SOLUTION OF THE QC YAMABE EQUATION ON A 3-SASAKIAN MANIFOLD
AND THE QUATERNIONIC HEISENBERG GROUP
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ABSTRACT. A complete solution to the quaternionic contact Yamabe equation on the qc sphere of
dimension 4n + 3 as well as on the quaternionic Heisenberg group is given. A uniqueness theorem
for the qc Yamabe problem in a compact locally 3-Sasakian manifold is shown.
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1. INTRODUCTION

It is well known that the solution of the Yamabe problem on a compact Riemannian manifold is
unique in the case of negative or vanishing scalar curvature. The proof of these results, which rely on
the maximum principle, extend readily to sub-Riemannian settings such as the CR and quaternionic
contact (abbr. gc) Yamabe problems due to the sub-ellipticity of the involved operators. The positive
(scalar curvature) case is of continued interest since it presents considerable difficulties due to the
possible non-uniqueness. The most important positive case in each of these geometries is given by the
corresponding round sphere due to its role in the general existence theorem and also because of its
connection with the corresponding L? Sobolev type embedding inequality. Through the corresponding
Cayley transforms, the sphere cases are equivalent to the problems of finding all solutions to the
respective Yamabe equation on the flat models given by Euclidean space or Heisenberg groups. The
Riemannian and CR sphere cases were settled in [23] and [21]. Tt should be noted that the Euclidean
case can be handled alternatively by a reduction to a radially symmetric solution [11] and [25].
Furthermore, [23] established a uniqueness result in every conformal class of an Einstein metric. In
this paper we solve the qc Yamabe problem on the 4n + 3 dimensional round sphere and quaternionic
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Heisenberg group and establish a uniqueness result in every gc-conformal class containing a 3-Sasakain
metric.

We continue by giving a brief background and the statements of our results. It is well known
that the sphere at infinity of a any non-compact symmetric space M of rank one carries a natural
Carnot-Carathéodory structure, see [22, 24]. A quaternionic contact (qc) structure, [2, 3], appears
naturally as the conformal boundary at infinity of the quaternionic hyperbolic space. Following
Biquard, a quaternionic contact structure (gc structure) on a real (4n+3)-dimensional manifold M
is a codimension three distribution H (the horizontal distribution) locally given as the kernel of a
R3-valued one-form 1 = (11,72, 73), such that, the three two-forms dn;|y are the fundamental forms
of a quaternionic Hermitian structure on H. The 1-form 7 is determined up to a conformal factor
and the action of SO(3) on R?, and therefore H is equipped with a conformal class [g] of quaternionic
Hermitian metrics. To every metric in the fixed conformal class one can associate a linear connection
with torsion preserving the qc structure, see [2], which is called the Biquard connection. For a fixed
metric in the conformal class of metrics on the horizontal space one associates the horizontal Ricci-
type tensor of the Biquard connection, which is called the qc Ricci tensor. This is a symmetric tensor
[2] whose trace-free part is determined by the torsion endomorphism of the Biquard connection [12]
while the trace part is determined by the scalar curvature of the qc-Ricci tensor, called the qe-scalar
curvature. It was shown in [12] that the torsion endomorphism of the Biquard connection is completely
determined by the trace-free part of the horizontal Ricci tensor whose vanishing defines the class of
qc-Einstein manifolds. A basic example of a qc manifold is a 3-Sasakian space which can be defined
as a (4n + 3)-dimensional Riemannian manifold whose Riemannian cone is a hyperKéhler manifold
and the gc structure is induced from that hyperKahler structure. It was shown in [12, 15] that the qc-
Einstein manifolds of positive qc-scalar curvature are exactly the locally 3-Sasakian manifolds, up to
a multiplication with a constant factor and a SO(3)-matrix. In particular, every 3-Sasakian manifold
has vanishing torsion endomorphism and is a qc-Einstein manifold.

The quaternionic contact Yamabe problem on a compact qc manifold M is the problem of finding a
metric g € [g] on H for which the gc-scalar curvature is constant. A natural question is to determine
the possible uniqueness or non-uniqueness of such qc-Yamabe metrics.

The question reduces to the solvability of the quaternionic contact (qc) Yamabe equation (2.7).
Taking the conformal factor in the form 7 = u*/(@=2)y, Q = 4n + 6, turns (2.7) into the equation

2 .
Lu = 4Q; Au— uScal = — u? ~! Seal,
Q-2
where A\ is the horizontal sub-Laplacian, Ah = tr9(V?2h), Scal and Scal are the qc-scalar curvatures
correspondingly of (M, n) and (M, 77), and 2* = QQ—?Q, with Q = 4n + 6-the homogeneous dimension.

Another motivation for studying the qc Yamabe equation comes from its connection with the
determination of the norm and extremals in the L? Folland-Stein [3] Sobolev-type embedding on the
quaternionic Heisenberg group G (H), [10], [27], [26] and completed in [14]. The qc Yamabe equation is
essentially the Euler-Lagrange equation of the extremals for the L? case of the Folland-Stein inequality
[8] on the quaternionic Heisenberg group G (H).

On a compact quaternionic contact manifold M with a fixed conformal class [n] the qc Yamabe
equation characterizes the non-negative extremals of the qc Yamabe functional defined by

2 *
T(u) = / (4% |Vu|2 + ScaluQ)dvg, / u? dvg, = 1, u>0.
M M

Here dv, denotes the Riemannian volume form of the Riemannian metric on M extending in a natural
way the horizontal metric associated to 1. Considering M equipped with a fixed qc structure, hence,
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a conformal class [n], the Yamabe constant is defined as the infimum
MM) = MM, [n]) = inf{Y(u): / u? dvy, = 1, u>0}.
M

The main result of [28] is that the qc Yamabe equation has a solution on a compact qc¢ manifold
provided A(M) < A(S%"F3), where S"*3 is the standard unit sphere in the quaternionic space H".

In this paper we consider the qc Yamabe problem on the unit (4n + 3)-dimensional sphere in H™.
The standard 3-Sasaki structure on the sphere 7 has a constant gc-scalar curvature Scal = 16n(n+2)
and vanishing trace-free part of its qc-Ricci tensor, i.e., it is a qc-Einstein space. The images under
conformal quaternionic contact automorphisms are again qc-Einstein structures and, in particular,
have constant gc-scalar curvature. In [12] we conjectured that these are the only solutions to the
Yamabe problem on the quaternionic sphere and proved it in dimension seven in [13]. One of the
main goals of this paper is to prove this conjecture in full generality.

Theorem 1.1. Let = ﬁn be a gc conformal transformation of the standard gc-structure 1 on a 3-
Sasakian sphere of dimension 4n+3. If n has constant qc-scalar curvature, then up to a multiplicative
constant n is obtained from 7 by a conformal quaternionic contact automorphism.

We note that Theorem 1.1 together with the results of [12] allows the determination of all solutions
of the qc Yamabe problem on the sphere and on the quaternionic Heisenberg group G (H). In fact, as
a consequence of Theorem 1.1, we obtain here that all solutions to the qc Yamabe equation are given
by the functions which realize the equality case of the L? Folland-Stein inequality found in [14] with
the help of the center of mass technique developed for the CR case in [9] and [5].

Recall that the quaternionic Heisenberg group G (H) of homogeneous dimension @ = 4n + 6 is
given by G (H) = H" x ImH, (¢ = (t*,2%,y%,2%) € H",w = (z,y, 2) € ImH) with the group low

(@o,wo) 0 (q,w) = (o + q,w + wo + 21Im q,q).
The ” standard” qc contact form in quaternion variables is © = ((:)1, 0., (:)3) = % (dw—q-dg+dg -
q). The corresponding sub-Laplacian Agu = >0 (T2u+ X2u + YZu+ Z2u) , where T,, X,,Ya, Z,
denote the left-invariant horizontal vector fields on G (H). Theorem 1.1 shows, in particular, the
following

Corollary 1.2. If ® satisfies the qc Yamabe equation on the quaternionic Heisenberg group G (H),

4Q+2)
Q-2
for some constant Se, then up to a left translation the function ® = (2h)~(@=2/* and h is given by

Aéfb =-Se @2*71,

(1.1) Maw) = o |(@ + la+al)’ + v + wo + 2 I gal,

for some fized (go,w,) € G (H) and constants co > 0 and o > 0. Furthermore, the qc-scalar curvature
of © is Se = 128n(n + 2)cyo.

This confirms the Conjecture made after [10, Theorem 1.1]. In [10, Theorem 1.6] the above result
is proved on all groups of Iwasawa type, but with the assumption of partial-symmetry of the solution.
Here with a completely different method from [10] we show that the symmetry assumption is super-
fluous. The corresponding solutions on the 3-Sasakain sphere are obtained via the Cayley transform,
see for example [12, 13, 14], [19, Sections 2.3 & 5.2.1] for an account and history. Finally, it should be
observed that the functions (1.1) with ¢y € R give all conformal factors for which © is also qc-Einstein.

We derive Theorem 1.1 from a more general result in which we solve the qc Yamabe problem on
a locally 3-Sasakian compact manifolds. By the results of [12] and [15] a gc-Einstein manifold is of
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constant qc-scalar curvature, hence as far as the qc Yamabe equation is concerned only the uniqueness
of solutions needs to be addressed. As mentioned earlier, the interesting case is when the qc-scalar
curvature is a positive constant, hence we focus exclusively on the locally 3-Sasakian case.

Theorem 1.3. Let (M, ) be a compact locally 3-Sasakian gc manifold of qc-scalar curvature 16n(n+
2). If n = 2hij is ge-conformal to 7 structure which is also of constant qc-scalar curvature, then up
to a homothety (M,n) is locally 3-Sasakian manifold. Furthermore, the function h is constant unless
(M, 7) is the unit 3-Sasakian sphere.

The proof of Theorem 1.3 consists of two steps. The first step is a divergence formula Theorem 4.1
which shows that if 77 is of constant gc-curvature and is qc-conformal to a locally 3-Sasakian manifold,
then 7 is also a locally 3-Sasakian manifold. The general idea to search for such a divergence formula
goes back to Obata [23] where the corresponding result on a Riemannian manifold was proved for
a conformal transformation of an Einstein space. However, our result is motivated by the (sub-
Riemannian) CR case where a formula of this type was introduced in the ground-breaking paper of
Jerison and Lee [21]. As far as the qc case is concerned in [12, Theorem 1.2] a weaker results was shown,
namely Theorem 1.3 holds provided the vertical space of 1 is integrable. In dimension seven, the n = 1
case, this assumption was removed in [13, Theorem 1.2] where the result was established with the help
of a suitable divergence formula. The general case n > 1 treated here presents new difficulties due to
the extra non-zero torsion terms that appear in the higher dimensions, which complicate considerably
the search of a suitable divergence formula. In the seven dimensional case the [3]-component of the
traceless qc-Ricci tensor vanishes which decreases the number of torsion components.

The proof of the second part of Theorem 1.3 builds on ideas of Obata in the Riemannian case,
who used that the gradient of the (suitably taken) conformal factor is a conformal vector field and
the characterization of the unit sphere through its first eigenvalue of the Laplacian among all Einstein
manifolds. We show a similar, although a more complicated relation between the conformal factor
and the existence of an infinitesimal qc¢ automorphism (qc vector field). Our divergence formula found
in Theorem 4.1 involves a smooth function f, c.f. (4.7), expressed in terms of the conformal factor
and its horizontal gradient. Remarkably, we found that the horizontal gradient of f is precisely the
horizontal part of the qc vector field mentioned above and the sub-Laplacian of f is an eigenfuction
of the sub-Laplacian with the smallest possible eigenvalue —4n thus showing a geometric nature of f
(cf Remark 5.3). Then we use the characterization of the 3-Sasakian sphere by its first eigenvalue of
the sub-Laplacian among all locally 3-Sasakian manfolds established in [17, Theorem 1.2] for (n > 1)
and in [16, Corollary 1.2] for n = 1.

Remark 1.4. Remarkably, a similar arguments also work in the CR case describing the geomet-
ric nature of the mysterious function in the Jerison-Lee’s divergence formula in [21]. Indeed, the
CR-Laplacian of the real part of the function f defined in [21, Proposition 3.1] turns out to be an
eigenfuction of the CR-Laplacian with the smallest possible eigenvalue —2n thus showing a geometric
nature of the real part of f.

Convention 1.5. We use the following

1. {e1,...,e4n} denotes an orthonormal basis of the horizontal space H;
2. The capital letters X,Y,Z... denote horizontal vectors, X, Y, Z... € H.
3. The summation convention over repeated vectors from the basis {e1, ..., eqn} will be used. For

example, for a (0,4)-tensor P, k = P(eyp, €4, €q,€p) means k = Zi%:l P(ep, €q, €q, €p).
4. The triple (i, ], k) denotes any cyclic permutation of (1,2, 3).
Acknowledgements S.Ivanov is visiting University of Pennsylvania, Philadelphia. S.I. thanks
UPenn for providing the support and an excellent research environment during the whole stages of
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2. QUATERNIONIC CONTACT MANIFOLDS

In this section we will briefly review the basic notions of quaternionic contact geometry and recall
some results from [2] and [12], see [19] for a more leisurely exposition.

A quaternionic contact (qc) manifold (M,n,g,Q) is a 4n + 3-dimensional manifold M with a
codimension three distribution H locally given as the kernel of a 1-form n = (11,72, 73) with values
in R3. In addition H has an Sp(n)Sp(1) structure, that is, it is equipped with a Riemannian metric
g and a rank-three bundle Q consisting of endomorphisms of H locally generated by three almost
complex structures I, I, I3 on H satisfying the identities of the imaginary unit quaternions, I; 1y =
—IIy = I3, I 11213 = —id), which are hermitian compatible with the metric g(I;., I5.) = g(.,.) and
the following contact condition holds

29(I,X,Y) = dns(X,Y).

A special phenomena, noted in [2], is that the contact form 7 determines the quaternionic structure
and the metric on the horizontal distribution in a unique way.
The transformations preserving a given quaternionic contact structure 7, i.e., 7 = pUn for a

positive smooth function g and an SO(3) matrix ¥ with smooth functions as entries are called
quaternionic contact conformal (gc-conformal) transformations. If the function p is constant 7 is called
gc-homothetic to . The gc conformal curvature tensor W?¢, introduced in [18], is the obstruction
for a qc structure to be locally qc conformal to the standard 3-Sasakian structure on the (4n + 3)-
dimensional sphere [12, 18].

Definition 2.1. A diffeomorphism ¢ of a QC manifold (M, [g],Q) is called a conformal quaternionic
contact automorphism (conformal qc-automorphism) if ¢ preserves the QC structure, i.e.

¢*'n = pd-n,

for some positive smooth function p and some matriz ® € SO(3) with smooth functions as entries
and n = (m,n2,n3)" is a local 1-form considered as a column vector of three one forms as entries.

On a qc manifold with a fixed metric g on H there exists a canonical connection defined first by
O. Biquard in [2] when the dimension (4n + 3) > 7, and in [7] for the 7-dimensional case. Biquard
showed that there is a unique connection V with torsion 7" and a unique supplementary subspace V'
to H in T M, such that:

(i) V preserves the decomposition H @& V and the Sp(n)Sp(1) structure on H, i.e. Vg =0,Vo €
I'(Q) for a section o € I'(Q), and its torsion on H is given by T'(X,Y) = —[X, Y] y;
(ii) for & € V, the endomorphism T'(£,.)y of H lies in (sp(n) & sp(1))* C gl(4n);
(iii) the connection on V is induced by the natural identification ¢ of V' with the subspace sp(1) of
the endomorphisms of H, i.e. Vo = 0.

IThis article reflects only the author’s views and the EU is not liable for any use that may be made of the information
contained therein.
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This canonical connection is also known as the Biquard connection. When the dimension of M is at
least eleven [2] also described the supplementary distribution V', which is (locally) generated by the
so called Reeb vector fields {&1,&2,&3} determined by

(2.1) N5 (&) = sk, (gs—‘dns)\H =0, (gs—‘dnk)lH = _(gk—‘dns)|H7

where _ denotes the interior multiplication. If the dimension of M is seven Duchemin shows in [7]

that if we assume, in addition, the existence of Reeb vector fields as in (2.1), then the Biquard result

holds. Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (2.1).
The fundamental 2-forms ws of the quaternionic contact structure ) are defined by

2Ws\H = d’r]s\Ha EJOJS =0, eV

Notice that equations (2.1) are invariant under the natural SO(3) action. Using the triple of Reeb
vector fields we extend the metric g on H to a metric h on TM by requiring span{&;,&2,§3} =V L
H and h(&s, &) = k. The Riemannian metric h as well as the Biquard connection do not depend on
the action of SO(3) on V, but both change if n is multiplied by a conformal factor [12]. Clearly, the
Biquard connection preserves the Riemannian metric on TM, Vh = 0.

The properties of the Biquard connection are encoded in the torsion endomorphism T¢ € (sp(n) +
sp(1))t. We recall the Sp(n)Sp(1) invariant decomposition. An endomorphism ¥ of H can be
decomposed with respect to the quaternionic structure (Q, g) uniquely into four Sp(n)-invariant parts
U = P+ttt 4 g+== 4 =+~ 4 ¥~~* where the superscript + + + means commuting with all three
I;, + — — indicates commuting with I; and anti-commuting with the other two and etc. The two
Sp(n)Sp(1)-invariant components Wiz = W+ Wy =¥~ + U~ 4 ¥~ ~F are determined by

‘I’Z\If[g] <:>3\I/+11\I’11+12\I/IQ+I3\1113:0,
‘If:\:[/[_l] <:>\II—I1\1111—IQ\I!I2—13\I/I;3:0.

With a short calculation one sees that the Sp(n)Sp(1)-invariant components are the projections on
the eigenspaces of the Casimir operator Y = I ® [1 + Io® I + I3® I3 corresponding, respectively,

to the eigenvalues 3 and —1, see [6]. If n = 1 then the space of symmetric endomorphisms commuting
with all I is 1-dimensional, i.e. the [3]-component of any symmetric endomorphism ¥ on H is
proportional to the identity, W3 = —%I d . Note here that each of the three 2-forms ws belongs

to its [-1]-component, w, = w,_1) and constitute a basis of the Lie algebra sp(1).

2.1. The torsion tensor. Decomposing the endomorphism T¢ € (sp(n) + sp(1))* into its symmet-
ric part T¢ and skew-symmetric part be, Te = T} + b, O. Biquard shows in [2] that the torsion
Ty is completely trace-free, tr1e = tr1; o I, = 0, its symmetric part has the properties Tgoi I, =
7IZT£0L IQ(T&QZ)Jrii = Il(Tgl)iJri, Ig(TgB)iJri = 12(T€()2),,+’ II(T£1)77+ = Ig(Tgog)Jrii. The
skew-symmetric part can be represented as bg, = I;u, where u is a traceless symmetric (1,1)-tensor
on H which commutes with Iy, I, I3. Therefore we have T¢, = Tgoi + Liwu. If n = 1 then the tensor u
vanishes identically, u = 0, and the torsion is a symmetric tensor, Tz = Tg0 .

The two Sp(n)Sp(1)-invariant trace-free symmetric 2-tensors T°(X,Y) = g((T¢, L +T¢, Io+TQ, I3) X, Y),
U(X,Y)=guX,Y) on H, introduced in [12], have the properties:

TOX, V) + T X, 1Y)+ T (1, X, LY) +T°(I:X, 1Y) =0,

2.2
22) U(X,Y) = UL X, 1Y) = U(LX,LY) = U(I:X, I5Y).

In dimension seven (n = 1), the tensor U vanishes identically, U = 0.
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These tensors determine completely the torsion endomorphism of the Biquard connection due to the
following identity [1%, Proposition 2.3] 4T°(¢,, [, X,Y) = T°(X,Y) — T°(I, X, I,Y') which implies

AT (&6, I,X,Y) = AT (&, I, X, Y) + 49(Tul, X, Y) = T°(X,Y) — T°(I, X, I,Y) — 4U(X,Y).

2.2. The qc-Einstein condition and Bianchi identities. We explain briefly the consequences of
the Bianchi identities and the notion of qc-Einstein manifold introduced in [12] since it plays a crucial
role in solving the Yamabe equation in the quaternionic sphere (see [13] for dimension seven). For
more details see [12].

Let R = [V, V] — V[ j be the curvature of the Biquard connection V. The Ricci tensor and the
scalar curvature, called gc-Ricci tensor and qc-scalar curvature, respectively, are defined by

Ric(X,Y) = g(R(ea, X)Y, €0), Scal = Ric(eq,eq) = g(R(€p, €q)€a, €p)-

According to [2] the Ricci tensor restricted to H is a symmetric tensor. If the trace-free part of the
qc-Ricci tensor is zero we call the quaternionic structure a gc-Einstein manifold [12]. It is shown in
[12] that the qe-Ricci tensor is completely determined by the components of the torsion. Theorem 1.3,
Theorem 3.12 and Corollary 3.14 in [12] imply that on a qc manifold (M43 g Q) the qc-Ricci tensor
and the qc-scalar curvature satisfy

Ric(X,Y) = (2n+2)T°(X,Y) + (4n + 10)U(X,Y) + S:sl

Scal = —8n(n+2)g(T(&1,£2),&3)

Hence, the qc-Einstein condition is equivalent to the vanishing of the torsion endomorphism of the
Biquard connection and in this case the qc scalar curvature is constant [12, 15]. If Scal > 0 the latter
holds exactly when the qc-structure is locally 3-Sasakian up to a multiplication by a constant and
an SO(3)-matrix with smooth entries. We remind that a (4n+3)-dimensional Riemannian manifold
(M, g) is called 3-Sasakian if the cone metric gy = t2g+dt> on N = M x R* is a hyperkihler metric,
namely, it has holonomy contained in Sp(n 4 1). The 3-Sasakian manifolds are Einstein with positive
Riemannian scalar curvature.
The following vectors will be important for our considerations,

(2.3) Ai = L8], A= A + Ay + As.
We denote with the same letter the corresponding horizontal 1-form and recall the action of I, on it,
AX) = g[8, 8] + 12[€3,61] + I3[61,&2], X)), LA(X) = —A(L:X).

The horizontal divergence V*P of a (0,2)-tensor field P on M with respect to Biquard connection is
defined to be the (0,1)-tensor field V*P(.) = (V,, P)(eq,.). We have from [12, Theorem 4.8] that on
a (4n 4 3)-dimensional QC manifold with constant qc-scalar curvature the next identities hold

9(X,Y)

1—n
2

For any smooth function i on a qc manifold with constant qc scalar curvature the following formulas
are valid [13, Lemma 4.1 |

(2.4) VT = (n+2)4, VU= A.

3

3
v* (Zdh(gs)ISAs) = 3" Vdh (Leq, &) Aslea);

(2.5) = =
v (Zdh(gs)JSA) = Y Vdh (Lea, &) Alea).

s=1 1

V)
Il
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2.3. Qc conformal transformations. Let h be a positive smooth function on a qc manifold (M, 7).
Let n = ﬁn be a conformal deformation of the qc structure 7. We will denote the objects related to
7 by over-lining the same object corresponding to . Thus, d7ij = 727;;2 dh Ay + ﬁdn and g = ﬁg.
The new triple {£1,&2,&3} is determined by the conditions defining the Reeb vector fields as follows
& = 2h& + I,Vh, where Vh is the horizontal gradient defined by g(Vh, X) = dh(X). The

components of the torsion tensor transform according to the following formulas from [12, Section 5]
TX,Y) = TOX,Y) + b~ [Vdhljsym)—1 (X, Y),
UX,Y) = UX,Y) + (2h)"'[ Vdh — 2h~'dh @ dh](30)(X,Y),

where the symmetric part is given by

(2.6)

s=1
and (3o indicates the trace free part of the [3]-component of the corresponding tensor.
In addition, the ge-scalar curvature changes according to the formula [2]

(2.7) Scal = 2h(Scal) — 8(n+2)?h !VA]®> + 8(n+2)Ah.

3. QC CONFORMAL TRANSFORMATIONS ON QC EINSTEIN MANIFOLDS

Throughout this section h is a positive smooth function on a gc manifold (M, g, Q) with constant
qc-scalar curvature Scal = 16n(n+2) and 7 = ﬁ 7 is a qc Einstein structure which is a conformal
deformation of the gc structure 7. We recall some formulas from [13] which we need here.

First we write the expressions of the 1-forms A, A in terms of h (see [13, Lemma |)

1 1 1
(3.1) Ay(X) = —ih*Zdh(X) - 5ifi’>|Vh|2dh(X) = 5ifl( Vdh(I; X,&) + Vdh(I X, gk))

1 1
+ 5ifz(dh(gj)dh(IjX) + dh(fk)dh(IkX)) + ZifZ( Vdh(I; X, I;Vh) + th(IkX,Ith))
Thus, we have also

(32) AX) = %h”dh(}() - %h*3|Vh|2dh(X)
3 3 1 3
— h! Vdh(I,X,€) + h™2Y dh(&)dh(I,X) + =h™2 Vdh(I,X,I,Vh
; ( £s) ; (&) dh(IsX) 2 ; ( )

Second we consider the following one-forms

(3.3) Dy(X) = [TO(X, Vh) + T°(I, X, ISVh)}

1
2h
For simplicity, using the musical isomorphism, we will denote with Dy, Ds, D3 the corresponding
(horizontal) vector fields, for example  g(D1, X) = D1(X). Using (2.2), we set
(3.4) D = Dy + Dy + Dy = —h~'T%°%X, Vh).

Setting T° = 0 in (2.6), we obtain from equations (3.3) the expressions (cf. [13] or [18])
1

Di(X) = h™2dh(&)dh(I;X) + Zh—2 [ Vdh (X,Vh) + Vdh(I;X,1;Vh)

— Vdh (I;X,1;Vh) — Vdh (I X,I;Vh)].

(3.5)
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The equalities (3.4) together with (3.5) yield [13, Lemma 4.2]

3 3
(36) D(X) = ih_Q(S Vdh(X,Vh) - Y th(IsX,ISVh)) + 72N dh(g,) dh(1,X).

s=1

Third, we consider the following one-forms (and corresponding vectors)

Fy(X) = —h ' T°(X, I,Vh).
From the definition of F; and (3.3) we find
(3.7) Fy(X) = —h 'T°X,;Vh) = —D;(I,X) + D;(I;X) + Dy(L;X).
We recall the next divergence formulas established in [13, Lemma 4.2, Lemma 4.3] with the help of
the contracted second Bianchi identity (2.4).
(3.8) V*D = |T°> —h~'g(dh,D) — h~'(n+2)g(dh, A).

3
(3.9) V* (Zdh(gs)Fs> - Z[th(fsea,gs)Fs(Isea)}
3
+ hqz[dh(gs)dh(fsea)p(ea) +(n+2) dh(gs)dh(fsea)A(ea)]

s=1

4. THE DIVERGENCE FORMULA

Following is our main technical result. As mentioned in the introduction, we were motivated to
seek a divergence formula of this type based on the Riemannian, CR and seven dimensional qc cases
of the considered problem. The main difficulty was to find a suitable vector field with non-negative
divergence containing the norm of the torsion. The fulfilment of this task was facilitated by the results
of [12]. In particular, similarly to the CR case, but unlike the Riemannian case, we were not able to
achieve a proof based purely on the Bianchi identities, see [12, Theorem 4.8].

Using Scal = Scal = 16n(n + 2) in the Yamabe equation (2.7) we have

(4.1) Ah =2n —4dnh + h™'(n + 2)|Vh|?.

The equation (2.6) in the case T° = U = 0 and (4.1) motivate the definition of the following symmetric
(0,2) tensors

3 3
[3V2h(X, Y) = S VEPR(ILX,LY) + 4 dh(€, )y (X, Y)

s=1 s=1

(42) D(X,Y) = -T%X,Y) = hT_l

_ 3
(4.3) E(X,Y)=—2U(X,Y) = th [vzh(X,Y) + ; V2h(I, X, ISY)]
3 _
[dh(X)dh(Y) +y° dh(IsX)dh(IsY)] - th (2 —4h+ h*1|Vh|2)g(X, Y).

s=1

The one form D defined in (3.4) and expressed in terms of h in (3.6) satisfies D(X) = h='D(X, Vh).

7 2h =2
4
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Consider the 1-form E(X) = h~'E(X, Vh). We obtain from (4.2) and (4.3) the expression

h—2

(44) B ="

3
[V2R(X,Vh) + 3" VAR(LX, LVR) + (= 2+ 4h — 3071 [Vh[? ) dh(X)|.
s=1

We also define the (0,3)-tensors D and E by
h71

(45) D(XY,2) = ——— [dh(X)TO(Y, Z) + dh(Y)T°(X, Z)
3 3
+ Y dh(IX)T(LY, Z) + > dh(I.Y)T (I, X, Z)}
(4.6) E(X,Y,Z) = l%l{dh(X)E(Y, Z) + dh(Y)E(X, Z)
3 3
+3 dh(LX)E(LY, Z) + Y dh(I.Y)E(LX, Z)}.

After this preparations we are ready to state the main result.

Theorem 4.1. Suppose (M*"+3 n) is a quaternionic contact structure conformal to a 3-Sasakian
structure (M43 7)), 7 = ﬁ n. If Scal, = Scal; = 16n(n + 2), then with f given by

1 1
(4.7) fo=5+h+ hVAP
the following identity holds
3 3 3 103
(48) V (f<D+E) + ;dh(is)IsE + ;dh@sm - 4;dh(£s>IsAs — B;dh(g)IsA)
1 02 2 2
= (5+1)(IT°F +|BP) + 20D+ B2 + A (QV, V).
where Q) is equal to
I P SR SR S
2 2 2 2
s 1 2 2
2 2 2 2 3 3 3
s 12 12
2 2 2 2 3 3 3
Q= Lt b 1 5 2 2 10
' 2 2 2 2 3 3 3
, 10 2 2 2 2 2
3 3 3 3 3 3
o 2 W 2 222 2
3 3 3 3 3 3
, 2 2 10 2 2 2
- 3 3 3 3 3 3 -

Here, Q) is a positive definite matriz with eigenvalues 1, % + @ and 1—21 + @ and
V = (F,D1,Dy, D3, Ay, As, A3) with E, D, A, defined, correspondingly, in (4.4) (3.3) and (2.3).
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Proof. For the sake of making some formulas more compact, in the proof we will use sometimes the
notation XY = ¢(X,Y) for the product of two horizontal vector fields X and Y and the similar
abbreviation for horizontal 1-forms.

We begin by recalling (3.6), (4.4) and (3.2), which imply

3
(4.9) A(X) = 3E(X) = DX) _ > V(X €,)

s=1

3
3,2 3,201 Lo
+5h S}_l:dh(gs)dh(fs)() ~h <2+h+4h Vh| )dh(X).

Using the function f defined in (4.7), we write (4.9) in the form
3 3
(4.10) 2) V2h(I,X,&) = h(BE(X) — D(X) — 2A(X)) + 30"~ dh(&,)dh(I,X) — 3h ™" fdh(X).
s=1 s=1

The sum of (3.6) and (4.4) yields

3 2

(4.11) (E+D)(X) = h*>V?h(X,Vh)+h™? ; dh(&s)dh(I:X)+ }% (—2+4h—3h—1 \Vh\Q)dh(X)} .
Using (4.7) and (4.11), we obtain
3
(4.12) 2Vxf=hE+D)(X)-h! Z dh(&s)dh(I,X) + h™ ' fdh(X).
s=1

We calculate the divergences of E using (2.4) as follows

(4.13) V*E = 2h2dh(eq)U(eq, Vh) — 20 (Ve U)(eq, Vh) — 207 U (€4, e3) V2h(eq, )
= —h7'(1 —n)A(Vh) + Ulea, e) (=207 1) [v%(em ep) — 2dh(ea)dh(eb)} +h 1 E(Vh)
= [E|> + h™'dh(es)E(eq) — h™ (1 — n)dh(eq)A(eq)-

Similarly, we have

(4.14)  — V*I,E = 2h"2dh(eo)U(Iseq, Vh) + 20"V, U)(eq, IsVh) — 207 U (Isea, €,) V2R (eq, ep)
— h~Y(1 = n)A(I,VA) + U(Lseq, e)(—2h~ 1) [VZh(ea, ep) — 2dh(ea)dh(eb)] + L E(IL,Vh)
= U(Iseq,ep)U(eq,ep) — R (1 —n)dh(Iseq)Alea) = —h 1 (1 — n)dh(Iseq) Aled),

since U(Iseq, €p)U(eq,p) = E(IsVRh) = 0 due to (2.2).
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Now we are prepared to calculate the divergence of the first four terms. Using (3.8), (3.9), (4.13),
(4.12), (4.14) and (4.10), we have

3 3
(4.15) Ve, [£(D+ B)(ea) = 30 dh(6) B(Tea) + 3 dh(&e)Fi(ea)|
1 3

(h(E + D)(eq) — h— Zdh (€5)dh(L eq) + h—fdh(ea))(p + E)(eq)

+ f [ —h7ID(Vh) — b= (n +2)A(VR) + |T° > + |E|? + h™*dh(es) E(eq) — h (1 — n)dh(ea)A(ea)]
3

3
+h7N 1= n) > dh(&)dh(Iea)Alea) + > VPh(Isea, &) B eq)

s=1
3

3
+ Y VPh(lea, &) Fa(lea) + b~ 1Zdh Ydh(Iea)D(ea) + (n+2) Y dh(&)dh(Iseq) Alea)

= F(TOP +BP) + §|D+E|2+@<3E—D—2A><e )E(e.)

[Zdh £,)dh(Iseq) fdh(ea)}(;D(ea + 3A( ea) ZW (Isea, &) Fy(Iyea).

Applying (2.5) and (4.10) we obtain

3 3
(4.16) V., [f (D + E)( Zdh §)E(Lea) + Y dh(&)F(ea) — 2 dh(&)I,A(eq)
= f(IT° + |E|*) + 5|D +E]? + g(?)E — D —2A)E — h(3E - D —24)A
-1 3 3
+ P [ S D b dh(Len) — Fdh(en)| Dlew) + 30 V2h (e, €) Fa(luca)

According to (3.7), the last term in (4.16) reads

(4.17) Zv2 (Isear &) Fullea) = Dilea) [V*h(Liea,€1) = V2h(Iaca, &) = V2h(Isea, )]

+ DQ(ea) - VQh(Ileav 51) + Vzh(bea, 52) - v2h(13eaa 53)]

+ Da(ea)| = V(L §1) = V2h(laea, &) + V2h(Iseq, &)
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Using (4.17) we rewrite the last line in (4.16) as follows

_1 3 1
(4.18) [%Zdh(gs)dh([qea)fh—fdh(ea)} (a +Zv2 (Isea, &) Fs(Iyeq)

s=1 s=1

—-1 3 -1
= D1(e0)[V?h(T1ea, ) — Vh(Taea, &) ~ V¥h(Tsea, &) + o D2 dh(€)dh(Tuea) — "o~ fah(ey)]
-1 3
+ DQ(ea) [ - vzh(Ilemgl) + vzh([26aa§2) - v2h(136a7£3) + h Zdh(ge)dh(lsea) - deh(ea)}

-1 3 1
+D3(6a) {7 v2h(11€a7 51) - v2h(126a, 52) Jrvzh(I?)eaa 53) =+ hT dh(gs)dh(lsea) - hdeh(ea)} .

The equalities (4.4), (3.5) and (3.1) imply

(4.19)  V2h(I2X,&) + V2 h(I3X, &)
3
= h(E — Dy — 2A41)(X) + h™" Y " dh(&)dn(I.X) — h™' fdh(X),

s=1

Subtracting two times (4.19) from (4.10) we obtain

(4.20) V2h(Iieq, &) — V2h(Iaeq, &) — V2h(Izeq, E3) + h— Zdh Ydh(Izeq) — %fdh(ea)

h
- 5[—E—D+4Dl—2A+8Al}(ea)
The left-hand side of the above identity is the second line in (4.18). The other two lines are evaluated

similarly and the formulas are obtained from the above by a cyclic rotation of {1,2,3}. A substitution
of the resulting new form of (4.18) in (4.16) give

3 3
(421) Ve, [f(D+ E)ea) = Y dh(€) E(Liea) +Zdh &)F(ea) =23 e, )L Alea)]

4
- f(|T0|2 + |E|2) + 7]1 [EQ + A2 4+ D? 4 D2+ D2 — 2AE + 24, Dy + 2A5Ds + 2A3D3]

In view of (2.5) for any non-zero constant ¢ we calculate the following divergences as follows

3
(4.22) V., (CZ h(€s) LAy (ea) — Zdh VI, Aleq )
s=1
= [Qv h(Iieq, 1) — V2h(Izeq, &) — v2h(13€a7§3)}141(ea)
+ £ [29%h(lae0, ) = VA h(Tiea,€1) = V¥h(Tsea, &)| Aalea)

+ g [2V2h(Ig,ea,§3) — V2h(Izeq, &) — V2h(Ilea,£1)}As(ea)
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subtracting (4.19) from twice (4.10) yields
(4.23)  2V2h(Leq, &1) — V2h(Izea, &2) — V2 h(I3eq,E3)
=h |:2D1 — D2 — Dg + 4A1 — 2A2 — 2A3:| (ea)
Now, taking into account (4.23), (4.22) and (4.21) we obtain

(4.24) V[ F(D+ B)(X) = Y dh(&) E(IX) + Y dh(&)Fu(X —2Zdh E)LA(X)]

3 3
vl Z (E)LAX) = £ 3 dh(E)LA(X)]

4h
= (1o + |E|2) +5 2+ A%+ D} + D + D — 2AE + 24, D, +245D; + 2433
+ h% [(21)1 — Dy — Dy +4A;, — 24y — 2A3)A1} n hg {(21)2 — Dy — Dy + 44,5 — 24, — 2A3)A2}
n h% {(21)3 Dy — Dy + 445 — 24, — 2A1)A3}

In the next Lemma, as in the proof of Theorem 4.1, we shall use again the notation XY = g(X,Y)
for the product of two horizontal vector fields X and Y and the similar abbreviation for horizontal
1-forms.

Lemma 4.2. For the (0,3)-tensors D and E defined by (4.5) and (4.6) we have

3
1 1 1
D> = gff2|Vh|2|T0\2 -1 > DL+ 5(DlD2 + D1 D3 + Dy D3),
(4.25) o=l
: 3
1 1 1
2 _ -2 2 2 - 2 I
[Ef* = Sh7*|VAPEP - Z|E,  DE = - E_:EDS.

Consequently,

3
1
(426) Zh—Q‘Vh|2(|TO|2_’_|:E|2) = 2|D+E|2_ZEDS

s=1
1
+ 1B + Z |D,|* = (D1Dy + D1 D3 + Dy Ds)
Proof. We shall repeatedly apply (2.2), the defining equations (4.5), (4.6), (2.3) and (3.4). We have

h—2 -
(4.27) [D]? = ——|VAPT°P + (T“(Vh ¢c)T"(Vh,e)

82

s=1

3 3
— 4> TUIVh,e)T°(IVh,e) +2 Y | T°(IIVh, e)T°(LIVh, ec)>
s, t=1

h—2 1 2
= S IVRAIT + Z( ~ 3" D?42(D\Dy+ D\ D3 + D2D3))

s=1
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which is the first line of (4.25). For example, the third term in (4.27) is calculated as follows

3 3
> TUL I Vh,e)TO (11 Vh,e) =Y [TO (Vh,e)T°(Vh,e.) — 2T°(I,Vh, e, )T (I,Vh,e.)

s,t=1 s=1

=6|D|*> —12 ZD2 +8(D1 Dy + D1 D3 + DyDs3) = —62 D? +20(D1 Dy + Dy D3 + Dy Ds).

s=1 s=1
Similarly, we obtain the second line of (4.25). The equality (4.26) follows from (4.25) which
completes the proof of Lemma 4.2. O

Finally, the proof of Theorem 4.1 follows by letting ¢ = 4 in (4.24)and using (4.26) and (2.3). O

5. PROOF OF THEOREM[1.3] AND THEOREM]1.1]

We begin with the proof of Theorem 1.3. The first step of the proof relies on Theorem 4.1. By
a homothety we can suppose that both qec-scalar curvatures are equal to 16n(n + 2). Integrating
the divergence formula of Theorem 4.1 and then using the divergence theorem established in [12,
Proposition 8.1] shows that the integral of the left-hand side is zero. Thus, the right-hand side
vanishes as well, which shows that the quaternionic contact structure 7 has vanishing torsion, i.e., it
is also qc-Einstein according to [12, Proposition 4.2]. This proves the first part of Theorem 1.3.

To prove the second part, we develop a sub-Riemannian extension of the result of [23], see also [4]
and the review [20, Theorem 2.6], on the relation between the Yamabe equation and the Lichnerowicz-
Obata first eigenvalue estimate. We begin by recalling some results from [12, Section 7.2]. A vector
field @ on a qc manifold (M,n) is a gc vector field if its flow preserves the horizontal distribution
H = kern. Since the conformal class of the qc structure on span{n;, 72,73} is uniquely determined by
H (cf. [2]), we have that

Lon=wI+0)-n
where v is a smooth function and O € so(3) is a matrix valued function with smooth entries. Since
the exterior derivative d commutes with the Lie derivative L¢ , any qc vector field @) satisfies

Log=vg, Lol=0-1, I=(,hLI),

which is equivalent to saying that the flow of @ preserves the conformal class [g] of the horizontal
metric and the quaternionic structure Q on H. The function v can be easily expressed in terms of
the divergence (with respect to g) of the horizontal part Qg of the vector field Q. Indeed, from [12,
Lemma 7.12] we have

9(VxQu,Y) + g(VyQu, X) + 2s(Q)9(T¢ X,Y) = vg(X,Y),
hence )
V= —V*QH
2n
This gives a geometric interpretation for the quantity (V*Qp), namely, the flow of a qc vector field
Q preserves a fixed metric g € [g] if and only if V*Qg = 0.

As an infinitesimal version of the q¢c Yamabe equation we obtain the following general fact con-
cerning the divergence of a QC vector field.

Lemma 5.1. Let (M,n) be a gc manifold. For any qc vector field Q on M we have
A(V*Qu) = -

n Scal

mQ(Scal) — WV*QH,
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where Scal, V*, A and the projection Qg correspond to the contact form n.
Proof. Suppose @ is a qc vector field and let ¢; be the corresponding (local) 1-parameter group of
diffeomorphisms generated by its flow. Then
1 1
* - d * -
o;(n) 2h, n and  ¢;(g) 2h, g

for some positive function h;, depending smoothly on the parameter t. The qc scalar curvature Scaly
of the pull back contact form ¢;(n) is given by Scal; = Scal o ¢;. Then, formula (2.7) yields

(5.1) Scalogzbt = 2h; (Scal) — 8(n+2)2h; | Vhe|® + 8(n+2) Ahy.

Clearly, we have hg = 2, and from

1 d 1 h{

R v* = 0 = —|;_ —_— = — 0 = — 2h/

5, (V' Qr) g Q9 = Zli=o <2ht9) ohg ¥ 09
we obtain that h), = —ﬁV*Q 1, where h{, denotes the derivative of h; at t = 0. A differentiation at
t=01in (5.1) gives the lemma. O

Lemma 5.2. Let (M,n) and (M, ) be gc-Einsten manifolds with equal gc-scalar curvatures 16n(n+2).
If n and 71 are gc conformal to each other, 1 = ﬁn for some smooth positive function h, then

3
(52) Q= 5V + > dn(c.)e
s=1

is a gc vector field on M, where the function f is defined in (4.12).

Proof. The assumption of the lemma implies that E = D = D, = Ag = 0. Using (4.19), (4.20) and
(4.12) we obtain V2h(I X, &) = —df( ) and thus VQh(X &) =df(IsX). It follows that

ZVX dh(&,)Es) = de LX)¢
s=1
To show that the flow of the vector field @, deﬁned by (5.2), preserves the horizontal distribution
H, for any X € H, we have

3
Lo(X) = 3 [VF, X] + S ldh(E)6, X] = 5V, X — LVx(VS) Zwé VS X
s=1

3 3
+ 37 [h(E) Ve, X — Vx(dh(€,)6s) — dh(E)Te, (X)] = 5V X - %wvmz dh(€,)Ve X € 1.
s=1 s=1
]

At this point we are ready to complete the proof of Theorem 1.3. Consider the qc vector field
Q@ defined in Lemma 5.2. By Lemma 5.1, the function ¢ = %A f is either an eigenfunction of the
sub-Laplacian with eigenvalue —4n, A¢ = —4ne@, or it vanishes identically. In the first case, using the
quaternionic contact version of the Lichnerowicz-Obata eigenfunction sphere theorem [16, Theorem
1.2) and [17, Corollary 1.2] (see also [1]), we conclude that (M, n) is the 3-Sasakain sphere. In the other
case, we have that Af = 0, hence the function f = % +h+ %h_1|Vh|2 = const since M is compact.
It follows that h = 1/2 by considering the points where h achieves its minimum and maximum and
taking into account the qc Yamabe equation (4.1). The proof of Theorem 1.3 is complete.



SOLUTION OF THE QC YAMABE EQUATION ON THE 3-SASAKIAN SPHERE 17

Remark 5.3. Lemma 5.2 provides also a certain geometric insight for the mysterious function f in
(4.7). In fact, up to an additive constant, f is the unique function on M for which Qy = %Vf 1
the horizontal part of a qc vector field Q with vertical part Qv = dh(&s)Es, @ = Qu + Qv. This
assertion is an easy consequence of the computation given in the proof of Lemma 5.2. Moreover, it
implies that on the 3-Sasakain sphere ¢ = Af is an eigenfuction of the sub-Laplacian realizing the
smallest possible eigenvalue —4n on a compact locally 3-Sasakian manifold.

Theorem 1.1 is a direct corollary from Theorem 1.3. Alternatively, as in the proof of Theorem 1.3,
we can use in the first step Theorem 4.1 which shows that the "new” structure is also qc-Einstein. The
second step of the proof of Theorem 1.1 follows then also by taking into account [12, Theorem 1.2]
where all locally 3-Sasakian structures of positive constant qc-scalar curvature which are gc-conformal
to the standard 3-Sasakian structure on the sphere were classified (we note that this classification
extends easily to the case when no sign condition of the "new” qgc-structure is assumed, see [20]).
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