Quantum Integrability

Part 2: Algebraic Bethe Ansatz
Following [VieiraCostelloCourse] (Lectures 1-3) and [arXiv:1804.07350]
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Spin-1/2 models of magnetism

Hxvz == (JX D XiXj +Jy Y V¥ +Jz ZZij+1)

j=1 j=1 j=1

JX = JY == HXXZ Integrable family of Hamiltonians!
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Spin-1/2 models of magnetism

Hxvz == (JX D XiXj +Jy Y V¥ +Jz ZZij—i—l)

j=1 j=1 j=1

JX = JY = HXXZ Integrable family of Hamiltonians!

L-spins on a ring

()

L
o, = (X;,Y;,Z;) Hxxx = —Jzaj‘o'jﬂ v (

Jr4g =
01 =0r+1 PBC
Z| 1) =(+D[1)
X;=1I0I® - ®X® - -®1

Special case XXX-model (this lecture)

IJx =Jy =Jz; = Hxxx
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Spin-1/2 models of magnetism

71=1 7=1 71=1

Hxvz == (JX D XiXj +Jy Y V¥ +Jz ZZij—i—l)

JX = JY = HXXZ Integrable family of Hamiltonians!

L-spins on a ring

Special case XXX-model (this lecture)

IJx =Jy =Jz; = Hxxx

L
Hxxx =—-J g, 0.1 Recall:
01 =0511 PBC 12— 2

Rescale ground state energy to zero

;L Hxxx| 1% =0

L
Hxxx = ) Z(Gj "Oj+1 — 1) = _JZ(SWAPj,jJrl - 1) Ground state space is really

j=1 j=1 symmetric subspace




A clever way to write the XXX-Hamiltonian

T(u) = Trg (:

ELKXXjZZ—@J6MIOgIKU)

u=0

L
H UI()’j + iSWAPO,j

g=1

|

+ JL

Oy log T'(u)

Recall:
= T(0)~(9.T)(0)

u=0




A clever way to write the XXX-Hamiltonian

ELXXXjZZ—@J6MIOgIKU)
u=0
L
T(u) = Trg H UIO’j + iSWAPO,j
o R j=11 : J
T f i
ransfer matrix ity RO,j (u)

+ JL

Oy log T'(u)

Recall:

u=0

= T(0)~(8.T)(0)




A clever way to write the XXX-Hamiltonian

—

=1\

HXXX == —zJ(?u log T(u)

u=0

L
T(u) = Trg (H UIO’j + ZSWAPOJ)
J

Transfer matrix

|

R-matrix RO,j (U)

+ JL

Recall:
= T(0)~(9.T)(0)

u=0

Oy log T'(u)

R
Ry, j(u) = ‘ — U_+iX

Quick note on diagramatics:

BAlW) = [v) {AHB

SO e

Monodromy matrix
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HXXX:—iJﬁulogT(u) ‘|‘JL

u=0

L
T(u) = Trg (H uly ; + z’SWAPO,j>

j=1




Proof T(mzw, | *@}}Q

T(0) = i S T

Hyxx = ~iJ0ulogT(u)| _ +JL

u=0

L
T'(u) = Tro (H ulo,; + iSWAPO’j>

Jj=1




Proof T(mzw, | *@}}Q

T(0) = i S T
T(0)! = ;L \\\\ . \\

Hxxx = —iJ0,logT(u) ) +JL
L

T(u) = Tro | | [ wlo; +iSWAP;
j=1




+ JL

u=0

T(0) = i~ //// . // . (HulojoSWAPOJ)

0T ()

7j=1
=gt ? ] )
T(O) ! =i *@}},_u R
L | |
k=1 1 2 k-1 k L
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Proof m):%. - *@}}3
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TO)™ =4~

0T (u)

—z'J( (0)18, T (u

HXXX:—iJﬁulogT(u) ‘|‘JL

u=0

L
T(u) = Trg (H uly ; + z’SWAPO,j>

j=1
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+ JL

u=0

—1 N : _ | ; _J
TO) " =4 L \\\\ . \\ +(§)+ (7 | S r_

0T (u)

le,/// /// //

k+1

e __J; ,>>/ >2/

k+1

—z'J( (0)18, T (u

—JZ SWAP, 1 = Hxxx —JL O
k=1



Conserved quantities and Yang-Baxter

* R-matrix satisfies Yang-Baxter equation = Many conserved quantities

Ri2(u)Ri3(u+v)Re3(v) = Ro3(v)Ri3(u+ v)Ry2(u)

U+ )]
— Tw)T(u) =T(u)T(v) Yu,veC

Since T is analytic in u (its just a polynomial)
j We really get that,

00T (u), 05T (v)] =0 Vu,v € C Vn,m € Ny

== Spectrum of T’s implies spectrum of H.

HXXX XX T(O)_l(ﬁuT)(O) j [HXXX, T(U)] =0
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P ro Of Yang-Baxter equation

Yang-Baxter
= N

Conserved quantities N :@@ j

RO e



P ro Of Yang-Baxter equation

Yang-Baxter
= N

Conserved quantities N :@@ j
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P ro Of Yang-Baxter equation

Yang-Baxter (\3(@
= N
. D G—
Conserved quantities N —@@ j =
«»/Q
N\ Z
@@ - - @Dz
* =
u-v >+ - - & O)——@)




P ro Of Yang-Baxter equation

Yang-Baxter
= XQ_
Conserved quantities N —@@ j =
«»/Q
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Yang-Baxter
=
Conserved quantities

Yang-Baxter equation
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Yang-Baxter
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Conserved quantities and Yang-Baxter

* R-matrix satisfies Yang-Baxter equation = Many conserved quantities

Ri2(u)Ri3(u+v)Re3(v) = Ro3(v)Ri3(u+ v)Ry2(u)

U+ )]
— Tw)T(u) =T(u)T(v) Yu,veC

Since T is analytic in u (its just a polynomial)
j We really get that,

00T (u), 05T (v)] =0 Vu,v € C Vn,m € Ny

== Spectrum of T’s implies spectrum of H.

HXXX XX T(O)_l(ﬁuT)(O) j [HXXX, T(U)] =0




The Bethe Ansatz

Basic idea: Use monodromy matrices to construct spectrum of the transfer operator.

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices

o _ (A(u) B(u) " " u Q) C2F 2"
*{%}»@}} *@}}» = (o) D) A, B, 0w, P e




The Bethe Ansatz

Basic idea: Use monodromy matrices to construct spectrum of the transfer operator.

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices

o _ (A(u) B(u) " " u Q) C2F 2"
+§}*§». +€>» = (o) D) A, B, 0w, P e

A(u)  B(u) -
= = L
7w =T () D) = 4w+ Dw) i) o [ Blag) 1)°
j=1
Transfer matrix: Gives us the Hamiltonian via
' The Bethe ansatz: Eigenstates of H_XXX understood
Hxxx = —iJ0,log T(U) S + JL as N excitations with momenta p_1,...,p_N.

+
>

T(u)luy, ..; un) = (A(u) + D(u))

| B(uy)| 1)®*
Fix the u’s such that this is zero

IBw»mww+mwm“////

1

e

—

Technique: Y-B eqn.
implies an algebra
(commutators!)

= T(U, ULy ey Up)

1=




Zamolodchikov-Faddeev Algebra

* Yang-Baxter equation implies algebra on monodromy matrices

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices

o _ (A(u) B(u) " " u Q) C2F 2"
*{%}»@}} *@}}» = (o) D) A, B, 0w, P e

44 0 0 0 uU—v+1 0
) (e )= (@) 5t) = (&) o)« (e sa)| o Wl



Zamolodchikov-Faddeev Algebra

* Yang-Baxter equation implies algebra on monodromy matrices

Monodromy matrix is a 2x2 matrix of 2L x 2L matrices

o _ (A(u) B(u) " " u Q) C2F 2"
*{%}»@}} *@}}» = (o) D) A, B, 0w, P e

7

A(v)B(u) = (1 + ) B(u)A(v) —




Exact eigenstates and energies

Z-F algebra

Approach to the problem

T(u)lu, .., un) = (A(u) + D(u)) H B(u;)| 1)®*

= 7(U, Uy, ..., Up) H B(u,)| PEF + [stuff)

N
=1




Exact eigenstates and energies

Z-F algebra

Approach to the problem

T(u)|ug, ..., un) = H (ug)| 1%
v
= 7(U, U1, ..., u H (uj)] 1)®F + |stuff)

) (e e
' )(HB@-)) W) 1O +

‘ (H1+ - )B< >(HB<uk>> Afuy)| )"
j=1 k#j Uk J k#j

. (H1+u — U )B( )(HB(UR)) D(“j)|T>®L
j=1 k#j k J k#j

z




Exact eigenstates and energies

Z-F algebra
A(v)B(w) = (1 4+ >B(u)A(v) .

u—7v

7

> B(u)D(v) + %_‘UB(U)D(U)

u—v

Result of taking N commutators

Fact
A(uw)| )& = (u+0)*| 1)®*

D(u)| 1)®F = u®| 1)®F

Approach to the problem

T(u)lu, .., un) = (A(u) + D(u)) H B(u;)| 1)®*

= 7(U, U1, ..., u H (uj)] 1)®F + |stuff)

J=1

) (e e
' )(HB(W) W) 1O +

‘ (H1+ - )B< )(HBW)) Afuy)| )"
j=1 k#j Uk J k#j

. (H1+u — U ) B(u) (HB(UR)) D(“j)|T>®L
j=1 k#j k J k#j

z




Exact eigenstates and energies

Z-F algebra Approach to the problem
AWB@ = (1+ ) BAw) - - BAW T () ) = H ()| 1)®
D(v)B(u) = (1 -~ ! U) B(w)D(v) + %_‘UB(U)D(U) -
T(u, ug, .. H (ui)] 1YEL + |stuff)
Result of taking N commutators
v v\ [ N i
() [T Blup)l 1)® (H 1+ Z_u) (H B(ua)) A DY (H I+ u) B(u) (H B<uk>> Afug)| 1) 1
=1 j=1 J j=1 j=1 7 k#j J k#j
| : :
N N ) N : N ) :
(w) [T Bup) 1) (HHJL) (H8<ug>)D<u>|¢>®LﬁZu.’_u(Hluk ) (w) (HB%)D(UJIT>®L:
j=1 j=1 J j=1 o=l J k] kj :
Fact Unwanted terms cancel if...
L L
AW HF = (u+ )] 1) w1 LH Y
D(u)| 1)®F = u| 1)®F U Nug —u; —i)
J k5 J




Exact eigenstates and energies




Exact eigenstates and energies

1, ...,UN>




Exact eigenstates and energies

Eigenvalues!

N ] . N / .
N ul —u+1i/2 I ul —u — 3i/2
T(u)lul, ..., ul) = {(uﬂ) H<u§._u_¢/z +u” [] ?j;_u_m [, ey tly)

j=1

Unwanted terms cancel if...
It is convenient to redefine

L
u +1i/2 up —ui+i\
(uz/?) H(u%u’z>1 U/ZU]—|—Z/2

k] J J

<

oL~




Exact eigenstates and energies

Eigenvalues!

T(u)|uy, ..., uy) = [(u—i—i)L H (Z‘Z

—u+i/2 Sk —u—3i/2
./ —I—uLH L ./
—u—1i/2 u—u—i/2

j=1 j=1 J
\ J
I
7(u)

Unwanted terms cancel if...
/ . 2 L / / .

w; +1/ H uy, — uj; +1 _,
ui — /2 oy up — U —

Energies!
N
J

Exxx (U}, uly) = —iJ (9, 1og 7)(0) + JL =Y

pt u? 4+ 1/4

38



Exact eigenstates and energies

Eigenvalues!
N ] . N / .
N w; —u+i/2 I w; —u— 3i/2 ,
T(u)|uy, ..., uy) = [(u—l—z) H (u’-—u—z’/2 +u H — U], sty )
j=1 \J j=1 J
\ J
I
7(u)
Unwanted terms cancel if... Yet another redefinition
/ . L r . u. +1/2 , 1
uf-+2./2 H uf, uerz _q f ./2:ezpj:>_>u;:§(30t(pj/2)
ui — /2 iz \ Uk — Uy — 1 u; — i/
Energies! N
/ / : J
Exxx (U, uly) = =i (Qulog 7)(0) + JL = ) | —5———
=ty

39



Exact eigenstates and energies

Energies:

N
Exxx(p1,-pN) =2J Z(l — cos(p;))
j=1

Allowed momenta:
oiPi L H cot(p;/2) — cot(pk/2) +2i 1
Cot (p;/2) — cot(px/2) — 22
| |
S(pjapk) S-matrix

40



Exact eigenstates and energies

Energies:

al What are these particles?
Exxx(p1,-pN) =2J Z(l — cos(p;)) -

1 »

4 N=1: B(p1)| 1)® Z PG| 1)®
Allowed momenta:
ngLH COt p3/2 _COt(pk/2>+2Z —1 eiplL:1:>p1:27T_n

cot (pj/2) — cot(pr/2) — 22 L
| One spin flip propagating with momentum p_1.
S(pj , pk) S-matrix Called a “magnon”.




Exact eigenstates and energies

Energies:

Exxx(p1;.pN) = QJZ (1 — cos(p;))
71=1

What are these particles?

Allowed momenta:
JiniL H cot(pj/2) — cot(pr/2) +2i _
cot (pj/2) — cot(pr/2) — 22
1
S(pj ) pk) S-matrix

N=1: B(pi)| 1® Z e P 1)¢
2mn
€Zp1L 1= p1 = —L

One spin flip propagating with momentum p_1.
Called a “magnon”.

N=2:

B(p1)B(p2)| T

e LS (p1,pa) = e S(pa,p1) =1

OC Z (e i(p1j+p2k) e S(p1 p2) (P2j+p1k)) O-j_ak_| T>®L

Two spin flips propagating with momentum p; and p,.
Relative phase is indicative of a scattering event.




Other models

e XXZ model ,
sinh(u — v + 7) 0 0 0
B 1 0 sinh(u —v)  sinh(n) 0
Rlu—v) = sinh(u — v) 0 sinh(n) sinh(u — v) 0
0 0 0 sinh(u — v +n)
L
Hxxz = 2sinh(n)0, log T'(u) o NA = ZXijH +Y;Y 1 +AZj Zj
u=n =1
A = cosh(n) Only works for A > 1
 Lieb-Linger model (nonlinear Schrodinger eqn.)[arXiv:1804.07350] Thanks for listening!

* Inhomogenous XXX model [arXiv:1804.07350] @



