(T TO)(1:2,X) + (Ve TO)(Z, 1X)] + 1 [(VaT') (1Y, X) + (V7)Y LX)
— (X, 2)pu(1Y, &) + wnl(X, 2)py (LY. &) — w3 (Y Z)pi(LiX, €6) + (Y, Z)p; (1L X, &),

1
4
where the Ricci two forms are given by, cf. [39, Theorem 3.1] or [41, Theorem4.3.11]

6(2n 4 1)ps(&s, X) = (2n + 1) X(5) + %(VeaTO)[(eu,X) = 3(Isea, 1 X)] = 2(Ve,U)(€a; X),

(212) 6(2n + 1)pi(E;, I X) = (2n — 1)(2n + 1)X(S) — %(VEGTO)[(M +1)(eqs X) + 3(Lica, [, X)]
4+ D)(Ve, U)(eas X).

2.5. The Ricci identities, the divergence theorem. We shall use repeatedly the following Ricci identi-
ties of order two and three, see also [39] and [36]. Let &, be the Reeb vector fields, f a smooth function on
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the qc manifold M and Vf its horizontal gradient, g(V f, X) = df(X). We have:

3
VEAX,Y) = V2 (Y, X) = =2 w (X, Y)df (&),

s=1

VQf(Xa §S) - vzf(fsz) = T(§87Xa Vf)a

3
VX, Y, Z) = V3 (Y, X, Z) = —R(X,Y, Z,V[) =2 w,(X,Y)V*f (&, 2),
(2.13) s=1 ,
VAF(X,Y,6) = VAV, X, &) = =2df (&) ps (X, Y) + 2df (€6)p; (X, Y) = 2w (X, V)V f (45, &),

s=1
vgf(€S7X7 Y) - vgf(X7 gsay) = _R(§37X3va) - v2f(T(§5,X),Y),
V3f(€S7X? Y) - vgf(X7 Y7 gs) = _V2f (T (€S7X) 7Y) - sz (X’T(g&y)) - df ((VXT) (gs’Y))
_R(ES,X,KVf)

The sub-Laplacian Af and the norm of the horizontal gradient Vf of a smooth function f on M are
defined respectively by

Af == trf(V2f) =V'df == Vfleaea),  [VIIP = df(eq) df(ea).
The function f is an eigenfunction with eigenvalue A of the sub-Laplacian if, for some constant A we have
(2.14) Af=M\f.

From the Ricci identities we have the following formulas for the traces through the almost complex structures
of the Hessian

(2.15) 9(V2 fows) = V2 f(eq, Isea) = —4ndf (&)

For a fixed local 1-form 7 and a fix s € {1,2,3} the form Vol,, = 1 Ana Ans Aw?™ is a locally defined volume
form. Note that Vol, is independent of s and the local one forms 7, 72,n3 and therefore it is a globally
defined volume form denoted with Vol,,. The (horizontal) divergence of a horizontal vector field/one-form

o € A' (H) defined by V*o = —tr|gVo = —Vo(eq,e,) supplies the "integration by parts” over compact
M formula [32], see also [65],
(2.16) / (V*o) Vol, = 0.

M

3. PROOF OF THE MAIN THEOREMS

The proof of Theorem 1.3 is lengthy and requires a number of steps which we present in the following
subsections. Throughout this section we will work with the assumptions of Theorem 1.3. In particular, f is a
non-constant smooth function whose horizontal Hessian satisfies (1.6). Our first step is to show the vanishing
of the torsion tensor, 7° = 0 and U = 0. We start by expressing the remaining parts of the Hessian (w.r.t.
the Biquard connection) in terms of the torsion tensors and show that f satisfies an elliptic equation on M.
A simple argument shows that T°(I,Vf,Vf) = U, Vf,Vf) =0, s = 1,2,3. Furthermore, using the [—1]-
component of the curvature tensor we show that T°(I,Vf,;Vf) =0, s, t € {1,2,3}, s # t. In addition, we
determine the torsion tensors 7° and U in terms of the horizontal gradient of f and the tensor U(V f, V f).
The analysis proceeds by finding formulas of the same type for the covariant derivatives of 79 and U. Thus,
the crux of the matter in showing that the torsion vanishes is the proof that U(V f, Vf) = 0. This fact will be
achieved with the help of the Ricci identities, the contracted Bianchi second identity and thus far established
results. In the next step of the proof of Theorem 1.3 we compute the Riemannian Hessian of f, with respect
to the Levi-Civita connection of the metric (1.5) which allow us to invoke Obata’s result thus proving that
M equipped with the Riemannian metric (1.5) is homothetic to the unit sphere in quaternion space. The
final step is to show that M is qc-homothetic to the (4n + 3)-dimensional 3-Sasakian unit sphere. Here, we
employ a standard monodromy argument showing that a compact simply connected locally qc-conformally
flat manifold is globally gc-conformal to the 3-Sasakian unit sphere. For this we invoke the Liouville theorem
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[10], showing that every qe-conformal transformation between open subsets of the 3-Sasakian unit sphere is
the restriction of a global qc-conformal transformation, i.e., an element of the group PSp(n + 1,1).

3.1. Some basic identities. We start our analysis by finding a formula for the third covariant derivative
of a function which satisfies (1.6).

Lemma 3.1. With the assumptions of Theorem 1.3 we have the following formula for the third covariant
derivative of the function f,

3
(3.1) VEF(AX,Y) = —df (A)g(X,Y) = > w,(X,Y)VAf(A,E), AeT(TM).

Proof. The claimed formula is obtained by differentiating the Hessian equation (1.6). Indeed, the covariant
derivative along A € T'(T'M) of (1.6) gives

vdf(A’ X, Y) = 7df(A)g(X’ Y)
3

- Z [VZf(Avfs)ws(X’ Y) + df(vAfs)ws(X’ Y) + df(gs) (VAWS) (X’ Y)] )

s=1

which together with (2.3) gives the identity, cf. also Convention 1.4 e),

VIF(A,X,Y) = =df (A)g(X,Y) = D [VPF(A,&)wi(X,Y) + df (Va&)wi(X,Y) + df (&) (Vawi) (X,Y)]

(igk)

= —df(A)g(X,Y) = Y [V2f(A,&)wi(X,Y)]

t=1
— > [y (A)df (&) + ar(A)df (§5)] wi (X, Y) = D [~ (A)wr(X,Y) + ar(A)w; (X, V)] df (&)
(i5k) (i5k)
3
= —df(A ) = D [V2HA &)w (X, V)],
t=1
which completes the proof. O

After this technical Lemma, our first goal is to find a formula for the curvature tensor R(Z, X,Y,Vf),
for f satisfying (1.6), using Lemma 3.1 with A = Z, the Ricci identities (2.13), and the properties of the
torsion. In fact, after some standard calculations it follows

(3:2) R(ZX,Y.Vf) = [df(2)g(X,Y) - df(X)g(Z.Y)]

3
7 [V (€, 2)w, (X,Y) = Vdf (&, X)ws(Z,Y) = 2V (€, Vw2, X))
s=1
3

+ 3 [T 2.V Pwn(X,Y) = T(6, X, VHwu(2,Y)).

s=1

By taking traces in (3.2) we can derive formulas for the various contracted tensors (2.6). We shall use the
following,

Ric(Z,Vf) = (4n — 1)df (Z ZTgb,IZVf —BZVdf &, 1,2),

3.3 s=1 s=1

+ (4n + V)Vdf (&, L,Z) — Vdf (&5, 1,2) — Vdf (&, [ Z).



10 S. IVANOV, A. PETKOV, AND D. VASSILEV

The above formulas imply some other basic identities to which we turn next. Note that with the help of
(2.10) we can rewrite the Lichnerowicz type assumption (1.2) in the form
(3.4) L(X, X) “ 2(n +2)Sg(X, X) + o, TO(X, X) + BLU(X, X) > kog(X,X), X € H,
o - 2(2n 4+ 3)(n + 2) 5 = 4(2n —1)(n + 2)?
’ " @2n+1)(n-1)"

" 2n+1
which allows to write the first claim of the following Lemma in the form L(Z,V f) = 0 for all Z € H whenever
f satisfies (1.6) taking kg = 4(n + 2).

Lemma 3.2. With the assumptions of Theorem 1.3, the next identity holds true
2n+3 2(2n—1)(n+2)

0 _
(3.5) (S—2)df(Z) + o T (Z,Vf)+ Gt n=1) U(Z,Vf)=0.
Furthermore, we have
(3.6) T(I,Vf,Vf) =0, U(LVf,Vf)=0.

Proof. The first equations in (3.3) and (2.10) together with (2.9) imply

(3.7) 3 23: Vdf (&, 1,7) = [471 —1-@2n+4)S|df(Z) — @n+3)TZ, V) — (4n + T\U(Z, V).

The sum over 1,2, 3 of the second equality in (3.3) together with the third equality of (2.10) and (2.9) gives
(3.8) 4n —1 23: Vdf (&, 1,7) = (3 — 6nS)df (Z) — (2n + 3)T°(Z,V f) — 3U(Z,V f).

Subtracting (3.7) from (3.8) we obtain

3
An—1)) Vdf(&,1.2) = A(1 — n)(1 + S)df (Z) + 4(n + 1)U(Z,V ),

s=1

which for n > 1 yields

n+1

(3.9) inf(fs,IsZ) =—(1+9)df(Z) + U(Z,Vf).

The sum of (3.7) and (3.8) ;ves

(3.10)  (2n+1) 23: Vdf (&, 1,7) = (2n + 1)(1 — 28)df (Z) — (2n + 3)T°(Z,V ) — (2n + 5)U(Z,V f).
Equalities (3.9) an;_(13.10) imply (3.5). Letting Z = I,V{ in the latter it follows T°(I,Vf,Vf) = 0 since
ULV, V) =0. m

3.2. Formulas for the derivatives of f. By assumption, the second order horizontal derivatives of f
satisfy the Hessian equation (1.6). We derive next formulas for the second order derivatives involving a
horizontal and a vertical directions.

Lemma 3.3. With the assumptions of Theorem 1.3 we have

2n+ 3 2n2+3n—1

(311)  Vdf (&, LiZ) = —df (Z) + 12nt 1) [TO(Z» V) =T°(LZ, Iin)] + m(](z» V)
and
(312)  Vdf(Z.&) = df(1.Z) — 22111 [7°(1:2,90) + T2, 1:9 )] - M%U(LZ, V).
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Proof. The second equality of (3.3) can be written in the form
3
(3.13) 4nG(L;Z,Vf)=—df(Z)+ (4n — 2)T(&, L, Z,V f) Z (&, IsZ,V f)
s=1

3
+ (4n + 2)Vdf (&, [, Z) — Z If (&5, 1, 7)

:—df(Z)+(4n—2)E<T°(Z,Vf) (1,7, IVf) U(Z,Vf) } )+ 102, V) - 3U(z,vf)

+ (L 8)df(2) ~ L0296 + (40 + 2)Vif (6 1.2),
where we used (2.9) and (3.9). Now, equalities (3.13), (3.5) and the thlrd equality in (2.10) imply
(3.14) Vdf(&, L,Z) = —gdf(Z) - % [TO(Z, V) +T°(12, Iin)} + WU(Z, V)
2 _
— —df(2) + % [1°(2.9) - 112,15 5)] + %U(z, V).

Finally, the Ricci identity, (2.9) and (3.11) yield
(3.15) V*f(Z.&) = Vdf(&,2) + T(&, 2.V f)

S n —l— 1 m?—n—2
- §df(IiZ) + m Lz, Vf) - 1TO(Z LVf)+ mU(IiZ, \))
n+1 an
=df(1iZ) - o~ 1 TO(L‘Z, V) +T1%2Z, Iivf)} - mU(L‘Z, Vi),
which completes the proof. O

Next, we compute the second vertical derivatives of f. We start with a basic useful identity involving
only vertical derivatives.

Lemma 3.4. With the assumptions of Theorem 1.3 the following identity holds

n+1

0
D) (VeI e V) = (Ve, T) (Tiea, LV )

(3.16) V2f(&i.&)=—f—
1
- m(vea[])(ea,vﬁ-
Proof. Differentiating (3.12), using (1.6) and (2.3) we obtain

(3.17) VPf(X,Y.&) — a;(X)Vf(Y. &) + an(X) V(Y. &)

- 727;111 [(VXTO)(L'Y7 Vi) + (VXTO)(Y’ [Zv‘f)} _

4n
2n+1)(n—1)
4n
2n+1)(n—1)
4an
2n+1)(n—-1)
an
(2n+1)(n—1) Ux, I"’Y)}
dn
2n+1)(n—1)
4n
2n+1)(n—1)
4n
2n+1)(n—1)

(VxU)(LiZ,Vf)

n+1
2n

n f{wi(X, Y)+ [TO(X LY) +T°(L;X Y)] U(X, IiY)}

n+1
2n+1
n+1
2n+1
n+1
2 +1

+ df(g,-){ —g(X,Y) + [TO(I X,LY) - T°(X, Y)] n U(X, Y)}

n df(gj){wk.(x, Y) + [TO (I, X, Y) + T°(I.X, Y)} n

+df (&) - w (00X, 1Y) = T X, V)] - UX, L)}

+1
n+1
n+1
2n+1

—a,(X [df Ly) - 2 Loy vy - (Y, I,V f) - V(1Y)

1
n+
2n+1

+ a(X) [df(f V) - g TLY, V) - g T, 1Y) - U1y, 9 1)].
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Applying again (3.12) to the second and the third terms in the first line we see that the terms involving the
connection 1-forms cancel and (3.17) takes the following form

n+1

— 5 (T TV + (VT LY )] -

+ Hwx. )+

4n
2n+1)(n—1)

4n
(2n+1)(n—1)

4in
[T(LX, 1Y) = T°(X, V)| + @n+1)(n—1)

4n

" UX LY }
(2n+1)(n—1) (X, LY)
n+1 4n
2n+1 (2n+1)(n—1)
On the other hand, the skew-symmetric part of (3.18) and the Ricci identity listed in the fourth line of (2.13)
yield

(VxUNLZ,Vf)
n+1
2n+1

n+1
+df(e){ —9(X.¥) + 5
n+1

2n+1
+df ()] —w(X,Y) +

[TO(X, LY) +T%(;X, Y)} + U(X, IiY)}

U(X, Y)}

Fdf () {wr(X.Y) + 5 [T X 1Y) 4+ TO(1X,Y) | +

[TO(MQ LY) - T°(I; X, Y)] - U(X, ij)}.

(3.19) VPf(X,Y,&) - V3f(Y, X, &)

= —;1111 [(VXTO)(L-Y, V) +(VxT) (Y, LV f) = (VyT)LX, V) = (VyT°)(X, I,V f)}
- G (T = (DO EX V)] + 21 [sXY) + e VX))
+ 2df (&) {wr (X, Y) + 2’;4; 11 (71X, V) = TO(X, 1Y) + (2n+f—)n(n_1)U(X, LY)}
20 (€0){ - wi (X, V) + 2’1;11 10X, Ly) - T X, V)] - mmx, 1Y)}

3
= —2df(&)pr(X,Y) + 2df (§)ps (X, Y) = 2D ws(X,Y)V? [ (&5, &)
s=1
The trace X = e,,Y = Lie, of (3.19) and the second equality of (2.10) give (3.16), which completes the
proof. |

Remark 3.5. The detailed proof of (3.18) shows a particular consequence of (2.3) which is that a covariant
derivative of identities that are not Sp(1) invariant can lead to formulas which do not involve the connection
one-forms. In the rest of the paper we shall usually skip many straightforward calculations some of which
rely on a similar use of (2.3).

3.3. The elliptic eigenvalue problem. In this sub-section we will show that (1.6) implies that f satisfies
an elliptic PDE. Let A" be the Riemannian Laplacian of the metric (1.5).

Lemma 3.6. On a qc manifold of dimension bigger than seven any smooth function satisfying (1.6) obeys
the following identity

n+1
n(2n + 1)

3

(3.20) Atf=(4n+3)f + (2n+1)(n—1)

(Ve, T%)(ea, V) + (Ve,U)(ea, VI).
Proof. It is shown in [36, Lemma 5.1] that the Riemannian Laplacian A" and the sub-Laplacian A of a

smooth function f are connected by

3
(3.21) AMF=NF = V(6 )
s=1
Equation (3.21) is a consequence of the formula (2.2), A" f = — Eizl Vhdf(eq, eq) — Zi:l Vhdf (&, &), and
the identities T'(eq, A, e4) = T(&5, A, &) = 0, A € T(TM) which follow from the properties of the torsion
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tensor T of V listed in (2.10). Lemma 3.4 and (2.8) imply

3

(3.22) > V(& &) = —3f

s=1

n+1

- m(VSQTO)(ea,Vf) -

m(vea[f)(ea,vf)

A substitution of (3.22) in (3.21), taking into account that f satisfies (1.6) hence Af = 4nf, we obtain
(3.20) which proves the lemma. O

A consequence of Lemma 3.6 and Aronszajn’s unique continuation result [1], is that |V f| cannot vanish
on any open set. We note this important fact in the next remark.

Remark 3.7. If M and f are as in Theorem 1.3 then |V f| # 0 in a dense set since f # const.

3.4. Formulas for the torsion tensors. In this sub-section we derive formulas for the components 7° and
U of the torsion tensor.

Lemma 3.8. With the assumption of Theorem 1.3 the following identities hold true for any X,Y,Z € H

(3.23) TUI,Vf, V) =0, s#t, s tec{l,23},
(321) TSV =—CSUNVEYS),  TULVALYS) = UV, se{1,2,3)
(3.25) VIPTZ, V) = - U E VD), VIPUZ V) = UKV V)
3
(3.26) VAT, Y) = 2OV, V) [3FOdFY) — S dFLX)dF(LY )],

s=1

3
(321)  VIU(Z,X) =~ UV £, VD) [97P9(Z,X) = n(af(2)af (X) + 3 dF (L2 (LX) )]

Proof. To determine the torsion tensors 7° and U we are going to apply the following identity [39, 41] for
the [—1] component of the curvature

(3.28) 3R(Z,X,Y,Vf)— R(LZ 1, X,Y,Vf) — R(,Z,1L,X,Y,Vf) — R(I3Z,1sX,Y,V[)

= 2[g(X, )T(Z,VF) + 9(2. V)T (V. X) = g(Y, Z)T"(X, V) = (V. X)T°(Y. 2)|

3
-2y {wS(X, Y)TU(Z, I,V f) + ws(Z, VT (X, LY) — ws(Z,Y)T(X, L,V f) — ws(X, V) T(Z, ISY)}
s=1

3
+ 3 [20,(2, X) (T°0 LV ) = TOULY, V) ) = 8, (Y, VU (L Z, X) = 48w,(Z, X ),V V)]

With the help of the Ricci identity, cf. the second equality of (2.13), we write the curvature tensor given by
(3.2) in the form

(3.29) R(Z,X,Y,Vf) = [df(Z)g(X, Y) - df(X)g(Z, Y)}
3
+ 3 [Va(Z,6)ws(X,Y) = VA (X, €)ws(Z,Y) = 2VdF (€, Y s (2, X))

s=1
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A calculation shows

3
(3300 S RLZLX,Y,Vf) =Y [df (I Z)ws(X,Y) — df(IsX)wS(Z,Y)}
t=1 s=1

w

3
Z V(12,6 (1LX,Y) = VA (LX, €)ws (L2, Y) = 2Vdf (€, Y (1 Z, 1 X))

3
-y [df (I Z2)ws(X,Y) — df (I, X )ws(Z,Y) + 2Vdf(gs,Y)ws(z,X)}
s=1

g(X,Y) ZVdf (IZ,6) +9(2,Y) ZVdf (I.X, &) = Y wi(X,Y) [Vdf(sz, &) — Vdf (InZ, 5]-)}
s=1 (i7k)
+ Y wil2.Y) V(X&) - Vif(LX. &),
(igk)
where 37 ;1) denotes the cyclic sum. Now, (3.29) and (3.30) together with (3.11) and (3.12) yield

(3.31) 3R(ZXYVf)— R(LZ, 1, X,Y,Vf) — R(I,Z, IgXYVf)— R(IZ,1;X,Y, V)
= g(X,Y) [3df (2 +Zv2 (12.6)| - 9(2.Y) 34 (X +ZV2 ngé}_szwézxwf(gé, )

+ Z wilX,Y) [3V2(2,6) — df (12) + V2 £ (1;2,6) — V*f (12, @)]
(igk)
= 3wl Z ) [BVEA(X, &) — A (1X) + V2 X, &) — V2 F(1 X&)

(igk)

— g(X, Y)[%TO(Z, Vi) + # U(2,9))]
e o)
> An+6 8
- ;wS(Z, X){4Sdf(IsY) o [Ty, V) = TV, 1,V )] - TES At v}
—ZwSXY{ ”+4T0(21w) I gz Vf)}
2n+1)(n—1) ’
5 An + 4 in
+ 3wl ZY){Qn CT0(X, LV) + mU(stw)}.

s=1

Subtracting (3.28) from (3.31) and applying (3.11), (3.12) and the properties of the torsion we come to

(332) 0=g(X.V)[12,V0) + 202,90 - 92V 10X, V1) + - U(X, )]

" U(1,Z,Vf) ] +3 w2, Y)[TO(X LVSf) +

s=1

2n 2

n
“LULX V)]

—ZWSXY [ (Z, I,V f) +
4
- ;mz, X) [2T0(ISY, V) =2V, LV ) — ——U(LY, V)]

3
(2n+1 Z {df (I.X)TY(Z, 1Y) — df (I, Z)T°(X,I,Y) — 4df(ISY)U(IsZ,X)}
s=1

+ (2n+ 1)df(X)T°(Z,Y) — (2n + 1)df (2)T°(X,Y).
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Setting Z = V f into (3.32), after some calculations, we obtain
(3.33) (2n+ D)|VfPTY(X,Y) = (2n+ 1)df (X)T°(V£,Y)
+g(X [TV 1, 9) + (95,9 5)] — df ) [T, V) + -2 U(X, V)

3
-S|y 2t

s=1

i ULX.VS)

Letting Y = V f in (3.33), then using (3.34) and (3.6) shows

T V(A TN - [VPUK ).

On the other hand, letting X = I; Vf in (3.33), using (3.6) and (3.34) gives

(3.34)  |VIPTU(X, V) =TV, Vf)df(X) +

9y

— df(LY)T)(LVf, I,V f) — df (IsY)T°(1, V £, I3V f)

(3.35) 0= —df(I,Y) [TO(Vf, V) + T LV LVS) —

—(2n —1)|VF2|T (Y, LVf) — T(1,Y, Vf)] + %WHQU(AY, V).

From (3.35) with Y = I,V f and (3.8) the identity (3.23) follows since |V f|? # 0.
Setting Y = I; Vf into (3.35) implies
4n
n—1

(3.36) T(VENV) +TLV LV ) =~ UV, V).

The latter equality together with the (2.8) yield (3.24).
The equalities (3.35), (3.23) and (3.24) imply

(337) (20— DIVPTOW, L,YS) = (20— DIVSPT(LY, V5) + ——[VPU(LY, V)

8n? — 8n

ALY [TV, V) + T, 1.95) ~ P =g, v )

= (2n = V)|VfPTYILY,Vf) + %WﬂQU(ISY, V) +42n+ D)df (I,Y)U(Vf,Vf).

Let Y = I, Vf in (3.32) in order to see
(3.38) 2(2n+ 1)|VfPU(I1Z,X) = w1(Z, X) [TO(Vf, V) +T(LVf,LVf) - %U(Vf, Vf)]
+ndf (X)|[T°(2, LV ) ~ ﬁU(IlZ, V)| = ndf(2)|[T(X, 1V 1) - ﬁU(IlX, v
+ ndf (I, X) [TO(Z, V) — %U(Z, Vf)} — ndf (1, Z) [TO(X, V) — %U(X, Vf)}

Fdf (1X) T2, 1,V f) = —=U(L,2, )| ~ndf(B2) [T(X, 9 f) - ——U(1,X, V)]

—ndf (13X) [T°(Z. 1,V f) - ﬁU(bZ, V)| +ndf (1,2) [1°(X. 1,V 1) - ﬁU(IgX, V).

Letting X = Vf in (3.38) and applying (3.24) we obtain
(3.39)  (4n® —n—2U(Z,VHIVS|? = (6n* —n —2)U(Vf,Vdf(Z) —n(n — DT (1, Z, LV )|V f]*.
Therefore,

(3.40) IVF2|n(n —1)T°(Z,Vf) — 3(4n* —n — 2)U(Z, Vf)} = —3(6n? —n —2U(VF, V)df(Z).

3
4
- Z:l df (1,X) [21°(Y, LV ) + (2n = DT(LY, V) + —=U(LY, V).

15
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On the other hand, taking into account (3.24), equality (3.34) yields
(3.41) IVF12[(n? — )T(2,Vf) + 3nU/(Z, Vf)} = 3n(2n + VU(Vf,Vf)df (2).

Solving the system of equations (3.40) and (3.41), we obtain (3.25).
A substitution of (3.25) and (3.43) in (3.33) gives (3.26). Now, a substitution of (3.25) and (3.43) in
(3.38) shows (3.27). O

We finish this section with a few useful facts. As a direct corollary from (3.5), (3.25) and (3.43) it follows

(3.42) wips -2 = U Dy vy

In addition, from (3.25) and (3.37) it follows

2 2
(343) |VIPT(Z.LV]) = ——Z=U(VL V)LL), [VIPTLY,LVf) = ——=U(Vf,V)df (2).
The equalities (3.25) and (3.43) yield

(3.44) T°(1,Z,Vf)=3T°(2Z,I,Vf), T°ZVf)=-3T°1,2,1,Vf), T°(Z Vf)=—

U(z,vf),
3.5. Formulas for the covariant derivatives of the torsion tensors. Here we shall prove formulas for
the covariant derivative of the torsion tensor.

Lemma 3.9. If M and f are as in Theorem 1.3, then we have the following identities for the covariant
derivatives of the torsion tensor at the points where |V f| # 0,

(3.45) [VIP(VATO)X,Y) = T2 fap(2)1(X, ¥)
2n U(V/, V) 3
T n—1 |Vf]? f[*?’df( )9(X, Z) = 3df (X +;(dengXZ)erf(IX)wg(YZ))}
- n2ill U(vajgf) > df(&) [Sdf(Y)wi(X, Z) + df (LY )g(X, Z) — df (Y )wi(X, Z) + df (Y )w; (X, Z)}
(ijk)
_ n2f”1 U(r;szgf) > df(&) [Bdf(X)wi(Y, Z) + df (1, X)g(Y, Z) — df (I; X )wi (Y, Z) + df (I X)w; (Y, Z)}
(i5k)
and

2n

3
(3.46) [VSP(VL0)(X.Y) = 20df(Z)U(X.Y) = 23 df(€)f (L) (X, Y) = 2 fdf(Z)U (X, V)

s=1

3
—2de<£s>df<IsZ)U(X7Y>—nilU%fﬂff N 2pasz —2de (€)df (1. 2)] o(X.Y)

n_ UV V)

3
Fldr0)g(X, 2) + dF(X)g(V, 2) + 3 (dF (1LY s (X, 2) + df (LX) (Y, 2) )|

- n—1 |Vf|2 s=1
LTI S a6 [0 (X,2) - (1Y )9(X,2) + AF (1Y e (X,2) — (1Y ) (. 2)]
(igk)
i S ) [ (0w, 2) = U X)a(Y.2) + XY 2) = dF LX)V 2],

(igk)

where Z(ijk) means the cyclic sum, cf. Convention 1.4.
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Proof. The contracted Bianchi identity reads [32, 41]
2n+4

(3.47) (VeuT)(ear X) 22 (Ve U) e, X) = (204 DS (X) =

After taking the trace in the covariant derivatives of (3.25) and (3.42) we obtain

6n UVEVE UV VS
(Ve T(ea V1) = = 1Vf( (IVf|2 ))+n—1f (IVf|2 )
(3.48) (Vo U)(ea, V) = vf(W) _ 4an%’
VIV
Vi) = v (CE).

The system (3.48) and (3.47) imply

.10 S COZA LN EIES VLA
Similarly, using in addition (3.44), we have
(Vo1 ew 1.9) = 21,97 (SELEDY 1 S gp) UELED.
(3.50) (Ve 0o 1.91) = 191 (T s anapic) N,
LVf(S) = 4:+4I W(W).

Since the differentiation of (3.43) involves covariant derivatives of the almost complex structures the deriva-
tion of (3.50) requires some care we do it explicitly again, cf. Remark 3.5. We start with the proof of the
first formula in (3.50). Differentiating the first equation in (3.43), taking into account (2.3), we have

(VXxT) (Z, L,V f) — aj(X)TYZ, IV f) + an(X)T(Z, L,V ) + T°(Z,;V x (V f))

o [ (UL o UYEVS) |
= -2 I (BT iz + BEL T 959 1.2)]

2n U(V/, V)
a1 vy T (2) + an(X)df (1,2)]

The formula for the Hessian (1.6) gives

3
(VxT) (Z, L,V f) — aj(X)T°(Z, IV ) + e (X)T(Z, ;V f) — fT°(I; X, Z) Z (&) (L1 X, Z)

o [ (UOEIDN o UVETD) | |
- on—1 ( V|2 )df(I%Z) N (fg(X,IzZ)—F;df (fs)g(IsX,LZ)>
on U(VS,91)
o1 VP [—o, (X)df (InZ) + o (X)df (1, 2)].

Taking the trace in the above identity and then applying the first equation in (3.43) to the obtained equality
we see that the terms involving the connection 1-forms cancel, which gives the first identity in (3.50).

The second line in (3.50) follows similarly.

The system (3.50) and (3.47) yields

UV V)

UV V)
IVfI? '

(3.51) Isvf( V]2

) =2a1(5,)
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We calculate the divergence of T differentiating (3.26), taking the trace in the obtained equality and applying
(3.49), (3.51). After a short computation we obtain

3

(352) |VIP(Ve.T%)(ea,Y) = 2fT°(Y, V) +2> _ df (§)T(Y, LV ) =

s=1
on (V1. V] (V£ V1)
- |3Vf <|Vf|2> +ZIVf< IV fI? )df(ISY)
on U(Vf,Vf)

T e [P el (Y ;v f(ear Lnea)df (1Y)

3
- 2 UL a0 9sv) + S VA LY)

s=1

Applying (1.6), (3.25), (3.43), (3.49) and (3.51) to (3.52), we get

(3.53) [VfP(Ve,T%)(ea,Y) =

12n UV V) dn UV VE) < 12n UV, V)
i TR YO T e de(fs)df(IsY)—n+2 o )

An U(VF,VF) 24n? U(Vf, V) 8n? UV, V)
R T de SN LY) + T e YY) - T T e ;df(ﬁs)df(IsY)
6n_U(V/.Vf) 6n_U(VL V)
1 v Y e ;df(ﬁs)df(IsY)
I VLS S v+ A Y) — L Y) ~ )
=1
12n(n+1)(2n+1) UV, V) M+ 1U(VE V) <
= om0 - T ;df@s)df(fsif).
Applying (3.25) and (3.43) to (3.53), we derive
3
658 VPRI e y) =~ IO 10y, 9p) 4 (an 1 2) 3D dr€) TV, LV ).

s=1
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Now, we calculate the divergence of U differentiating (3.27), taking the trace in the obtained equality and
applying (1.6), (3.49) and (3.51). We have

(3.55) VI (Ve,U)ea, Y) = 2fU(Y, V) +2> df(E)U(Y, I,V f) =

=
- (e s 2 o (AP - s (U )
_ nil U(|va}|ff) [2V2f(Y, V) = nV?f(eq, eqa)df (V —n;VQ (a, Tsea)df (I Y)}
. U%fﬂzﬁ V27V 1Y) - g;va(Isz, LY)]
-y (B e+ 2 [Z;;w(xw) - gdf(&)U(IsY, )
(Y,Vf) + 2n idf (ENU(LY,Vf) — [fUYVf de (&)U IKW)]

Thus, from (3.55) we obtain

336) (VA0 Y) = -y (ML)
4n? + 6n An? —2n &
- UV - = ;df@s)vusy,w).

A substitution of (3.54), (3.56) and

dn+4_ (UNVEVS)
VIPY(S) = T Y (S )I9AE
in (3.47) implies
(3.57) Y(W)VfF 2n = fU(YVf 72de U(LY,Vf).

The equalities (3.56) and (3.57) yield

3
(359 VPV Y) = -2 DD iy gy - a(en 4 1) Y (U LY, V).
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We calculate from (3.26) using (1.6), (3.25) and (3.57) that

IVAP(VZTO) X, Y) = 2fdf (Z)T(X,Y) = 2y df (&)df (I, Z)T°(X.Y)

= 2:+_22fdf(Z)T0(X,Y) — def(fs)df(ISZ)TO()QY)
3
_ n2111 U(|va]1|zf)f[_ 3df(Y)g(X, Z) + Y df (1Y )ws(X, Z)}

s=1

20 UYLV
o1 VP

3
f| =3 (X)9(¥. 2) + Y df (LX) (Y, 2)]

s=1

- 2 TEE D 60 [sar () (X, 2) + ()9, 2) — (1Y (X, 2) + ] (Y (X, 2)
_ nziz : U(r;sz'?f ) d(e) [Sdf(X)wl(Y, Z) + df (11 X)g(Y, Z) — df (I, X )ws(Y, Z) + df (Is X )wa (Y, z)}
- 2 O ) [ (¥ a0, 2) + (1Y )9 (X, 2) + A (Y Y (X, 2) — d (Y Y (X, 2)
_ nzizl U%f}lgf ) i (6) [3f (X)wa(Y, 2) + df (L X)g(Y, Z2) + df (1 X )eos(Y, Z) = df (I3 X ) (¥, 2)|
-z U%f T Laf (€0) [3dF (Y (X, 2) + df (1Y )g(X. Z) — df (1Y Yo (X, Z) + dF (Y Jor (X, 2)
- 2 L 60 [ 0wy, 2) + (1 X)a(Y, 2) — (R X )en(Y. 2) + (12X (¥ 2]

The last equality yields (3.45). Finally, equation (3.46) follows from (3.27) using (1.6), (3.25) and (3.57). O

In the next, key step of the proof, where we show that the torsion tensor vanishes, we shall use the
following particular cases of Lemma 3.9. For Z = V f, (3.45) gives
2n — 2
n+2
+df (&) [T (X, Y) + T°(X, Y)] +df (&) [T (1sX,Y) + T°(X, IsY)]

(3.59) (Ve T°)(X,Y) = FTOX,Y) + df(£1) [TO(IlX, V) + TO(X, IlY)}

Similarly, letting Z = I,V f in (3.45) we obtain
(3.60) (VrvsTO)(X,Y) =2df (§)T°(X,Y) + f [TO(Iix, Y) +T°(X, L»Y)]
— df(&) [T (X, Y) + TO(X, BY) | + df () [T X, Y) + TO(X, Y) .

The substitution of Y = V f in (3.54) taking into account (3.24) and Lemma 3.2 gives

12n(n+1)(2n+1)
(n+2)(n—1)

while the substitution Z = e,, X = Lie,,Y = L,V f in (3.45) and (3.43) gives

_dn(n+1)(2n+1)

(3.61) IV (Ve,T%)(ea, V.f) = UV V),

(3.62) VI P(Ve, T i, 1V ) = = Do M fU(VS, V)
Finally, letting Z = Vf, I,V f in (3.46) shows the next equalities
(3.63) (Vel)(X,Y) = Z2JUXY), (ViwgU)(X, ) = 20f(E)U(X, V).
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3.6. Vanishing of the torsion. In this section we show the vanishing of the torsion, 79 = U = 0, by
calculating in two ways the mixed third covariant derivatives of a function satisfying (1.6).

Lemma 3.10. If M satisfies the assumptions of Theorem 1.3, then the torsion tensor vanishes, T = 0,
U=0, ie, M is a qc-Finstein manifold.

The proof occupies the remaining part of this sub-section.

3.6.1. The Ricci identities. We are going to use the sixth line in (2.13). A substitution of the contracted
Bianchi identity (3.47) in the second formula of (2.12) gives

(3.64)  (2n+1)pi(&5, I X) = —(2n + 1)p;i(&k, [; X)
n
n—1

(Ve T)(eas X) + (Ve, T%) (Liea, [;:X)] +

(Ve U)(ea, X).

1
4

Let Z = Vf in (2.11), and then substitute the obtained equality in the sixth formula of (2.13), after which
use (3.64) in order to see

(365) VS(6 X.¥) - V(X Y.6)
= —VE(T(6, X),Y) = VA T(E6,Y)) — dF (VAT V) + (TxO)(LY, V)
+ 5 (VY TO)LTS,X) + (TS 1X)] = § (T, X) + (Vo TV, LX)]

n
n—1

(Vo U) (e, wn} w;(X.Y)

+ ﬁ {—i(veaTO) [(ea, ItV f) — (Inea, V)] +

[T e 5V - e T+ (V0 e YD) e (X,1)

S
g (17T (e ) = (V)] = (e ) e 1) | (1, )
g (1T T e ) = (e V)] = " (T, Ve 1Y) 1)
# g (1070 1X) = (o X = - (Ve 0w 10| (1Y)
5T [T T (o) = (e X)) = (T, U)o )| (ALY,

Note that from (2.9) we have

1

(3.66) T(&,X,Y) = 1 [T(LX,Y)+T°X,LY)] - U(X,LY).

Differentiating the above formula we find, applying (2.3),

(3.67) df (VxT)(&,Y)) = —i [(VxTO) LY,V )+ (VxT)Y, L,V )] + (VxU)(LY, Vf).
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Using (1.6), (3.66), (3.67) and the properties of torsion tensor listed in (2.8), we obtain from (3.65)
(3.68) VPf(&, XY)— Vf(X,Y,&)
1 [<vXT°><I YY) + (VT LV )] 4 3 (T TO)LX, V) + (V)X LV )]
1

-1 [(vaT WX, LY) + (VT (LX,Y)] — 5 [T°(LX,Y)+T°X,LY)] f
- B [T°(X, I,Y) - T°(I, X,Y)] + 2U(X, IkY)} df (&)

+ B [T°(L;X,Y) = T(X, ;Y)] + 2U(; X, Y)} af (&)

T e W) = (ieas VO 4 - (T Ve V) (X, Y)

»Mr—\

n 1
2n+1

st |- 1T T e V) = (ew V] + - (Voo LV n(X,7)

(T ) e Y = (oY) = - (T, U)o 1Y) | 8 1,)

(Ve T°) [(¢a, ;Y) = (Ijea, Y)] =

I N N

(Y, U)(ear )| dr ()

+

[\
g8
+7 T
—_ =
|—|l—|>4>“—*

(Ve, T°) [(ear 16 X) = (Inea, X)] = —— (veaU)(ea,JkX)] df(1;Y)

(Ve T") [(ea: 1;X) = (jea, X)] —

[\~

S

4|

—_
1
[ BN

ﬁ 1 (v‘faU)(eav IjX)- df(IkY).

[\
S

—+
[t

For X = I,V f,Y = V{ equation (3.68) together with (3.59), (3.60), (3.6) and (3.23) imply
On the other hand, a subtraction of (3.18) from (3.1) with A = ¢; gives
n+1

S |(VRTEY. V) + (VT L )|
an
2n+1)(n—1)

(3.70) V2f(&,XY) - VP f(X,Y,&) =

4n n+1
+W(VXU)(IYVJ’ ——
) —

[ (X,LY) + T°(I,X Y)] FUX,LY)

— (€3 [TUX 1Y) = T V)] + (€U (XY)
A1) g1t [T X Y) + T 0L Y)] + o€ U (X Y)
— d1(6) g [T U 1Y) = T XY)| = G e @V (X LY)

3

—Z (V2 £(&, &) + flws(X,Y).

Letting X = LV, Y = Vf in (3.70) and then applying (3.6) and (3.23) we obtain

2(n+1)

ﬁ(VINfTO)(INf, V)

(3.71) VPf(& LV, Vf) =V (LY, V&) =

dn n+1
T e Ve DEVEY) g [TV L LV ) - TV V)|
UV V) + ] VA

+ 2n+1)(n—1)
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Using (3.60), (3.63) as well as (3.24) in (3.71) we conclude

(3.72) V(6 LV V) — VSV, f.6) =~ [U(V,V0) + [V3(6.6) + ] VST

The formula for the last term is given in (3.16) to whose right-hand side we apply (3.61), (3.62) and (3.58)
in order to obtain

e o _ 2(n+1)(@2n+1) UNVLVS)
(3.73) V() 4 f = S e
Now (3.73) applied to (3.72) allows us to conclude
(3.74) V(6 LV, VS) ~ VIV, V1,6) = — fU(V £, 9)

Comparing (3.69) and (3.74) we obtain fU(V f,V f) = 0, which implies U(V f, Vf) = 0 taking into account
Remark 3.7. Hence, T° = U = 0 due to (3.26) and (3.27). This completes the proof of Lemma 3.10.

3.7. The Riemannian Hessian. Here we show that if T° = U = 0 the equality (1.6) implies that the
Riemannian Hessian satisfies (1.1) and therefore the manifold is the standard sphere due to the Obata’s
theorem.

Lemma 3.11. Let (M,n,g,Q) be a gc-Einstein manifold, T° = U = 0, of dimension 4n + 3 > 7. Let h be
the associated Riemannian metric (1.5). If f is a smooth function whose horizontal Hessian satisfies (1.6),
then the Riemannian Hessian of f with respect to the metric h satisfies (1.1).

Proof. Taking into account (2.2) we have the following formula relating the Hessian with respect to the
Levi-Civita and the Biquard connections

(3.75) (VM)2f(A,B) = V2f(A,B) + %[h(T(A, B),df) — h(T(B,df), A) + h(T(df, A), B)] LA, BeT(TM).
From (3.75), (2.5) and (1.6) it follows that
(3.76) (VM2F(X,Y) = —fh(X,Y).

Let us recall that a qc-Einstein manifold, T = U = 0, has integrable vertical space [32] thus the fourth line
n (2.10) shows

(3.77) h(T'(&s, &), X) =0
Now, using (3.12) with T° = U = 0, we calculate from (3.75)

3
(378) (V') F(X.&) = df(IX) + 5h(T(X,€),VF) ~ Sh(T(E V), X) ~ Sh(T(6 3 df(€)E, X)

+ Sh(T(VF,X), &) + S h(T de €6 X). ) = df (LX) +wi(V /. X) = 0

taking into account (3.77) and the properties of the torsion (2.9) and (2.5). A similar argument shows the
identity

(3.79) (V"2 f(8i&) = V2 F (80, 6) = = 1,
where we have used (3.16) taken with 79 = U = 0.

Finally, we have to show (V)2 f(¢;,£;) = 0. The trace with respect to X = e,,Y = Ije, in (3.19) together
with the second equality in (2.10) and the condition T = U = 0 yields

(3.80) V2f(&,&) = (1 = S)df (&)
Now, the equality (3.75) together with the fourth equality in (2.10), (3.77) and (3.80) imply
(381) (V' (6,&5) = (1~ S)df (&) + 5 SdF(€) = (1~ 3 S)df (6) =0,

since (3.5) shows S = 2 in the case T° = U = 0. O
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At this point, applying the Obata theorem we conclude that our manifold is isometric to the unit sphere.
In order to show that it is qc-equivalent to the sphere we shall use a Liouville-type result in the quaternionic
contact case which we present next.

3.8. Proof of Theorem 1.3. From Lemma 3.10, Lemma 3.11 and the classical Obata theorem it follows that
(M, h) is isometric to the unit sphere in Euclidean space, i.e., there is a diffeomorphism i : M — $4"*3 such
that h = i*da?, where da? denotes the round metric on S***3 which we take to be of constant Riemannian
scalar curvature Scal® = (4n + 3)(4n + 2). Thus, the curvature tensor R" of the Levi-Civita connection V"
of h is given by

(3.82) R"(A,B,C,D) = h(B,C)h(A, D) — h(B, D)h(A, ).

The relation between the curvature tensors of the Levi-Civita and the Biquard connection [32, Corollary 4.13]
or [41, Theorem 4.4.3] together with (3.82) yield

(3.83) R(X,Y,Z,V)=g(Y,2)9(X,V) —g(Y,V)g(X, Z)
3
+3 {ws(y, Z2)ws (X, V) — ws(X, Z)ws (Y, V) — 2wy (X, Y )ws(Z, V)} .

s=1

In the case T = U = 0, S = 2, the formula for the qc-conformal curvature tensor given in [39, Proposition 4.2]
reads

3
[ROXY,2,V) + 3 RULX, LY, Z,V)] + 9(X, 2)g(Y,V) = g(¥, Z)g(X, V)

s=1

(3.84) W(X,Y,Z,V) =

e

3
£ [ (X, 20w, (7, V) = (Y, Z)ey (X, V).
s=1

With a small calculation we see from (3.84), taking into account (3.83), that the qc-conformal curvature
tensor vanishes, W2 = 0 and (M, g,7n, Q) is locally gc-conformal to the sphere due to [39, Theorem 1.3].

At this point we invoke the Liouville type result showing that a local qc conformal map on the qc 3-
Sasakian sphere is the restriction of a global one. A general version of the Liouville theorem in the setting of
Cartan geometries was given in [10, Proposition 1.5.2 & Section 4.3.3] and another general result on Carnot
groups in [20]; for results in particular geometric settings, see in the Riemannian case [56], [57], [30], [59], [7],
[46], [45], [25], in the CR case [64], [3], [61], [12, 13], [18], an alternative proof in the gc setting [38]. Hence,
taking into account that M is the round sphere, it follows (M, g,n, Q) is qc-conformal to S4"*3 i.e., we have
n = kW F*§ for some diffeomorphism F : M — 43 positive smooth function x and a matrix ¥ € SO(3)
with smooth functions as entries, where 7 = (n1,712,73)! is a local 1-form considered as an element of R3.
Comparing the metrics we obtain x = 1 which shows that M is qc-homothetic to the 3-Sasakian unit sphere
in the (n + 1)-dimensional quaternion space. This completes the proof of Theorem 1.3.

The proof of Theorem 1.2 follows as already noted after the statement of Theorem 1.3.

4. APPENDIX

4.1. The P—form. Let (M, g,Q) be a compact quaternionic contact manifold of dimension 4n + 3 and f a
smooth function on M. We recall the notion of a P-function introduced in [37]

Definition 4.1. [[37]]

a) For a fized smooth function f we define a one form P = Py = P[f] on M, which we call the P—form of
f, by the following equation

~ 8n(n— 2)U

2K V).

3
Pr(X) = V3f(X,ene5) + > V3F(L X, en, L1ey) — AnSdf(X) + AnT°(X, V f)

t=1

b) The P—function of f is the function Pr(Vf).
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¢) The C—operator is the fourth-order differential operator on M (independent of f!) defined by
Cf = —V*Py = (V., Pp) (ea).

d) We say that the P—function of f is non-negative if its integral exists and is non-positive
(4.1) / f-CfVoln:—/ Py(Vf)Vol, > 0.
M M

If (4.1) holds for any smooth function of compact support we say that the C'—operator is non-negative.

The Sp(n)Sp(1)-invariant decomposition of the horizontal Hessian V2 f are given by

3

(V) (X,Y) = £ [V2HXY) + Y V2 H(LX, 1Y)
(4.2) -
(VD (6Y) = 3 [3V5007) = V]

Let (V2 [)i3)0) be the trace-free part of the 3-component of the horizontal Hessian,

1
(4.3) (V2N (X Y) = (V2 ) (X, Y) + EAfQ(X, Y).
The next local formula, established in [37],
9 n—1
(4.4) (Veo (VEH)s0) (€a, X) = == Pr(X).

implies the non-negativity of the C—operator on a compact qc manifold of dimension at least eleven [37,
Theorem 3.3]. Indeed, using (4.4) we have

n—1

-1
™ /Mf.CfVol,,:— o /MPf(Vf)Voln:/M|(V2f)[3][0]\2Voln,

(4.5) z

after using an integration by parts and the orthogonality of the components of the horizontal Hessian.

4.2. A new proof of Theorem 1.1. Here we use the non-negativity of the P-function P(V f) of a smooth
function f established in [37, Theorem 3.3] to give a new proof of Theorem 1.1.

Proof. Let f be an eigenfunction of the sub-Laplacian with eigenvalue A, i.e., we assume that (2.14) holds.
An integration by parts gives

(4.6) /M(Af)2 Vol, = )\/M fAfVol, = )\/M IVf|? Vol,.

We recall the qe-Bochner identity [36, (4.1)]. Applying the first equality in (2.10), (2.9) and the properties
of the torsion, (2.8), we can write the qc-Bochner formula [36, (4.1)] in the form

(1) OISR = VAP = g (V(AS), V) + 2+ DSV +2(n + 2TV, T f)

3
+2(2n + 2)U(VF, V) +4> V2 f(&, LV ).

s=1

One of the key identities which relates the P-function and the qc-Bochner formula (4.7) is given by the
following equation [37, Lemma 3.2]

3
48 [ SV INVoly= [ = Lr@h - par? - sivsp s S luwsen] v,
s=1
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An integration of (4.7) over the compact M, followed by a substitution of (2.14) and (4.8) in the obtained
integral equality, and then a use of the divergence formula (2.16) give
dn(n+1)

(4.9) o:/ [\v2f|2—A|Vf|2+2nS|Vf|2+2(n+2)T0(Vf,Vf)+ - UVEV)
u —

1 1
— Pu(Vf) = S(Af] Vo,

The latter formula can be written in the form
2(n—2)

0= [ IV aP - NTIP = SIVIE + 10919 - 2= Duer )
M

2n+1 4n? + 14n + 12 4(n+2)%(2n—1)
(410) +50— 200+ 2|V + T SRSV V) + DR T U(1,9))]

1 1
——Pu(Vf) = —(5))?} Vol

Now we invoke the next integral identity proved in [36 Lemma 3.4]

3
(4.11) /MZVQf@s,ISVfWoln:— / 4 Z(dfés +ZT§Q,IVf7Vf)]Vol
s=1

s=1

From (4.11) and (4.8) it follows the equality
2(n —2
(4.12) / (”71)

| = SIVSE+T(V£.V) -
M

Uv.99)] Voly = [ {-Pu(vi)+ 3-8

M

A substitution of (4.12) in (4.10) yields

@) o= [ {iv3E - [ +Z 9(V2f, )] — - Pu(V )
2n+1 4n? +14n+12 4n+2)2n—1) A
+ 5 {25|Vf|2+mTo(vavf)+m(](vfavf)_ﬂvfﬂ} Voly.

The equality (4.13), the Lichnerowicz type assumption (3.4) and (4.6) imply the inequality

3 2n—|—1( ko

(4.14) 02/ {|V2f\2 [Af +Z [9(V2f, w)2| = = Po(V ) + n+2—%)|w|2} Vol,.

4n 2

Note that in the proof of (4.14) we supposed implicitly that n > 1. But it works also for n = 1, when U = 0
trivially, we have only to remove the torsion tensor U (cf. [37]).

Using that {ﬁws} is an orthonormal set in W[_;) we have

3
1
4.15 2f 2> - 2F w,
(4.15) (V)= _4n; 9 (V*f,ws)
while a projection on {ﬁ g} gives

1
(4.16) (VP > (a1
Next, using the Sp(n)Sp(1)-invariant orthogonal decomposition (4.2) of horizontal Hessian and the estimates

(4.15) and (4.16), we obtain the inequality
3

(4.17) IV2f[2 > ﬁ [(Af)2 +3 [g(V2 S, ws)ﬂ-

s=1
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Finally, using (4.17) and the non-negativity of the P-function for n > 1, see (4.5), we obtain from (4.14) the
desired estimate

n
A >
—n+2

Ko.

Corollary 4.2. If the case of equality in Theorem 1.2 holds, i.e., we have

n n
kOf?

k Af =
nt2"" / n+2
then the horizontal Hessian of the eigenfunction f is given by (1.4).

)\:

Proof. The result follows from (4.13), (3.4) and (4.17) which asserts that the equalities in (4.15) and (4.16)
must hold, which imply (1.4) . O
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