TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 363, Number 1, January 2011, Pages 3762
S 0002-9947(2010)04850-0

Article electronically published on August 31, 2010

LP ESTIMATES AND ASYMPTOTIC BEHAVIOR
FOR FINITE ENERGY SOLUTIONS OF EXTREMALS
TO HARDY-SOBOLEV INEQUALITIES

DIMITER VASSILEV

ABSTRACT. Motivated by the equation satisfied by the extremals of certain
Hardy-Sobolev type inequalities, we show sharp L9 regularity for finite en-
ergy solutions of p-Laplace equations involving critical exponents and possible
singularity on a sub-space of R™, which imply asymptotic behavior of the so-
lutions at infinity. In addition, we find the best constant and extremals in the
case of the considered L? Hardy-Sobolev inequality.

1. INTRODUCTION

This paper has three goals - prove sharp L? regularity for solutions of non-linear
p-Laplacian equations involving critical exponents and a singularity on a lower
dimensional subspace, establish sharp rate of decay in the case p = 2, and finally
determine the extremals in a related L? Hardy-Sobolev inequality. We indicate some
other possible applications concerning stationary cylindrical states of the Vlasov-
Poisson system and non-completeness of metrics with finite volume on some non-
compact manifolds.

The organization of the paper is as follows. In Section 2 we shall study the
LP regularity and asymptotic behavior at infinity of non-linear equations involving
critical growth. In its simplest form, our result is the following. For 1 < p < n, we
let p’ = % and p* = n"—_p;) be correspondingly the Holder conjugate and the Sobolev

conjugate exponents. Suppose V' € L7 (R™), and if p # 2 assume further that
V > 0. Let u be a weak non-negative solution in R™ (i.e. u is of finite energy; cf.

28)) of the inequality
(1.1) —div (|Vu|P2Vu) < VPt

Under these conditions, we prove that « € L2(R") for any ’;—T < q < o0, which in
general cannot be improved further, and for any 0 < € < 1 there exists a positive
constant Cy such that

C
(1.2) uz) < —2 z € R"™.

1+ |20
We shall actually consider inequalities with a possible singularity on a subspace of
R™ in the right-hand side, which arise naturally in the study of the extremals of
certain Hardy-Sobolev inequalities; see further below and (23] for the exact setting.
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Our results are contained in Theorems 2.1 2.5] 2.9 and .10l The proof of the main
Theorem uses an additional result on the uniqueness/comparison principle for
the considered p-Laplacian equations. The asymptotic behavior of solutions to
elliptic equations with critical non-linearity has been studied extensively. Generally
speaking, the results and the analysis depend on whether one assumes a priori that
the solution has finite energy or one is given a smooth solution; see [S1], [S2], [SWI,
[El], [GS] and [Li], to name a few. We work under the assumption of finite energy.
The paper extends the results of Egnell [E], which correspond to Theorems 2Tl and
without the possible singularity on a submanifold of R™.

In Section 3 we consider the case p = 2. The main result here is that, under
some natural additional assumption, v has the same asymptotic as the fundamental
solution of the Laplacian at infinity; see Theorem [3.Il The proof exploits the fact
that R™ has a positive Yamabe invariant, and thus the method will be applicable to
cases when the ambient space does not have a conformal transformation with the
properties of the Kelvin transform. Furthermore, we work in the setting in which
V' could have a singularity on a subspace, which renders results based on radial
symmetry inapplicable.

In Section 4 we construct explicit solutions of the Euler-Lagrange equation of
certain Hardy-Sobolev inequalities. In the subsequent section we show that these
solutions are extremals for which the best constant in the considered Hardy-Sobolev
inequalities is achieved.

In Section 5 we determine the best constant in the Hardy-Sobolev embedding
theorem involving the distance to a subspace of R™. In order to explain the consid-
ered inequality we need a few notation which shall be used throughout the paper.
For p > 1 we define the space D 1'P(R™) as the closure of C°(R") with respect to
the norm

1/p
(1.3) llullprr@ny = |VulPdz .
R

Let n >3 and 2 < k < n. For a point z in R = R*¥ xR"~¥ we shall write z = (z,y),
where 2 € R¥ and y € R"*. The following Hardy-Sobolev inequality was proven
in Theorem 2.1 of [BT].

Theorem 1.1 ([BT]). Letn >3, 2 < k <mn, and p, s be real numbers satisfying
1<p<n,0<s<p,ands <k. There exists a positive constant S, s = S(s,p,n, k)
such that for all u € DYP (R™) we have

(1.4) (/ |+

n—p 1
P Eoen) v
T dz ) g S Sp7s (/” |Vu|p dZ) ? .

When k& = n the above inequality becomes the Caffarelli-Kohn-Nirenberg in-
equality (see [CKN]) for which the optimal constant S, s was found in [GY]. The
case p = 2 was considered earlier in [O] and |[GMGT], where the inequality is
written in an equivalent, but slightly different form. If we introduce the numbers

;EZ:Z; g, hence 0 <o < 1, and p, = p(f—:;), the above inequality becomes

(1.5) (/Rn |LU|ED;U dz)l/:ﬂv < C(/Rn |Vul|P dz)l/p

where C is a positive constant. In the case p = 2 and k = n the sharp constant was
computed in [GMGT]. When o < 1 the extremals were found by Lieb in [L], while

o =
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when o = 1 we have the classical Hardy inequality, which does not have extremal
functions.
The main result of Section 5 is the proof of the following theorem.

Theorem 1.2. Suppose n > 3 and 2 < k < n. There exists a positive constant
K = Ky, ;2 such that for all u € D2 (R™) we have

‘u| 2(":21) n—2 1
(1.6) ( / / ——— dzdy ) Y < K ( / |Vu|? dz ) ‘)
Rn—k JRE || R™

Furthermore, K is given in ([B.6]) and the positive extremals are the functions

e 4 -2 n—2 252
(A1) 0 = 2O (e =gs) T RO (el P el )T

where A > 0, y, € R"7F.

In their preprint G. Mancinia, I. Fabbria and K. Sandeep [MES] obtain inde-
pendently the above theorem proving identities following the lines of [GV2]. In our
proof, we show the result as a direct consequence of [GV2], also using Section 4,
which relates extremals on the Heisenberg groups to extremals in the Euclidean
setting. Note that the results of Section 2 can be applied to the non-negative
extremals of the general Hardy-Sobolev inequality of Theorem [[11

Finally, Section 6 contains some further simple applications which indicate the
direction of some future investigations.

The author would like to thank Luca Capogna, Scott Pauls and Jeremy Tyson
for organizing the Workshop on Minimal Surfaces, Sub-Elliptic PDE’s and Geomet-
ric Analysis, Dartmouth College, March, 2005. The current paper grew out of a
conversation with Richard Beals and Yilong Ni on an unrelated question of the au-
thor concerning certain equations on Carnot groups, [BY], which led to Section 4 of
this paper. Thanks are also due to Galia Dafni, Nicola Garofalo and Congming Li
for their interest and valuable comments which improved the presentation. Lastly,
it is a pleasure to acknowledge the Department of Mathematics of UC Riverside
where the paper was completed and the many conversations with Qi Zhang, which
led in particular to a correction in the original proof of Theorem

2. REGULARITY AND ASYMPTOTIC OF WEAK SOLUTIONS

The goal of this section is to prove sharp L7 regularity for solutions of the
considered equations, which would then lead to bounds on the rate of decay at
infinity.

We start with two definitions. Let p and s be as in Theorem [[.T] and denote by
p*(s) the Hardy-Sobolev conjugate

x(g) = P(n—5)
(2.1) p()——n_p

and by p’ the Holder conjugate p’ = Ll There is another exponent which will
p—

play an important role. For any s as above we define the exponent r = r(s) to be
the Holder conjugate of the exponent r' = r/(s) defined by

p*
2.2 r = —————; thus r=
(2.2 e—

n
n—p+s
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Notice that 1 < r, 0 < rs < p, and furthermore we have the identity
(2.3) rp = p*(rs).

However, in general rs could be larger than &, and thus due to the restriction s < k
in the Hardy-Sobolev inequality we shall consider only the case

(2.4) s(n—k) < k(n—p),
which implies rs < k.

Theorem 2.1. Let © be an open subset of R™, which is not necessarily bounded,
l<p<n, 0<s<p s<kandsin—k) < k(n—p). Let u € D*P(Q) be a
non-negative weak solution of the inequality

p—2
(2.5) — div (|[VulP2Vu) < V |“|| in Q
:ES
i.e.,
p—2
(2.6) /|vu|P—2<vu,v¢>dz < /v b,
Q Q |z|®

for every 0 < ¢ € C°(Q)).

a) IfV e L (Q), then u € L9 (\wlt) for any 0 <t < min{p, s} and ¢ > p*(s). In
particular uw € L1(Q) for every p* < q < oo.

b) If V e Lt (Q) N L™ (Q) for some t, > v/, then u € L>®(1).

Remark 2.2. a) As usual, if we have equality instead of inequality in the above
theorem, the conclusion holds for any weak-solution, without a sign condition. The
proof below works with very minor changes. This is the reason we use |u| rather
than v when we are dealing with a non-negative function.

b) The use of the weighted L? spaces in part a) of the theorem is essential.

Proof. The assumption V € L"/(Q), together with the Hardy-Sobolev inequality,
shows that (2.6)) holds true for any ¢ € D P(£2). This can be seen by approximating
in the space D 1'P(Q) by a sequence of test functions ¢, € C°(2), which will allow
us to put the limit function in the left-hand side of (Z6) as |[Vu|P~' € LP". On the
other hand, for ¢ € C$°(Q), using the Holder and Hardy-Sobolev inequalities we

have the estimate
lufP~t AV u|rP=D)  \1/r
en [ witi—ed < ([ wr)" ([ M)
Q |z o |z

-
&
R
A

l/r |u‘w "(p— 1) @GP \1/p71/r
2. <
28) < / ORIV == (/Q o)
ul” p—1) — )
(2.9 < 8 Wl ([ ||T> Vol (using @3)
(2.10) <SSPV 1Vuls,t 1V L,

which allows us to pass to the limit in the right-hand side of ([26). We turn to the
proofs of a) and b).

a) Let G(z) be a piecewise smooth, globally Lipschitz function, on the real line,
and set

(2.11) Flu) = /Ou|G/(t)|pdt.



HARDY-SOBOLEV INEQUALITIES 41

Clearly, F' is a non-negative differentiable function with bounded and continuous

derivative. From the chain rule, G(u), F(u) € D1?(Q). In particular, F(u) is a

legitimate test function in (2.6). We are going to show that if ¢ is a number ¢ > p*(s)

and 0 < ¢ < min{p, s}, then u € L4 (Iw\ ) implies u € D1P(Q) N Lrtd (| %), where
p ()

Kt = =5 and for some positive constant C' depending on g we have

(2.12) el prea 2y < C Nl

Notice that we can apply the Hardy-Sobolev inequality replacing the exponent s
with the exponent t. Furthermore, we require ¢t < p, as then we have

*(t
(2.13) g = 20 Sy
p
With ¢ = F(u), taking into account F'(u) = |G'(u)|P, the left-hand side of
23) can be rewritten as
(2.14) /|vu\1’ 2(Vu, VF(u /\VG

For ¢ > p*(s), hence ¢ > p*(p) = p, we define the function G(t) on the real line in
the following way:

sign (t) [t|? if0 < |t| <1,
2.15 G(t) =
(2.15) ®) {z%—lt ifl < |t|.

From the power growth of GG, besides the above properties, this function also satisfies
(2.16) [uPTHE W) < C@IGW)P < Clg)]ul”.

The constant C(q) also depends on p, but this is a fixed quantity for us. At this
moment the value of C(g) is not important, but an easy calculation shows that
C(q) < C¢P~! with C depending on p. We will use this in part b). For M > 0
to be fixed in a moment we estimate the integral in the right-hand side of (2.6]) as
follows:

(2.17)
—1 p—1 p—1
/|V||“‘ (u) dz / \V\'“' g F(u)dz+/ |V|‘“| —F(u)dH
(IVI<M) || (|V\>M) |z

00 [ MG+ ([, ) ()

\UW D r’ % P
C(q) VIss d= + Cla)Sh( i) ([ VG dz)
(vi<m) |7l (V> M) o

< C@M [l ey + C@SErlVllo quisan IVC@IE,

At this point we fix once and for all the constant M, so that

1
, o 1
P r < =
C(a)Sh0 /(V|>M)'V' an)" < 3,

which can be done because V € L"". Putting together (Z.I4) and (ZI7), and using
the Hardy-Sobolev inequality, we come to

(2.18) G, < C@OM fullf, s .

IN

IN

7)
o
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By Fatou’s theorem we can let [ in the definition of G to infinity and obtain

q
rargttyy < COMIellz, )

lull7

The proof of a) is finished.
b) Let us observe that the assumption ¢, > » implies that ¢, < r, and thus
0 < tls < rs. Therefore, for any ¢ > p*(s) the norm Hu||th/O( a= _y 1s finite
‘z‘stg

from part a). We are going to prove that the Lq(| e —) norms of u are uniformly

bounded by the L% (—%—) norm of u, where q, = t, p*(s). We shall do this by

B3

iteration and find a sequence g which approaches infinity as k — oco.

Let ¢ > p*(s). We again use the function F'(u) from part a) in the weak form
28) of our equation. The left-hand side is estimated from below as before; see
(2I4). This time, though, we use Holder’s inequality to estimate from above the
right-hand side,

(2.19) /QIVIIU\”*QuF(U)dZ < AVllzeo MulP = Fu)]l e,

< [V, IC(q >G|”' e

With the estimate from below we come to

IVG)IL, < C(a) IVIIzeo ull]

< C@IVlzeo ull}

th’( dz )

th’( dz )

o] %0

Using the Hardy-Sobolev inequality and then letting I — oo, we obtain

(2.20) 1wl peorry < CCW@IWVllzeo [ullfoy oy
LY (=) e

where C is independent of q.
* t/
Let 6 = p—(slo)

o

With this notation we can rewrite (Z20) as

. A small calculation shows that 6 > 1 exactly when ¢, > r'.

1

(2:21) ol ae ) < [CC@D]T IV 0l e -

215t J=1°%0

Recall that C(q) < CgP~!. At this point we define ¢, = p*(s)t, and qx = *q,,
and after a simple induction we obtain

k—1 k—1 1
0 gq;
(2.22) ol —soy < {TT1C T Hvigs el s,
S S UL 7

Let us observe that the right-hand side is finite,

(2.23) Z— = —Z—<oo and ibg—% < 00,

i=0 9 =1 Y

thanks to § > 1. Letting k — oo we obtain ||ullec < C'||ul|pgo(_az, . O
IwISt/"
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Remark 2.3. We should keep in mind that the local version of Theorem [2.]is also
valid. In other words, we can replace all the spaces in the statement of the theorem
with their local version. The proof is accomplished in a very similar fashion by
introducing a local cut-off function.

With the above theorem we turn to an equation, in fact a slightly more general
equation, satisfied by the extremals of the Hardy-Sobolev inequality.

Theorem 2.4. Let ) be an open subset of R™, which is not necessarily bounded,
l<p<n, 0<s<p,s<kands(n—k) < k(n—p). If R € L>® andu € DVP(Q)
is a weak non-negative solution to equation

— div (|Vu[P72Vu) < R(z)————u in €,

then u € L™ (Q).

Proof. We define V. = R|u[?"(*)=P. From the Hardy-Sobolev inequality we have
u € LP ()(Q), and thus V € L#e (). Since ' = p*]()T(S—)p’ part a) of
Theorem P shows that u € L7 () for p* < q < co. Therefore V € L7 7 () for
any such ¢, and thus by part b) of the same theorem we conclude u € L>*(Q2). O

In the next theorem we show that one can lower the exponent p* in the L? reg-
ularity of u when s = 0. A similar result in the case p =2, s=0and R = |u p—p
was achieved in [LU]; see also [BK] and [GL]. We have to overcome some compli-
cations due to the more general structure of the equation, the possible singularity,
and the lack of monotonicity of the considered operator.

Theorem 2.5. Let Q be an open subset of R™, which is not necessarily bounded,
l<p<n 0<s<p, s<kandsn—k) < k(n—p). Suppose R € L" and
V,e Lt ﬂL”"/, and in the case p # 2 assume R and V, are non-negative, R, V, > 0.
If u is a non-negative locally bounded weak solution of the equation

|ufP~2

(2.24) -ANpu < R

I i

u + V,,

then uw € LY for every Z—t <q < p*.

Remark 2.6. The condition that u is locally bounded holds for example when V,, = 0
and R € L N Lt, for some t, > r’, by Theorem 211

Remark 2.7. a) When p = 2 we can replace the inequality with equality and drop
the assumption on non-negativity of u.

b) From the proof it will be obvious that when p # 2 the assumption R > 0
can be replaced with R > 0 outside of a compact set, which does not intersect
{z : |z|®* = 0}. Of course, —A,u < 0 and u > 0 implies u = 0.

We turn to the proof of Theorem
Proof. Let 0 < 8 < 1/p be arbitrarily fixed. Our task then is to show that the
function u'~? € LP".

In the first part of the proof we shall exploit the variational structure of the
problem in order to construct suitable test functions, which shall be used in the
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second part of the proof. Suppose V,g € L! NL" are two given functions. Consider
the functional

1 1 lv|P
(2.25) Ew) = = [|[Vv|Pdz — = | V dz — [ gvdz.
P Ja pJa lzl° Q

Note that E is coercive when ||V ./ (q) is small. Indeed, we have

pors v lp sy = Spo 19l Wlpre@),

1 1
E(v) > p?”””%l,p(g) Spe

taking into account ([Z39)) to justlfy the finiteness of the norm of ¢g. Furthermore, E
is weakly lower semi-continuous and D 1?(12) is a reflexive Banach space. Therefore,
provided that V has a small norm, there exists a minimizer, which is a solution of

p—2
(2.26) —A, v = p ol

|$|S v+ g.

Moreover, any solution of the above equation satisfies

— 1 1)
(2.27) ooy < S5/ (1= SV )Y gl e

P TS L®*)

With this in mind, suppose € is a given positive constant. Since R € L™ we can fix
a large R, > 0 and a small 6 > 0 such that

"dz < = and / |R|T/dz <
{lz|<26}

Let a € C* be a function, 0 < a < 1, with
supp a C {|z| < 20} U{R"™\ Bg, }, a=1 on {|z| <} U{R"\ Bag,}.

(2.28)

—
3

—

&

oy

Q

=
3
ISH
DO | =
N —

In particular supp (1 — &) C Bag, N {|z| >}, and hence due to the local bound-
edness of u we have

JufP~?

|z]*

9=V, + (1—a) R(2) we L'nL".

For every k € N, let a, € C2° (R™) be a function, 0 < ay, < 1, satisfying

: ]
supp ap C Baorrig, \ {|z| < with  ap =1 on Bapg \{lz] < Q_k}

)
grri )
Notice that o, /' 1 a.e. as k — oo. Define V. = aR(z) and V;, = aay R(2).
Using the properties of the cut-offs we see that these functions enjoy the following
properties:

Ve L’J, Vi € L NL"  as supp Vi € R™,
and Vi 'V as k — oco. In addition, since [,,|[V["dz < [,a |R|" dz < e, the
functions V and hence Vj, have small L™ norms, which can be made less than e
by taking R, sufficiently large and § sufficiently small in (2.28]). From now on we
assume that R, and § have been fixed in the above described manner so that E is
coercive and further so that |V~ < e with € to be fixed later independently of
k, and in fact depending only on p, u, ||R|/L~ and the Sobolev constant.

With the help of the introduced functions we have that u is a non-negative
solution of

|ufP~2

(2.29) —div (|VuP™2Vu) < V u + g.

jz[*
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For every k € N let uy, be a solution of

|ug P2

|z[*

(2.30) —div (|Vug[P2Vug) = Vi ur + g

When p # 2 the assumption R, V, > 0 implies that a minimizer uy of

1 1 [v|P
(2.31) Ex(v) = = [ |[Vu|Pdz — - [ V4 dz — gvdz
P Jo pJa |zl Q

can be taken to be non-negative, i.e., when p # 2 we have uy > 0. This shall be
used at the very end of the proof.

Next we define the necessary cut-off, which shall be used in the final step. Let
Nm (t) be the following function:

t, t>1/m,
(2.32) Mm(t) =
op 1 1
mi-»ro t1*P97 tSE
Observe that 7, is a continuous function and
1 1
0<n, < 1 =
777m7max{71_ 9} 1 pe?
which implies the useful fact
1
(t t.
We also define
(2.33) Gm(t) = ny P and fu(t) = g, °.
A short calculation gives
=P8t > 1/m, (1—p0) m?, t>1/m,
(2.34) om(t) = P (t) <
mPft, t< L mp?, t< L

In particular, for every fixed m, we have that ¢/, is a bounded function, and thus if
0< veDM(Q), then 0 < ¢,,(v) € DP(Q). Since 1 —@ > 1 — pf the derivative
f1.(t) is also bounded, and thus f,,(v) € DYP(Q). From now on, for simplicity,
given a function 0 < v € D1P(Q) we let

n = 1m(v), ¢ = dpm(v) and = fm(v),

all of which, due to the chain rule, are functions from D 1P(Q).
A small but very important calculation shows that we have

1—-6\r _
—pﬁ) [Vn[P~2Vn - V.

VAP = @ =poy (=
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P
With ¢y = (11:10‘99) , using Vv - V¢ > 0 and the above identity, we then have

/|vn|ZH Vn-Vodz = / |Vn|P~2 V-V dz +/ |Vn|P~2 V-V dz
Q {v<%} {%<v}
m(@—1pb/(1-p0)

= AT /{ 1}u<P—1>P9/<1—P9> |VulP~2Vv - Vo dz
v

+ / |Vo[P~2 Vo - Vo dz
{%<v}

1 / 92 -2
< |VulP™* Vv -Veodz + / [VolP™* Vv - Veodz
(L—p0)Pr=t Jicy (L <o}

§/|Vv|”_2 Vv-V¢dz as 1 < 1/(1—pb).
)

Therefore we have the following bound:

(2.35) /|Vf|”dz < c(;/|Vv|p_2 Vv - Ve dz.
Q Q
Let us set
v = u;

and use ¢ as a test function in (230). The inequality above gives an estimate of
the left-hand side. For the first term on the other side we have

p—1 p—1 p—1
/V,J”' . gbdz:/ ALy / il s
o |7l (ws1/my 17 (weiy |7l

p—1+1—0p P
S/VkM—dz + mfr Vk‘v‘ dz
Q

|z|® fwety |zl

s(k
2 (k+1)
s
s(k+1)
o
using pr = p*(rs) and the fact that f € D1?(Q). The other term on the right-hand

side can be estimated in the following way:

ANAPE /Q VP dz + m? Vil

< Viellzr,

< SVl [ [95Pds + morr

(2.36) /g¢dz < / 9] ¢ dz +/ 9l $dz
Q {v<%} {ﬁ<v}
< mpe/ lg| vdz + / lg] v' 7% dz
{v<i} {%<v}
< m® Yigllpr + lgllea ol2,2,
where
p* oy P
2.37 q = ( ) - > 1,
(2:37) 1 —pb p* — (1 —po)

as 1 —p0 > 0. Recall we are assuming only g € L' N L"". The definition (Z37) of
g shows that ¢ < (p*)’, while

(2.38) p*(p)=p < p*(s) < p*(0)=p"
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and thus

P’ P’ VY P’ :
(2.39 r = > = (p*/p) > = (p*).
Therefore we have ¢ < " and g € L _ for every 1 < g <1,
Putting the above three estimates together we have shown that the gradient of

f satisfies the inequality (with S, = S, ,)

23(k+1)

(2.40) /\va’dz < s /\Vf|pdz + Vil o

|p */aq

+ mf- 1||g||L1 + HQHL‘I (v>1/m) ||U| (v>1/m)"

With the above estimates at hand, we can conclude by moving the first term from
the right side to the left, and then letting m — oo, provided we have

(2.41) 1—coSP|[V|w >0, ie, [V

o~ is small.

Taking the initial R, sufficiently large at the start of the proof, we can let m — co.
Recall f,,, — (vT)'~% which gives the inequality

JIV@ s < Coolglloney 1015,

Working similarly with v~ we can prove eventually (recall v = uy) that the D 1P(R™)
norms of u,lg_e satisfy

(2.42) ”u;;GHDlp (Rn) = Cpo

and hence they are uniformly bounded in view of ([2.27]).

The proof is finished by letting & — oo, but the argument in the cases p = 2
and p # 2 are different. When p # 2 we take into account that by construction
ug, > 0 (cf. the line after (230)) and if uy, — @ weakly in D 1P(Q), where —A, © =
V“‘;: + g, then Lemma 28 implies u'~¢ € L. If p = 2 the situation is
simpler since we can use the monotonicity. In fact, since ||V .~ is small and
u, u € DVP(Q), Holder’s inequality and the strong monotonicity of the Laplacian
give (u — )T = 0. Indeed, using w = (v — @) as a test function in the inequality

9llzacey lluxl A%,

—Au—l—Au<V —u

|z]®

we see that (cf. (Z3]))

1/r 1
||wH2D1 2(0) = <C ||V||Lr / BE dz) <C V] HwHDl 2(0) = 5 Hw||21>1=2(9)9

hence [|w|p1.2(q) = 0 and thus w = 0, i.e., u < 4. The proof is complete. O

In the proof of the previous theorem we used the following comparison/uniqueness
principle for the p-Laplacian on an unbounded domain.

Lemma 2.8. Let 1 < p < oo, V€ L" and u, @ € DLP(Q), u > 0, be weak
solutions, respectively, of

uP~1

|[*

(2.43) —ANpu <V + 9
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and
(2.44) Ay @ = V'“'Zj“ v
a) Suppose >0 and g > 0. If g £ 0, then u < u. Otherwise, u = cu on the
> &
Setbguﬁoi}éenerally, suppose gu > 0 and @ is a super solution of (Z44), i.e.,
—Apu > V|ﬁ|i|82ﬁ + g

Ifgu #0, thenuw < |a|. Otherwise, w = c|u| on the set {u > |ul}.

Proof. a) For ease of reading let us first consider the case when equality holds in
the inequality satisfied for u; i.e., suppose u, @ € DP() are two non-negative
weak solutions. We are going to show that if g # 0, then v = u. Otherwise, one
of the solutions is a constant multiple of the other. Working as in Lemma 3.1 in
[Lin] (see also [DS] and [A]), we define

Ue = u + € and U = U + €

and the two test functions

n = uc —u = u. — (E)pue and 7 = ue — u = 4, — (E)pflﬂ .
UP Ue a? € Ue ¢

Multiplying the equation for u by n and the equation for @ by 77, and then adding

the two equations we have

(2.45) /|vu|1’—2 Vu-Vn + |VaP~2 Va - Vijdz
Q

Vv _ 1 _
— /Qx|s (up n + @ 1n)dz + /Qg(n + 7)dz.
From

Ue

Vi = [1 + (p—1)(Z—:)p} Vue — p (%)p*1 Vi
we find
e

Va2 Vu-vy = [+ =1 () 190 — p (3)" Va2 Vu, Ve,

Ue
= (uep + (p—-1) ﬁf) |VInul? — pa? |VinulP~? (VInu,, Vina,)
= ul |[VInucP + @ {—|Vlnu€|p — p|VInu|P~2 (Vinu,, Vlnﬂe—VlnuJ}

> ul |[VInul?P + uw? [Cp [VInu, — Vlnae\p—|V1nﬂ€|p}
= u [Vlnu? — @ |VInal? + Cp @ [Vlnue — Vina|P.
Using the following inequality valid when p > 2 (cf. Lemma 4.2 of [Lin]),
laf? > [b|P + p [b|P"% (b,a — b)+Cpla — b’ , a, bER™, a#b.

The inequality we just proved shows that the left-hand side of ([ZX4H]) can be esti-
mated as follows:

/\Vu|p72 Vu-Vn + |ValP~? Va-Vidz > C, /(uép +al) |Vinu, — VIna|P dz.
Q Q
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Therefore we have

cp/(uel’mg) Vinue-Vina| dz < /%KE)’“_(“)”*} (wP—a) ds

Ue Ue

1—
b fon e (B - (%) Jas
Ue Ue Ue

The first integral on the right goes to 0 when ¢ — 0 by the Lebesgue convergence
theorem since V € L. A small calculation shows that the function

fit) =1+t — P — 7P

is negative for t > 0 with f =0 iff ¢t = 1. In fact f(1) =0, f”(t) < 0 and f'(1) = 0.
The proof of the case when we have equality in both places and when p > 2 is
complete. The case 1 < p < 2 follows in the same fashion using the corresponding
inequality of [Linl Lemma 4.2],

o — b
(lal + [p1)>=

Now, consider the more general case. Assume again p > 2, as the case 1 < p < 2
follows by a similar argument. Notice that n > 0 iff 7 < 0. Therefore we can
multiply the inequality satisfied by u with the test function ™ and then add the
equation satisfied by @ after we multiply it with 7= = min{7,0}. Then we work
as before, but this time the conclusions will hold only on the set {u > u}. The
proof of part a) is complete.

b) Define v = 4+ = max{a, 0}; hence 0 < v € D1P(Q), v, = v + € and consider

la? > [b]P +p [b|P~2 (b, a — b)+C, a, beR™, a#b 1l<p<2

_ Uep_uep Ue
(2.46) n = UE—I) = Ve — (’U_E)pvs.

Therefore we can multiply the inequality satisfied by u with the test function n*
and then add the inequality satisfied by @ after we multiply it with 7~ < 0, which
will bring us to

Cp/(uep +ul) |[VIinu, — Vino P dz
e O

+ /g Ve f(ue/ve)dz.

Since gu > 0, letting ¢ — 0 we see that with v = 4T we have u < v if g > 0
somewhere, and otherwise u and v are proportional on the set {u > v}, i.e., in the
case g = 0. Finally, let us observe that —u is a solution of

_ |a[P~%(—u)
N, (—u) >V
P( ’LL) = |£L"S
Taking v = max{—u,0} = —u~ and observing that —gv. = gu~ — e€g, the

argument above shows that u < v if gu > 0 somewhere, and otherwise v and v are
proportional on the set {u > v}, i.e., in the case g = 0. The conclusion is that if
gu #0, then w < |a|, while if ga = 0, then u = ct on the set u > |a]. O
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So far we have concerned ourselves with the global properties of solutions. Having
done this we can obtain the asymptotic behavior of solutions at infinity. The first
result concerns the local behavior on a ball away from some finite point; see [E]
and [Z] for related results.

Theorem 2.9. Suppose s, p, k, and n satisfy the conditions of Theorem 2.1]. Let
u be a non-negative solution to the inequality 2.1), with V € L. We assume that
u has been extended with zero outside . Suppose that q, > p is an exponent such
that w € L% (). There exist constants C = C(R",p,||ul|p1.r (), |ullq,) > 0 and
0< R, =R,(|V|l ) such that, for every z € R" and R = |z|/2 > R,, we have

1

1 40
2.47 maz u < C 7/ uledx .
( ) B(z,R/2) (B(ZaR) B(z,R) >
Furthermore, u has the following decay at infinity:
C

Proof. Given a function a € C°(R"), a > 0, we consider the function o?F(u) €
D1P(Q); see (ZII) and ([2I5). We recall ([2I6) and observe in addition that

(2.49) Flu) < ul|G'(w)P.

We use the fact ¢/p > 1 in order to see that G is a piecewise smooth and globally
Lipschitz function. Using o F'(u) as a test function in the weak formulation (26,
we have

Ju[P~?

/|Vu\p72<Vu,V(apF(u))>dz < /V uaP F(u)dz.
Q ¢

|zl
Let us consider the left-hand side (LHS) of the above inequality, which is easily

seen to equal

(2.50) LHS = /ozp|VG\p dz + p/\VUV’_Qa”_lF(u)Vu-Vadz.

For any € > 0 we have ab < e% + e_p//”bpi,, and hence

(2.51)

e P
/
p

|VulP" 2P~ F(u)Vu - Va < gap\VuPu_lF(u) + " \Va|pF(u)up/p/
< §QP|VG|” + Celg | ValPGP,
after using ([2.49) and ([Z.10) in the last inequality. Inserting ([Z.51)) in (Z.50) we find
LHS > (1 —6)/ap|VG|de — Qe V/pgpt /|Voz\”Gp dz.
We shall use the above inequality with a fixed sufficiently small € so that 1 —e > 0.

With the help of (a + b)? < 2P(aP 4 bP), and using once more (ZI6) and the
paragraph after it, we come to

(2.52) / V(aG)Pdz < C /Q v

oaPGP
jz)®

dz + qufl/\VodpGpdz,
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where C' is a constant independent of gq. Therefore, using the Holder and the
Hardy-Sobolev inequalities (pr = p*(rs)!), we have

253) V@G < CIVIsuppe V@G, + Co [IVaParas,
Since V e L" it follows that if 0 # z € R” and R = |z|/2 > R,, then
(2.54) / V©'dz =0 as R, — .
Br(z)

Therefore, C||V|

L (supp a) < 1/2 for all a with

(2.55) a € CP(Bgr(z)) with R=|z|/2, |z| > R,,

where R, depends on V and C, and it shall be fixed for the rest of the proof. Using
the Sobolev inequality, we have shown that for any such o we have

(2.56) oGl < [V(@G)lle < CqP~V/P((Va)G| .

Therefore, if u € L? we can apply Fatou’s theorem when [ — oo to get

(2.57) (/ ap*uéq)l/p* < C @D/ (/|Va|puq)l/p7

where 6 = p*/p > 1. In particular, for any 0 < p < r < R and « € CgO(B(z,r))
with @« =1 on B(z,p) and |Va| < Qp, we have

= - Ccr/agp=1)/a ( 1
B (T_p)p/q |B(Z7T)| B(z,r)

1
q

u’ dz ) ul dz )

258) (
|B(Z7p)‘ B(z,p)

We can define the sequences ¢; = ¢,07 and r; = g(l + 2%) for 5 = 0,1,... by

which Moser’s iteration procedure gives inequality (2.47). Let us observe that

o % < oo and 3372, h;?j < oo thanks to d > 1; cf. ([2:23). The decay property
J J

follows immediately taking into account that the volume of Bg(z) is proportional
to R", i.e., |z|". O

Combining Theorems 2.1] and and ([24])), we can assert the following decay
of solutions to (Z.H).

Theorem 2.10. Let Q) be an open subset of R™, which is not necessarily bounded,
1<p<n, 0<s<p, s<kandsin—k) < k(n—p). Suppose R € L" N L',
for some t, > 1, and in the case p # 2 assume that R and V, are non-negative,
R>0,V,>0.

If u is a non-negative solution of ([Z24), then there exists a

C =C(R",p, ||UHDLP(Q)) >0
such that u has the following decay at infinity:

C
(2.59) u(z) < W”U”DLP(Q)a

n—p
for any q < T

Remark 2.11. Let us observe that the fundamental solution of the p-Laplacian on
R™ equals C|z|~#=1, where C is a constant.
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3. ASYMPTOTICS FOR THE SCALAR CURVATURE EQUATION

In this section we restrict our considerations to the case p = 2 and furthermore
we require V = R(z)u? ~2 with R € L*; i.e., we consider a non-negative weak
solution u of

2% (s)—1
(3.1) Cag < BEC T g

jz[*

From Theorem 210 and Remark 2.7 we know that for any 0 < 6 < 1 there exists
a constant Cy > 0 such that

Cy
W [ull pre(0)-

(3.2) u(z) <
The next result shows that the decay is at least as that of the fundamental solution.
Furthermore, if u is a non-negative solution rather than a subsolution, then u has
the same decay as the fundamental solution.

Theorem 3.1. Let © be an open subset of R™, which is not necessarily bounded,
2<n,0<s<2,s<kandRe L.

a) If u is a non-negative solution of [BIl), then there exists a constant C > 0
such that

C
. < < — Q.
(3.3) 0 u(z) < E=E z €

b) If u is a non-negative non-trivial solution of

R(z)uQ* (s)—1

(3.4) “hu = SO i 0
with R > 0, then

(3.5) 0 P
' T+ 2 = S T e '

Proof. We shall first prove the estimate for u from above. Let us extend u as a
_ |R(z)u*

function on R™ by setting it equal to zero outside of Q. Let us define f ]

Thanks to Theorem [2.10] we have for any 0 < 6 < 1

IR 1
1+ |Z|0(n+275) |I|S '

(3.6) f(z) < C

Consider the function v = I' x f, where I' is the positive fundamental solution
of the Laplacian I'(z) = m|z|2_" (recall n > 2), where w,, is the volume

of the unit ball in R™, so that —AI' = §. For points z,{ in R™ we shall write
z = (z,y) € R* x R" % and ¢ = (£,1) € R¥ x R"*. With this notation and using
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B8) we have (C,, = m)

- 1 _JQ
v(z) = C 7?:755:5d< - l—j<lzl |2 = ¢

le—¢l> L2l |2 — (|2

Cyl|R|| 1 1
= 9|L(n|—‘i-2—s) / n—2 dc
1+ |z ‘ <|<'z [z —¢"=2 1l

ol Rl / / Col| Rl
TR e S 1+IC\9("*2 S))IEIS = THpr?

from Lemmas and [33] (see also the remark following Lemma for the case
k=n).

Going back to the bound from above for u we see that the difference u — v is a
subharmonic function, which goes to zero at infinity and is equal to zero on 9f2.
From the weak maximum principle we can conclude that

R™

+ Cn

u—v < 0,

from which (&3)).

If w is a solution, we can take a ball B centered at the origin and a constant
C such that the subharmonic function © — C'T" goes to zero at infinity, equals zero
on 012, and is positive on the (compact) boundary 0B. From the weak maximal
principle u — C'T' is positive everywhere. The proof of the theorem is complete. [

Remark 3.2. The second part of Theorem Bl i.e., when we assume in addition
that R > 0, can also be derived with the help of the Kelvin transform on R"™, which
can be seen as follows.

We know that the Kelvin transform is an isometry between D ?(Q) and
D12(0%); of. [E] and [GVI]. A calculation using A (Ku) = |z 2(Au) (| =)
shows that the Kelvin transform Ku of u is a non-negative weak solution of the
inequality

~A K0 < R ) |'j|; (KCu)> €)1 z)
SR(#) %M’Cuf*“"l(z) in Q"

Notice that R(Fz) € L> (%) when R € L* (©). Furthermore, if Q is a neigh-
borhood of the infinity, then 0 is a removable singularity of Ku; i.e., the above
inequality is satisfied on Q* U {0} and Ku € D12(Q* U{0}); cf. [E] and [GVT]. In
other words, when 0 < R € L* the function Kwu satisfies the same inequality and
conditions as u. Recalling that u(z) = |z|*™" (lCu)(@)7 the claim follows from the
regularity we have shown in Section 2.

The following lemma contains a useful fact concerning the value of a certain
integral, which was used in the above theorem.
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Lemma 3.3. Let m > ”55 and 0 < s < k <n. The following formula holds:

(3.7) / /
TR R

On—k Ok ( —km n—k)B(k—sm_n—s
2 2 2 7 2

2 2
Proof. With a? =1+ |z|? we have

e [ ! d——“"k/ L
P Jeee O 1P+ Y T @ fae G P Y

S n—k—1 S n—k_q
= 2 aﬁ(_k_k) / - dr = Un__k_ tnjc o dt
a2m—(n (]_ + T?)m 2q2m—(n—k) o (1 + t)T+(m_T)
On—k n—=k n—=k
- 2q2m—(n—k) ( 2 1= 2 )

Therefore, we find

1 1
3.9 / / — dydzx
G o Soe TTRE TR o

On—k n—=k n—=k 1 1
= B( ,m — ) / n—k
2 2 Ja (L)

k—s
On_k Ok n—=k n—=k /Oo tTfl
- % B - dt
y 2 Pl ) | (L4 8) 57 Hm—2E = 55%)

_ On—k Ok (n—kvm_n—k)B(k—s,m_n—s
2 2 2 2

Remark 3.4. For future reference, let us notice that the above proof amounts to
twice using, with the appropriate choice of the involved parameters, the formula

1 1 Ok k—s k—s
- S dr = B
L e e = 5 B e

which is valid for any a > 0, £ > s and a > %

We end the section with one more technical lemma, which was used in Theorem

.1

Lemma 3.5. Let k> 2, n>3 and0< s<k < n and s < 2. There exists a
constant C > 0 such that

1 1
I(z :/ d¢ < C 2>,
B = ) e Fo R i

Proof. To estimate the integral I we observe that I is homogeneous and that
I(A\z) = A27%I1(z) for A > 0. Therefore, if I is finite on |2| = 1 we can conclude
that

(3.10) I(z) < OJz]*=.

In order to see that I is finite when |z| = 1, let us notice that it depends only on |z|
and |y| as the integral is invariant under rotation in R* or R"~*. A consequence of
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this fact is that it is enough to show that on |z| = 1 the integral I is finite at only
three points, namely, x = 0, x = 1, and = y (we write x = 1 for the number one
on the real axis considered as a point in R¥, etc.).

For the rest of the proof we assume |z| = 1. The case of z # 0 is easier, so we
shall first consider the last two points. Without any loss of generality we take x =1
and we split the integral in two parts:

1(z) :/ +/ .
{lz—¢I<Zhn{jz—gl< B} {lz—¢I<Ehn{jz—g|> B}

On the domain of integration of the first integral we have that |£] is bounded away
from zero, and so the integral is finite. In turn, on the domain of integration of the
second integral |z — (| is bounded away from zero and |£|~° is integrable near the
origin as k > s; hence this integral is again finite.

Let us now consider the case x = 0. Introducing p§, = £ and r, = y —n we put
I in the form

k—1 ,.n—k—1 1
I = / / / /)7‘7%2 — dr dpdn, dS,.
l&o|=1 J|no|=1 Jr24p2<1/4 (p2+r2) 3 P

Letting r = tcos ¢, p = tsin ¢ we come to
1/2 21 (o 1yk—1 n—k—1
I = o, wov / =5 dt / (sin ) _(Cosf) dé < oo,
0 0 | sin ¢

iff s <2and#k > s. O

4. A NON-LINEAR EQUATION IN R"™ RELATED TO THE YAMABE EQUATION
ON GROUPS OF HEISENBERG TYPE

Suppose a and b are two natural numbers, A > 0, and for z,y € RT = (0, +00)
define the function

¢ = N[(z+a)+y+8)?],

where a, § € R.
Proposition 4.1. The function ¢ satisfies the following equation in the plane:

+b+2 Vo b 2a\? 2b\2
a—\¢|+g¢m+_¢y:aa+ B,xyyé().

2 10} T Y T Y

Proof. Set &€ = ANz + ), n = Ay + ) and define ¢(£,71) = ¢(x,y). From % = /\g
and 8% = )\a% we have

(4.1) Ap —

e

de a+b+2 |Vo|? a b
® x Yy
- a4b+2, V2 al - bA -~
= \\¢ — 2107 = = o,
AL 5 A 3 + 3 Pe + y o
Since ¢ = €2 + n? we have
+2,48%+7°) | a b
N o—4)2 - T2y + Zone + 22a
2 &2 +n? . y

= —2n2? 4+ 2a)% + 26)\% +

2a\ 26213
+ .
T Yy

Hence, taking into account a + b = n, we proved ¥ = % + %. O
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Noting that A¢ + 2 ¢, + % ¢y is the Laplacian in R® = Rl x ROFL
n = a+ b+ 2, acting on functions with cylindrical symmetry, i.e., depending on |z|
and |y| only, we are led to the following question.

Question 4.2. Given two real numbers p, and q,, find all positive solutions of the
equation
|vu|2 Do qo

= £ 4 22 (w’y) c R" = Ra-‘rl % IRb+l7
u lz| |yl

n
Au — 2
YTy

which have at most a quadratic growth condition at infinity, u < C(|z|? + |y|?).

As usual a simple transformation allows us to remove the appearance of the
gradient in the above equation. For a function F' we have AF(u) = F'"(u)|Vul? +
F'(u)Au and thus

A = 7(r— D" 2|Vl + rum A = %uﬂmm + 2(r — 1)|Vul?).

Therefore we choose 7 such that 2(7 — 1) = —n, ie., 7 = Q’T”, and then rewrite
the equation for u as
2—n 2 (n—2) 2

AT = uwz 2(2uAu — n|Vul?) = —

u ;"71 (p_o + q_o)
2 2|yl
This is the equation which we will study. As a consequence of the above calculations
we can write a three parameter family of explicit solutions.

2

Proposition 4.3. Let A > 0. The function v(zx,y) defined in R = R**! x RO+!
by the formula

(4.2) v(z,y) = A" (|z|+a)® + (jy|+8)%) 7", (x,y) € R" = R*T xRVF!
satisfies the equation
—n_ p q
4.3 Av = —pn—2 [ — 4 — ),
3 (g * 1)
where
(4.4) p = a(n—-2)\a, q = B(n—2)\b.

Let us observe that the above equation is invariant under rotations in the x or
y variables. Also, if v is a solution, then a simple calculation shows that for any
t # 0 the function vy (x,y) = t"~2/2y(ta,ty) is also a solution.

Another observation is that the same principle works if we split R™ in more
than two subspaces. For example, if we take three subspaces we can consider the
equation

Av = v f(al,lyllz),  f@y.z) = o+ o+
x|yl 2]
and ask the question of finding all positive solutions with the same behavior at
infinity as the fundamental solution. Clearly the function

v = A7 (le]+a)? + (yl+8)? + (2] +7)?) 7=,

with the obvious choice of o, 8 and 7, is a solution.
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5. THE BEST CONSTANT AND EXTREMALS
OF THE HARDY-SOBOLEV INEQUALITY

In this section we give the proof of Theorem It was proven in [SSW] that
there are extremals with cylindrical symmetry, i.e., functions depending only on
|z| and |y| for which the inequality becomes equality. On the other hand, it was
shown in [MS] that all extremals of inequality (5] have cylindrical symmetry after
a suitable translation in the y variable; see also [CW] and [LW] for some related
results.

Theorem 5.1 ([MS]). If u € DV2(R™) is a function for which equality holds in
@A), then

i) for any y € R"F the function u(.,y) is a radially symmetric decreasing func-
tion in R*;

ii) there erists a y, € R"™% such that for all z € R* the function u(z,. +y,) is a
radially symmetric decreasing function on R"F.

We turn to the proof of Theorem [[.2] in which we find the extremals and the
best constant in (LA in the case op, =1, i.e., s = 1 in Theorem [[1]

Proof of Theorem [[2. By Theorem 2.1 and Theorem 2.5 of [BT] there is a constant
K for which (6] holds and for which this constant is achieved, i.e., the equality is
achieved. A small argument shows that a non-negative extremal u of the naturally
associated variational problem inf fRn Vu|? dz, subject to the constraint

2(n—1)

(5.1) / / |u|;_2dacdy =1,
rn—k Jre 7]

satisfies the Euler-Lagrange equation
A

—— U
]

(5.2) Au = 2 yc DY (RY),

(n—1)
where A = K #=2". From Theorem 2:4] and standard elliptic regularity results we

can see that v is a C* function on |z| # 0. Furthermore, Vu € LY (R™) and u is

C smooth in the y variables. In particular, u € C’O’Q(R") for any 0 < a < 1. In

loc

order to see these claims let v = u,, for some j. Hardy’s inequality shows |Z—‘ eLj.

for any 1 < g < k. From elliptic regularity v € VVlicq (R™) for any 1 < ¢ < k, and
hence the Sobolev embedding gives v € VVli 5q(R"), where § = nL_q > 1. After

C
finitely many iterations we see that v € VV&)E (R™), from which we can invoke
Remark to conclude v € LY (R™). The same argument can be done for the
higher order derivatives in the y variables. For the x derivatives we argue similarly.

We consider (with v = uy,)

Av = —Kv - E
] ]
We note that V, V,, € LS (R™), and it is not hard to see that the proof of Theorem
2.4 (cf. also Remark and Remark [23)) allows us to conclude v € L{3, (R™), and
hence V,u € L2, (R™), as claimed.

From Theorem 1.1 of [MS] the non-negative extremal u is a function with cylin-
drical symmetry after a suitable translation in the y variable. Thus we can assume

that u has cylindrical symmetry. Introducing p = |z|, r = |y| we have that u is a
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function of p and r. We define U(p,r) = u by restricting u to two lines through the
origin—one in R¥ and the other in R"*. From the regularity of u it follows that
U is a smooth function of r for any fixed p. For any fixed r it is a smooth function
of p when p # 0 and is Lipschitz for any p. Furthermore, in the first quadrant
p > 0,7 > 0 of the pr-plane it satisfies the equation

A
(5.3) AU = - U

Using the equation and the smoothness of U in r it is not hard to see that U has
bounded first and second order derivatives on ( (0,1) x (0,1)); cf. Lemma

Let ¢(p,r) = U~ #=2. The calculations of Section 4 show that ¢ satisfies the
following equation in the plane:
_n Ve

2 ¢

where a =k —1,b=n—k — 1. Let p > 0 and consider (;3 = pl¢. Clearly gz~5 isa
solution of

a b 2A 1
oGt — b - o =0,
p r n—2p

(5.4) A

~ n |Vol|? a -~ b -~ 20 1
Ap — ———— + -0, + —¢pp — ———- = 0.
2 ¢ p " p(n—2)p
Let us choose p such that ;1(721—[:2) = 22 de,p = ﬁ. With this choice of p

we see that ¢ satisfies equation (4.11) in [GV2]. Moreover, a small argument using
the homogeneity of the Kelvin transform shows it satisfies the asymptotic behavior
(4.37) of [GV2], except the inequality for the derivatives holds only on |z| # 0. We
can apply (4.40) of [GV2] by noticing that the integrals on the p and r axes vanish,
as U has bounded first and second order derivatives in the punctured neighborhood
of any point from the closed first quadrant, a fact which we observed above. Hence
(4.43) of [GV2)] after setting |A| = \ gives ¢ = A2[(r+ 253)? + s |. Recalling
that ¢ = ug?) and the value of y we come to

4A n—2
(n—2)2 [( 4al?

6 = N

This shows that v must equal

ey (A N e n—2., -
v= A (rmgE) AT el ) o

n—2

— 2\ "2 n—2 T2
— \—(n-2) (n ) K—(n=1) [ 2 2 }
5 (2l + 53 + ]
The value of K is determined by (5.1) after fixing A arbitrarily, say A = 1, since
the value of the integral in (51]) is independent of A. With this goal in mind we set
p= ’1—;2 and compute the integral

2(n—1)

1 n—2\n—2 1 1 (n—
1= /n,k km{( 2 ) Kn—1 5 ) WT—Q :| dIdy
e [ (] +p)? + [y[?]

(5.5)

1 n — 2\ 2(n—1) 1 1
= 2(n—1)2 ( 2 ) ol n—1 dxdy
K25 rr-rme 1] [ (2] + p)2 + Jy[?]

n—
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Let a = |z| + p. Then we compute

/ 1 d 1 / 1 d
7 Y = — T oot Yy
g (@2 + [y2)nt T et o (T [y R)
n_ —k k
_ On—k (n 7n—i— _1),
2qntk—2 2 2

where o,_ is the volume of the unit n — k dimensional sphere and B(.,.) is the
beta function. On the other hand, after a simple computation we find

1 d Ok 00 rk—2 J Ok B(k‘ ) 1)
€T = r = — — n— .
re [2](|z] +p)th=? PR oo (r 4 1)nthe2 PR ;

Plugging in (5.5]) we obtain
(5.6)

2(n-1)2 n—2\2—-D g, . n—k n+k ok
K¥5 = ( 5 ) 3 B g~ Do Bl = Ln k1)
— 22k+3(n _ 2)"_k_3(7€ _ 1)n+k+10n7k
—k k
wo B2 " B~ 1,n—1).
2 2
The proof is complete, taking into account the allowed translations in the y variable.

O

In the above proof we used the following simple ODE lemma, which can be
proved by integrating the equation.

Lemma 5.2. Suppose f is a smooth function on R\ {0}, which is also locally
Lipschitz on R; i.e., on any compact interval there is a constant L such that
lf(&) = f@") < LIt —t"| for any two points t',t" on this interval. If f sat-
isfies the equation
k a
f”+¥f’:¥+b, t>0,

where k is a constant k > 1 and a, b are L7, functions, then f has bounded first

and second order derivatives near the origin.

6. SOME APPLICATIONS

Let us consider the prescribed scalar curvature equation on R™,
(6.1) Au = —R(z) u® 1,

where R is a bounded function and w is a non-negative function. As usual we say
that u is of finite energy if ||u||p “?(R™) is finite. Clearly, if g = u*/("=2)g, is a
metric conformal to the Euclidean metric g, on R™, then the finite energy condition
is equivalent to g having finite volume. The results of Section 2 can be extended
to the case of the scalar curvature equation of many non-compact manifolds with
positive Yamabe invariant, but the following result, which follows from the fast
decay Theorem [B1] a) of w (i.e., at least as fast as the fundamental solution) is
indicative of what is to be expected; see also [Le].
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Theorem 6.1. Suppose R € L™ and g, is the Fuclidean metric on R™. Let u be
a positive solution to [©1). If R™ with the conformal metric g = u*/("=?g, has
finite volume, then u has fast decay and the metric g is incomplete.

The second application concerns the original motivation of Badiale and Taran-
tello [BT] to consider the Hardy-Sobolev inequality. The following equation has
been proposed (cf. [Ch], [B] and [R] for further details) as a model to study elliptic
galaxies:

(6.2) —Au = ¢(lz))u?™t, 0 < ue DY (R?) (z=(x,y) €R®).

It is also required that w is of finite mass, i.e., f(buq’l dz < oo. Using the results
of this paper we can show the following theorem.

Theorem 6.2. Suppose (1 + |z|)7¢ € L=(R3) for some 0 <y < 2. If2*(y) < q <
6, then any solution of ([6.2)) is also of finite mass.

Proof. Since the dimension of the ambient space is three, we have 2*(0) = 6 and
2 < 2%(y) < 6. Given any q satisfying 2*(vy) < ¢ < 6, we can find an s < 7 such

that ¢ = 2*(s) and u satisfies the equation —Au = ¢(|z|)u?™! = yll

that u decays at least as fast as the fundamental solution of the Laplacian in R?,

u(z) < %IZ\ Since ¢ — 1 > 2*(y) — 1 > 1 it follows that fqﬁuq’l dz < o0, which

shows that every finite energy solution is also of finite mass. O
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